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ABSTRACT

The paper considers the robust recursive stochastic algorithm for identification of multivariable Hammerstein
model with a general static nonlinear block in polynomial form and a linear block described with multivariable
ARMAX (Autoregressive Moving Average with Exogenous Variables) model. It is assumed that there is a priori
information about the distribution class to which a real disturbance belongs. Such description of disturbance
allows the presence of outliers in observations. Design of recursive algorithm, in this paper, based on robust
statistics and Newton — Raphson method. The Newton — Raphson method requires that the loss function should
be twice differentiable. Huber loss function, based on robust statistics, has just first derivative. The problem can
be overcome with the pseudo — Huber loss function which has the derivatives of arbitrary orders and which
behaves similarly as Huber loss function. In this paper the Huber loss function is used for first derivative of
functional while pseudo - Huber loss function is used for second derivative of functional. That is essence of
modification of Newton — Raphson method. The main contributions of the paper are: (i) Design a new algorithm

for identification of multivariable nonlinear systems; (ii) The convergence analysis.
Keywords: Hammerstein model outliers  Huber theory, pseudo - Huber theory ~convergence Analysis

Date of Submission: 05-02-2022

Date of Acceptance: 18-02-2022

II. INTRODUCTION

Multivariable  systems represent an
important class of practical systems [1]. The
examples are thermal power plants and distillation
columns. Designing of regulators for such processes
requires their mathematical models. From the
investigations point of view identification theory is
vibrant [2-4]. A great deal of attention is dedicated
to identification of multivariable stochastic systems
[5,6]. The key role of process modelling has a nature
of disturbance. Most frequently it is supposed that
disturbance has Gaussian distribution. Practical
research showed that this assumption not justified
[7]. Namely, in population of observations there are
rare large observations (outliers). Owing that fact it
is imperative to design recursive identification
algorithm which has minor sensitivity to presence of
outliers. The main tool for design of such algorithms
is a robust statistics [8-9]. Using this theory it is
possible to get robust recursivealgorithms.

Review of recent result in robustindustrial
process identification is given in reference [10]
where the different probabilistic methods are used
for outlier modelling. The concept of influence
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function [11] also can be used in robust estimation.
This concept is considered in references [12, 13]

Robust estimation is relevant for different
fields: (i) outliers detection based on data mining
perspective [14, 15]; (ii)) machine learning [16, 17];
(iii) signal processing [18]; (iv) principal component
analysis [19].

Robust identification and prediction of
multivariable systems are considered in [20 — 22].

In this papera new robust algorithm is
derived. Namely, the robust identification is based
on Huber loss function depending on the most
unfavourable density of probability of disturbance.
This function has only derivatives of first order. The
Huber function (derivative of Huber loss function) is

not differentiable in two points (+k8) and (_k 8)
k

where "¢ is parameter of the Huber function. From
that fact it follows that Huber loss function is not
applicable to second order methods. (for
example,the Newton — Raphson algorithm, which is
considered in this paper). In reference [23] the
problem has been overcome by upper bound for
Fisher information. In this paper it is used pseudo -
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Huber loss function [24 — 26] which has derivatives
of arbitrary order.

In this paper is proposed modified Newton —
Raphson algorithm in which Huber loss function is
used for the first derivative of functional while for
second derivative of functional the pseudo - Huber
loss function is used. The algorithms has gain matrix
which explicitly depends on the second derivative of
pseudo - Huber loss function.

The convergence analysis of given
algorithm is based on martingale theory [27] and
theory of passive operators [28].

The main contributions of the paper are:

(1) Design of new robust recursive algorithm,
for identification of multivariable Hammerstein
model, based on modified Newton — Raphson
method.

(i1) The convergence analysis of algorithm.

The paper is organized as follows. Section 2
describes the multivariable Hammerstein model of
the system. In section 3 is considered derivation of
algorithms based on Huber loss function and pseudo
— Huber loss function. Section 4 considers
convergence analysis of robust algorithm and
behaviour of algorithmis considered in section 5
(Simulation study). The concluding remarks are
given in the last section.

1. MULTIVARIABLE NARMAX MODEL
Let us suppose that the system is described by the nonlinear multivariable ARMAX model with r —
dimensional input and p — dimensional output.

A(q" )y =B(q") f(u)+C(q")w, 1)

where 4 (q_l) and B(q_l) and C(q_l ) are matrix polynomials and 1 denotes the shift — back operator
(q_]x" = X ) . Order of polynomials 4 (q_l ) , B (q_] ) and ¢ (q_l ) are

(2)
B (i=12,..,m)

Ai(l:l’ ""’n) are r X r matrices, ! 2""’1)

. (i=1
where are r X p matrices and ¢ (l > are r

x r matrices. The stochastic disturbance {wk} is a martingale difference in relation to thenondecreasing family
o
of - algebras {Fn } .

Function f (”k ) in model (1) is a nonlinear vector function and is introduced in [23].
T r
f(uk):[fl(u,i),]g(u,f),,fr(u,:)] , f(w)eR )
he J: (u;() (i=12,..r) VisVaseorVs

are a nonlinear functions of a known basis ( ).

fu) =i i)+ i)+t (1)
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cif(i =1,2,...r; j ==1,2,~-,”j)

where /
We will introduce

are unknown parameter.

s=maxf}

From relations (4) and (5) we have

A)] | i () + i () +et iy (1)

)= ﬁ(fti) | i () + 3y, (b.t,f)+---+dfn ()
()| | () + dgys () o+ dly (u)) | ©
where some matrix elements, according to relation (5), are equal to zero.
d! 0
| d’
D = __’ , i=12,..,8
0 ] d{ %)
Vi (uk)
I‘i(uk): i (u,f , i=1,2,...,8
7 () )
From relations (7) and (_8) it follows_
dilyi (ullc)
dl.zj/i (u,f)
DI (u,)= _ , i=12,..,s
_diryi (ul: )_ (9)

Using relation (9) one can get
f()=2.DT ()
i=1 (10)
For Y (uk ) we have
g T, (u)=T,(u_,) , d=12,...m
From relations (2), (10) and (11) it follows that
B(q"')f(w)=[BDT, (u_)+BDT (u_)+..+BDT (u_,)]+
[BDT,(u,_)+B,DT,(u_,)+..+BDT,(u_,)]+.+
[BDT, (u.,)+BDT, (u,)+..+ B,DT, (u_,)]

(11)

m N s

(12)

Now we will introduce the vector

T
(xl(c)) =[_yf—lﬁ_yz—Z""’_ylz—rz’FIT(uk—l)’r{(uk—Z)"“’r{(uk—m)’
L (u_),....T; (uk_m),...,l"f(uk_,),...,l"f(uk_m),w,f_l,...,w,f_l] (13)
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and matrix of parameter

(6" )T =[A4,.,4,,4,,BD,B,D,...B,D,BD,,B,D,,...BD,,..,BD,BD,..,B,D,

Cl,...,Cl]
(14)
Using (13) and (14) we have
T
v =(0") xi+w, (15)
Let us introducethe matrix
o\T
(xk) 0
. T
Q= " = I®(x,?)
o\T
0 (xk) 16)

where the symbol & denotes the Kroneckerproduct.

Further we will introduce operator "vec" as the operator that generates a column vector by setting the
columns of the matrix one below the other.

From (14) we have

0=vec 8" (17
Now model (15) has a form
Y, =90, +w, (18)
i=k—1,k—2,...,k—l)' The

0
In the above equation matrix ? depends from the immeasurable quantity Wi (

standard action in identification is to replace W; with the estimated prediction error € . Now we have

ka = I:_yZ—l’_yZ-—Z""’_yZ_nﬂrf (uk_l)arlT (uk_z)s'")r]T (uk_m)9
L (u_),..T5(u_,), .00 (u_),..TT (ukfm),e,il,...,e,il] (19)

Now matrix of observation has a form

x; 0
Q.= .
0 x; (20)
and prediction error is
e,=y.-9.0, 1)

and will be used for definition of identification criterion.

IV. ROBUST RECURSIVE STOCHASTIC ALGORITHM

In this paper we will suppose that the only distribution class to which the stochastic disturbance Wy belongs
is known. The general description of such class is

P.={P:P=(1-g)N+¢G , G is symmetric}

where & € [0’ 1) is the contamination degree and N (0’ z) as a zero-mean Gaussian distribution with a
covariance matrix X . The distribution (22) can describe the presence of outliers in observations.
T _ 1.2 p}
We will assume that the components of vector Wi [Wkw" = We Jare independent. Using Huber
methodology [8] it is possible to find the least favourable probability density on a class (22)

(22)
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\2
l-¢ Wi i i
T s
pi(w)= L
l-¢ exp{—k—‘;(‘w,i‘—%j} , ‘w,i‘>ké
2no, o, 23)
The relation between the contamination degree ¢ and the parameter k‘; of Huber function is
20, (k') s
“NV) o, (<h )= ——
; N ( 8) e-1
-
O, (x)=——= e *d
V() V2n L g 24)

2,4]

g i
Intensive simulations [29] show that the move up to 0.2 and ks e[

accomplished for k,=3.
Let us define the next functions

d)i(e,i) = —lnp:(w,i)

. The best performance is

i
Wk =€k

\2
e 270, . .
(")2 +In S HEY S
| 20 l-¢
k(. k. 2ro, N
2 lei|-== |+n L el > K
lop 2 l-¢
i=L2,..,p (25)
The component of the vector Wk , are independent and the least favorable probability density of stochastic

disturbance is

p .
p(w)=11r (W/lc)
i=1 (26
By using maximum likelihood methodology it is possible to define Huber loss function.
— * . 1
O (x)=—logp (x) ’CD(-).R”—>R @7

From (21) and (27) it follows that identification criterion is.
J(0)=E{®(e)}

where E {} is mathematical expectation operator.
In this paper we consider recursive minimization of criterion (28) by applying the Newton — Raphson algorithm.
First we introduce the empirical functional for relation (28).

1 k
J,(8)=1Y 0 (e)
i=l (29)
The Newton — Raphson algorithm has a form.

-1
6, =6, - ':kvé‘]k (ek—l):' [kve*]k (Ok—l )] (30)
As in [20] from (29) it follows that
kV ,J, (0) =V, (ek)

The next result will be of interest.

31
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m n 1
Result 1: [20]. Let us define X € R , the vector function y (x) €R and real functionf (y ) €R . Then

o (¥(x)) _ ' (x) o (»)
ox ox oy =
From (25) — (27) it follows

®(e,)=~logp'(w,), _, = —logpf(w}c)‘ . —logpi(wlf)‘ 2

W’}( = W/% =€

—...—logp; (w,f) :(Dl(e,lc)+(D2 (e,f)+...+CD” (e,f)

From (31) and Result 1 we have
_ e 00 (e,)
00 5ek (33)
By using relations (21) one can get
e, r

=9
00 REYA
On the other hand from relation (32) it follows that

Pl
‘Wk =€

(32

VB(D (ek)

o (e,) 00 () 0*(e) - ovr(ef)
de, el o2 T fe!
v [ o o ] [re
| 0 +W2(65)+..+ O vl
0 | 0 | _V/P(e,f)_ _l//p(e/f)_ )
where
e, , ‘ei‘gké

v (ek): klsigne, ‘e,i‘>k£
i=L2,..,p (36)

is Huberfunction.
From (31), (33), (34) and (35) it follows that

kV,J, (6,.)=0v(e,) (37)

)

2

where

()

v(e)=

1S ot (I (&) elllla]) c In l]le two [)() IIIS( l)all(l
. .ff . l . . e

v' ()

is only first order differentiable and it is impossible to find second

From relation (36) it follows that Huber's function

(_k; ) It means that the functionq) ()

2
derivative of I (0), ie. Vo, (o)which is need for Newton — Raphson method. Because we consider a
smooth version of Huber loss function, the pseudo - Huber loss function which has a derivative of all degree [24
- 26].
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In our case the pseudo - Huber's loss function has a form

o () =4[l + () -4 frm2ZEe

&

i:1,2,...,p (38)

The pseudo - Huber's loss function is

CDph(ek):q)lph(e}c)“Lq)ih (e,f)+...+d>§h(e,f) (39)

Empirical functional for that case has a form

k
77 ()= %Z% (e,)

(40)
As in relation (35) we ha_ve .
V()
@ ,(e) _|vin(e)
Oe, :
(el @1)
Where.
; ke,
l// ph = ek

(k) +(e)
1 =1,2,...,p (42)

From relation (40), similarly as in relation (37) on can get.

KV (0.) =0, (e) 43

_l//;h (ellc)
l//;h (e/f)

where

V(e )=

(el

The second derivative of empirical functional (40), by using relation (43), is
h
V Jp zv (¢k ph ) z¢k ph

[ - . : . -y . .
For large  the prediction errors € are approximately independent and matrix Von (ei) is diagonal matrix.

(44

Let us mtroducev,ph (e ) N ( ) . From relation (44) it follows that

Ve (6 Z(ka N(e
(45)
Where
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(whs () 0
N(el.) = )

!

L 0 (Wﬁh (e'p)) | (46)

() (k)
th(ek) = 32
i (e +(er) )

i=L2,.,p (47
In what follows it will be used modified version of Newton — Raphson algorithm (30)
_ 2 rph -l
ek = 0k—1 - [kVHJ,f (ok—l):| [kvaJk (ek—l):' (48)

Let us introduce

" -1
P, = [kVZJ;f (ek—l):| (49)
From relations (30), (37), (48) and (49) it follows that
6,=6_,+Poy (ek) (50)
By using relations (44) and (49) one can get
k
P'=2 0/N(e)p =P +9/N(e)o, )
i=1 51
Now it will be used matrix inversion lemma [30]
(4+BC)' ="~ A'B(I+C4"'B) 4’

with compatible matrix dimensions of matrices 4, B and C.
From (51) it follows that
-1

P, :[I)k:ll +¢kTN(ek)¢k} (53)
Let us denote
A:Pk_l , B=9/, C=N(ek)¢k (54)
Known facts from matrix theory are
—1\7! -1 -1 -1 41
(4') =B, (4B) =B'4
From last facts we have

(I+N(e)o,P) N(e)=(I+N(e,)o.P o] )N(e')’

= |:N_l (ek ) (I + N(ek)(kakT,l )]71 = (N_l (ek ) + ¢kl)k—l¢kT )_ (56)

By using relations (51) — (59) we finally have relation for matrix gain

-1
T T -1
P =P_—-P_o, |:¢kl)k—1¢k +N (ek):l @b, (57)
Relations (50) and (57) represent modified Newton — Raphson algorithm for parameter estimation.

Remark 1. In relation (22) it is given general form of class of distributions. Very often, in practice, it is used
Tukey's class of distributions [31]

P=(1-£)N(0,%,)+eN(0-%,) , £<[0,1)

i=12. . . . .
where N (O’Z i ) ™ is the normal distribution with zero mean and the covariance matrix

2 (i=12),4% <2,

(52)

(35)
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Remark 2. We will now show another form of the algorithm (50) and (57). Second derivative of functional

J (0) is
V;Jph (9) = E{tkaN(ek)fpk} = {l‘I’E (¢k¢kTN(ek))} (58)

€ =

ph
Near the minimum of functional J (0) Wi and relation (58) becomes

Vil " (8) =E @@ N ()} =ir{E (9.0 )E(N (w))}

The (N(wk )) cannot be calculated analytically and, owing that, we introduce approximation for second
derivative of pseudo — Huber loss function. Let us introduce

,. {1 RS

V=
0 , otherwise
1= 1,2, . p (60)
and
l//a (Wk) 0
Na (wk) - -
0 vy (w) 61)

Further is

E{N(w)}=E{N,(w)}=M

From last relation it follows that

(62)

mi=E{wa )= [ (" () =

B0 BT AR

0 0y (63)

The function ¢L () is a Laplace function for which exists table of values. Matrix M has a form
m, 0
M =
0 m

rl (64)
and second derivative of functional, based on (59)

VyJ(0)=trE {(%‘PkT ) } {%M%} (65)
J"(0)=J ()
VZJ“(O)

where is

Empirical functional of is

a T
kVoJ*( Zcpk Mo,
i=1 (66)
As for algorithm (51) and (57) is obtained

— 71 a
P =P -P.o/[@P 0 +M | 0P o

where
1

= I:kvfr]: (ek—l ):Ii (68)

Similarly as for relation (51) for parameter estimate we have next relation
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a T
0, =6, +Poy (ek) (69)
Relation (67) and (69) represent second form of recursive algorithm. Such algorithm is considered in [21].
The explicit form of the algorithm considered in this paper is

Robust algorithm
. Tukey class of distributions
P= (1—8)N(0,Z’1)+8N(0—Z'2) , € e[O,l)
o}, 0 o5 0
z - g , %, =
0 0'12p 0 o5 »

2 2 .
o, <o, , (i=12,..p)
° Prediction error
e.=y.-90._

. Matrix gain

- -1 = >>
P=P_ -P_o![oP o +N'(e)] op D=8l &>I

E >

. Parameter estimate

0.=6_, +Pk¢kTV/(ek) , 00 =0
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V. CONVERGENCEANALYSIS

The convergence analysis of the algorithm (50) and (57) is based on martingale theory [27]. We

o
assume that{wk} is a martingale- difference sequence with respect to an increasing sequence of - fields
{Fk Tk EZ+}deﬁned on the underlying probability space(Q’F P ) We shell require the following
conditions to hold.

A) Hypotheses for stochasic disturbance

(A1) {wk} is a sequence of martingale difference with symmetric probability distributionfunction
2
supE{”wk I |Fk_1} =% <o W1
(A2)

detC(q_])

(A3)The zeros of lie outside the closed unit disc

B) Hypotheses for nonlinearfunction ¥’ ()
(B1) The function 4 () is odd and continuous everywhere
(B2) The function ¥ () is uniformly bounded

O) Hypotheses for pseudo - Huberfunction
(v, (,))’ i=1,2,..,p
(C1) The function Yo , are even bounded functions

(C2) Elements of matrix N (ek ) is uniformly bounded

vi(el) 0
N(ek) = .
0 wi(el)
i=12,..,p

. . 4
satisfay the condition (WP" (ek )) € [0’ OO) ,

o ENV (@)=, (¢ (47)00.) 8=0.,
771 ((C—l (q—l )¢/:0k_1 )1) .

0 (e (a°)o.0. /)

where (Cil (qil)‘p’:ekfl )i P=hdp (o (q_l )¢k0k—1 and

s is the i-th row of the matrix n

ni((CI(ql)q’l:ek—l)[):E{l//;h<e;i)|Fk_l} i=12,..p

B

Q{//p (Ci1 (q71 )¢k0k—1) =
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P

D) Hypotheses for conditional mathematical exception for trace of matrix gain "
-1
=E {rrPk I,
-1 ~
(Dl) =7 +t”{¢ @, (C ( )¢k9k—1)¢k}
liminf 7' = , w.p.1
k—o©
E) Hypotheses for generalized strictly positive real conditions
(E1) There exists the strictly passive operator H such that
1
1 -1 1 -1
Hz =@ (C (‘] )zk)_chw (C (q )zk>zk
“1f -1 — o
where @ (C (q )zk) = E{W(_ek”ﬂ—l} % =90,
) L . ) c>1 k >1
F) Hypotheses about the persistent excitation condition (F1). There exist constans , vp such

that

Now we will prove following lemma.
Lemma: Let us consider the model (18) — (21) and algorithm (50) and (57) subject to the assumption (A3), (C1)
—(C3) and (D1). Then

tr(ckaq)k) o c>1fk, >1 wpl

21 “(k,,7)

Proof: From relation (53) we have
-1 -1 T
P =P -9, N(ek)q’k (70)
Let Piiis the i-th row of the matrix P% . Using relation (70) it follows that
’ !
i T -1 i T
P <P’ (V/ph (ek)) P =P, (1 _(l//ph (ek )) I)k¢ki¢kij

From relation (71) one can get

det P <det P, 1det( (w;h(e,i))’ qu);(pkij

(71

(72)
. (vl (e)) Polo., : :
The eigenvalues of matrix (th ( k )) PP are solution of equation

det[(‘//;h (e/i( ))’ Pp.p, ~ /IIJ =0

The solutions of equations are

2= (v (e )) Ol Py lp=ly=-=2,=0
Owing the relation (74) we have

det(] — (t//;h (e,iC ))' 1)k¢lz;'¢kij =1- (V/;h (elic )) ?. P9,

By using relations (72) and (75) it follows that

(75)
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det P' —det P}
det P (76)

(‘//;h (e/ic )) PP, <

Let us consider

_ tr{ﬂl}ztr{ii¢[N(ei)¢i}

Prediction error has a form

=y -90,,=-C" (q_l)¢k0k—l W (78)

From relation (77) and conditions of lemma (C3) and (D1) one can get

k r y
E{rk |Fk—l } N tr{zq”'TE {N(el,)}%} B tr{zq)krd?yp (Cil (qil )¢i0i71 )‘Pz} =1
i=1 i=1
Using assumption (D1) it follows that

llmnlilg E{rk |F } (80)

and consequently
liminfr, =0 , w.p.1

(77)

(79)

k—o (81)
Based on condition (C1) — (C3) it follows that it can be found Elk >1 for which
o v i=L2,..,p
k,n' (C ((] l) ¢k0k1) = (th (ek )) 82)
From last relation it follows that
-1 ~
k,@,(C"(¢7)90.,)2N(e,) )
Using relations (79) and (83) we have
k -
’/}c S kwptr{z¢f®wp (C71 (q71 )q)iei—l )¢1} = ku/pr;c
i=1 (84)

Let matrix Pk has d x d dimensions. Let us notice that

S AL L

Further we have
d
I”k = kzlj‘k {I)kil} Z }‘max {I)kil}

where A {} is eigenvalue, with Aima {} being the maximal eigenvalue
From last two relations it follows that

1/d
7 2 (det Pk_')
Using relation (84) it follows that

(85)

(86)

(87)

o tV{(DkPN(ek Q, } - {¢kI)IcN(ek)¢1€T}
k_zk“o log* (ky, ) = z logr,

From relations (76) and (87) we have
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0 -1 -1 0
dciz deth —detP,H dciz

it i, det Pk"' log* (det Pk"1 )

= pd- <o , w.p.l
(c—1)log" (det Pk;l) ’

(8%)

In relation (88) two facts are used
detP'>1, for Vk 2k, (g9

From relation (47) one can get

VAN i=12,..,p
Sup (l//ph (ek )) - 1 , (91)
For that case
1 0
N(e)=
0 1 92)
By using condition (C2) and relation (92) it is possible to conclude that
0<N(e)<I

Let us define
S={0<N(e,)<I}, S,={0<N(e)<I} ,S,={N(e)=1}
S=5uUS,
Now from (88) it follows that
3 rlo PN (e)ol} & r{pPN(e)ol]

k=ky,S log‘ 7, k=ky.S, log® 7,
= trlo PN (e )@’
N {q’k k c( k)¢k}<oo
k=ky.S, log® 7,

From last relation we have

5 r{@ PN (e)p) | 5 rlopol}
=Ky, S, log® 1, iz log'n (93)

From relations (84) and (93) follows proof of lemma =

Now we will formulate main result of the paper.

Theorem: Consider the model (18) — (21) and the algorithms (50) and (57) subject to the assumptions of the

lemma and assume further that the following hypotheses are satisfied : (A1) — (A2), (B1)—(B2), (E1) and (F1)

Then

P{limék - 0} =1
k—o0
v, :Ne/cTP/:ak

Proof: Introducing the Lyapunov stochastic function we obtain using (51)
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T
V=6, +Pojw(e)] P[0, +Polv(e)]=
6_.P 0, +26 0,y (e,)+v (e)0. LoV (e,) 94)

From relation (53) we have

P'=P +9/N(e)o, (95)
From last relation it follows that

~ ~ T ~

6..h 10k 1= 0le [ +@N(e,) ‘Pk] =Vt (¢k0kT—1) N(e,)o6,, (96)
Using relations (94) and (96) one concludes that

~ T ~ ~ T

Vi=Via+ (¢k9kT—l> N (ek )06, +2 (q’kokT—l) (e ) +y’ (e, )q’kl)k¢kTv, (ek) 97)
Using conditions (A1) — (A2), (B1) and (D1) of theorem it follows that

y T 1\ y
V. Vv, (¢k0k—1) @, (C (q )¢k0k—l)¢k0k—l
E{———|F, . = + _
log* (kwprk“ ) log* (kwrk" ) log* (kwrk" )

_2(¢1:0k 1) @1(C ( 1)¢,:9k1)+E{I/I (ek)¢kp¢kW(ek)|F }
log* (k, ') g (k,7) )

(98)

From condition (B2) of theorem we have

v’ (e) 0 lolv (e) < () L fo. Pl <k ir{o PO} g
Where

2
k, € (sup”l// (e,) ,oo)
k (100)
Now from relations (98) and (99) it follows that

e [ SRR 2(?':0“)T :
log® (kwprk“ ) log* (kwprk" ) log® (kwrk“ )
- - N rio Po!
[az(c-wq-l)%ekJ—%%(c-l(q-l)%ek1)%0“}@%
wp'k (101)

By using assumption (E1) of theorem and property of passive operators we have

ST S R ~
S =22 (06..) [az( (¢7)98.)-5 2, (¢ (g )q)ko“)wko“}knzo
i=1

k, e [0,00) (102)
Let us define the quantity

T, =R, + > = Vi

—k R =—
log* (k ) log (kwprk ) (103)
Using (101) — (103) one concludes
T
tr {(DkPk‘Pk }
log* (k,,71') (104)
From result of Lemma and relation (104) it follows that

ImZ =T wpd s

E{\T,|F} =T+
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*

mR, =R, wpl T

By using relation (105) we have r11—>oo ( and
2
B 601} (2 Yo _ [0l
log (kl//p ) log (kwrk) log“ (kl//prka)
Hin {P’;l} (106)

From assumption (E1), relations (103) and (105) and last relation follows the proof of theorem =

are finite constants) and one can get

VI. SIMULATION STUDY
In this paper we consider properties of robust recursive algorithm, for estimation of MIMO NARMAX model,
on the simulation level. In what follows we will consider two inputs and two outputs model

A(q_l)yk = B(q_l)f(”k)"'c(q_l)wk

Al)=1+ 4 L[V o] [ 03 04]
T)=2729 =g 11 -0.65 077

] o [08 -05]
Bla")=5(q 1){—0.35 0.95}] |

1 0 0.58 041
cle)-reee)[) OB O% oele

The D, ,i=123 matrices have a form

1 0 0 O 035 O
D, = ,D,= , Dy=
0 1 0 0.5 0 0.5

r(w) ,i=123

The vectors are
g u}( )2 y 3
r1(”k)_{ ﬁ} :rz(”k)_ ) ’F3(”k): 3
u, (uf) uk)
The nonlinear black is
) u! +035(ul )

f(”k):ZD3F3("k):

= u? +0.5(u?) +05(u?)
and unknown parameter
(6") =[4,.B.BD,.BD,C,]

By using above matrices one can get that parameter

(OM) | 03 04 08 -05 0 -025 028 -025 0.8 041
“|-0.65 0.7 -035 095 0 0475 -0.123 0475 -0.75 0.85

For our example

(D—ka 0
¢ 0 x

where

x; =[y,f_1,1"lT (w_). I (u_). T (uk_l),e,f_l]
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e =y.-9.06
u, = [ul u ]
The components of input signal =~ # k>7k | are random variables which are uniformly distributed in an
interval (-2 , 2).
The stochastic disturbance has non — Gaussian distribution
i 2 2 i=1.2
wk—(1—gi)N(O,Gli)+giN(O,02,.) ’ ;
(mo) 5
where i is Gaussian distribution with mean m and variance . In the simulations is used
o.=1 o;=100 =12
g=¢ Ii= 1,2
In all cases it is assumed that the parameter of Huber function

ParameterS(Di) , =12,
following way

(DZ)k - (Bfl)k (BleZ )k
(Ds )k - (B'_l )k (BIDS )k

k "S, for known matrix D, as supposed in the paper, can be determined in the

D

T
M D
o . . . . 2 3
In the our example it is necessary to determine, according with form ( ) , matrices and . When

(model with  — inputs and p — outputs) the matrix B1 is rectangular and it is necessary to use a pseudo

inverse matrix B 1+
B =(B'B) B’

Now matrices can be determined as
(Dz)k = (Bl )Z (BlDZ)k
(D,),=(B),(BD,),

In this paper we compare two algorithms. The first one is algorithm designed for the case when disturbance has
Gaussian distribution (linear algorithm). The second algorithm is designed for case of non — Gaussian
distribution of disturbance (that is algorithmproposed in this paper.

The linear extended least squares algorithm (ELS) is

T
0,{629,?_1-%}),{(;(([’,?) e e =y 96,
T T
PC=PC - P (9f) [¢51’£1 (e) +1 }Pf P

The algorithm proposed in this paper (robust extended least square- RELS) is
6, =6+ Pk¢kT'/’ (ek)
-1
T T -1
P =P _ —-P_ o [‘Pkpk—lq’k +N (ek ):' o
EG

k for linear algorithm (extended least squares) is

. For rectangular matrix ~! with p x » dimensions the pseudo inverse matrix is

The estimation error
2
Ef = logHOkG -~ 0”
And for algorithm in this paper (robust extended least squares)

E, = logHOk - 0”2
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In the next figures (Fig.1, Fig.2) the comparison between linear and robust algorithm is presented. From figures
it is possible to see that behaviour of robust recursivealgorithm is superior in comparison to linear algorithm.
The superiority increases with increase in contamination degree

identification error

1 T T T T
RELS
L - ——ELS | |
0.5 0y Thiy
E L
0 -
-0.5 1
Lux
-1 .
-1.5 o Toa v, 7]
-4\:\“,,4».],,,,‘.,,.‘«
2+t
_25 1 1 1 1 1
0 500 1000 1500 2000 2500 3000
Iterations
Fig.1Comparison of robust and linear algorithms for € = 0.05
9 identification error
h RELS
Yy
UJ_Z

_3 1 1 1 1 1
0 500 1000 1500 2000 2500 3000

Iterations
Fig.2Comparison of robust and linear algorithms for € =0.2
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VIIL.

VIII. CONCLUSION

The paper considers design of recursive
algorithm by using Newton — Raphson method. It is,
also, assumed that observations have outliers. The
key ingredient in systems identification is
identification criterion (loss function) and for
Newton — Raphson method loss function must be
second order differentiable. Huber loss function has
only first derivative. Owing that fact it is introduced
pseudo — Huber loss function which has derivatives
of all degrees and which behaves similarly as Huber
loss function. The recursive algorithm is based on
both functions. The first derivative in method is
based on Huber loss function while second
derivative is based on pseudo — Huber loss function.
The convergence analysis is performed for given
robust recursive algorithm. Further investigation
will be related to identification of time varying
nonlinear systems.
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