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ABSTRACT

In this paper, the author will establish a double integral transform of Aleph () -function which leads to yet
another interesting process of augmenting the parameters in the Aleph () -function. The result is given of
general character and on specializing the parameters suitably, yields several interesting results as special cases.
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l. INTRODUCTION [9] and Srivastava and Joshi [10] have discussed
Many researchers like Rainville [6, p.104], some similar interesting properties of  F_in double

Abdul Halim and Al-Salam [1] have shown that the . .
single and double Euler transformations of the N -function and double Whittaker transforms

hypergeometric function are effective tools for respectively.
augmenting its parameters. Srivastava and Singhal

We have used the symbols (a,,A) A(r,a),A(r,xa),A((r,a,)) to denote the set of parameters
a a+1 a+r-1

(a,, A),..., (a,A)—,—, ..., iA(r,a),A(r,—a)and A(r,al),A(r,az),...,A(r,ap)
r r r

respectively.
The & -function introduced by Suland et.al. [11] will be represented and defined as follows:

m,n m,n (ajvAj)1VHV[T|(aji’Aji)]n+1‘nl 1
RO =N D= N } = —Je)s (L1)
L
where i = \/-1
I l“(bj - BJ.s)l_‘I r1- a + Ajs)
0(s) = ——— — (1.2)

ZTi{ H F(l-b, +Bs) H F(aji—A“s)}

j=m+1 j=n+1
p.a;(i=1.., r),m,nare integers  satisfying 0<n<p, ,0<m<gq,(i=1,.., r),ris finite

A,,B, A, B, arerealand a ;b ,,a b,

;i are complex numbers such that

A(b, +v) =B, (a,-v-k)forv,k=012,..
We shall use the following notations:
A= (aj’ Aj)l,n’[Ti(aji’ Aji)]n+1,pi; B' = (bj’ Bj)l,m’[Ti(bji’ Bji)]m+1,q‘

AT =(c;,.C)), Iz (c; C )], B =(d;,D)), . [r(d,,D))]

s+1,vi
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Ifwe take 7, = 1,r = 1in (1.1), the & - function reduces to the Fox’s H-function [4].

1. MAIN RESULT
In this section, we have established the following double integral transform of & -function:
If s,k and r are positive integers, then

”x“ y e )N [ e y)

m,n
N .
Py .0y irr

(17D)(f+gfiu—lv\+l Zd —ZC +LA—*](U v)
L 2 2 J 2 D: 1

c*
D*

::}dxdy =
(27)

m+Dg,n+p+Df

1 pi+p+Dv;,q;+p+Du;ir;ir
a+pf-—

A s+ k)2

D(v-u)
[t6 D A((D1-A-D())A(s,1-a)A(k1-B),A*A(D 1-A=d ). A(D,l—A—du)—| 21
L D A((D,1—A—Cg)),B*,A(k+s,1—a—ﬂ),A(D,l—A—cg+1)‘..4,A(D,l—A—CV) ( " )
e
k
s'k
Whereﬂ:—m),p:s+k,D:s+k+r,A:a+ﬁ+,u,
(s+ k)

0<Dg<Du<Dv<Du+qgq-p,u+v-2g<2f <2v,0<nc<np,
p+g-2n<2m < 2q,

[ d, ) bji\ [ (s-a k—ﬂ ) T
ReLmln—+Dm|n—J>Re(—A)>ReLDL a|J+CI—D—1J
S, i k
i=12,.., f;j=12,.., m;l=212,..n;t=1,2,..., g;u,Re(minC, + A) - v,
( d,
ReLmax—+AJ—uD+v+—D(Dv—Du+1)> D(Dv-Du)
S 2
]
(s—a k-7 3\
Re max a,
e )
. . ( 1 1)
i=12,...,u;j=212,...,v;1=1,2,..., u;largy || f+9g-—u-—v |z,
SRR
( 1 1 ) ( bji\ ( b..\
|argt|<Lm+n——p——qJ7r,Re a+s— |>0,Re| g+k—|[>0,j=1,2,....m
2 2 IBji ﬂji

And the double integral converges.
Proof: To prove (2.1), we start with the following known result [2, p. 177]

[[o0c+y)x* ydxdy = B(a,ﬂ)je(z)z“”‘ldz (2.2)
00

Which is valid for Re(a) > 0and Re(8) > 0 .

It is easy to prove by following the technique of reversing the order of integrations, that

© ©

JJ‘Q(X-’_y)Xal ﬂleqf."[

()

::}dxdy =
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o1
saizkﬁi2
\N2rm T
a+ff-—
(s+ k) 2
a+f-1., mn+ D |A(sl-a)A(k1-p) A"
J¢(Z)Z N p|+p,ﬂq|+p:zl:r |:t62 B*A(k+sl-a-p) :|dZ (23)
0
Where s, k and r are positive integers,
sskk
5:—M,p:s+k,D =s+k+r,p+gq<2(m+n),
(s + k)
( 1 1)
|largt|<|m+n-—p-—q |7,
L 2 2 J
( b, ) ( b, )
Rela +s— |>0,Re| p+k—|>0,j=1,2,.., m.
B B

In (2.3), taking
o0 -2l (x|l
And evaluating the integral on the right hand side using [7, p.401] the result (2.1) follows.

1. PARTICULAR CASES

On choosing the parameters suitably in (2.1), several known and unknown results are obtained as particular
cases. However, we mention some of the interesting results here.
(a) Taking
1 1
—,d, =v,d, =-v,u =0+, =ﬂj =6j =/1j =1,r=1r7 =1
2 2
in (2.1) and using [3, p.216, (5)]

I T I 1
HZ'OIZLZJ I:ﬂzesz[——z)

f=v=2,g=0,u=1¢c, =

1

1,2 (b,1),(-b,1)

We obtain

1

i s ar Trxey) 1
[[xy"(x+y) *a K= 7rxey)
00

Hona [y e ) [0 dxdy =

l(2 D)(f+g 1u lv\r:l aizk B
T T, _ S
(27[) 2 L 2 2 J zDA 1 /ﬁ

a+p
A9 s+ k)2

D
m,n+p+2D |—t5D A((D1-ATFv)),A(sl-a)A(k,1-8),A* 31
p+p+2D,q+p+D | D 1 |’ ( " )
L B*A((D,— A)),A(k+s1l-a-p) J
2
Where 5,D and y have the same value as (2.2) and

1 b, b,
A=a+a+ﬂ+—;p+q<2(m+n),Re(a+s—JJ_rv)>O,Re(,b’+s—Jiv)>0,
2 ji ji
( bji 1\
ReLa+ﬂ+,uiv+D—+— >0,j=1,2,...,m;Re(1) >0,
ﬂji 2
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( 1 1)
|argt|<Lm+n—;p—;qJﬂ

(b) Further, replacing q,tand (a ,a )by q+1,-tand (1—ap,ap)respectively and then putting

m=1n=p,b =1b,  =b (j=12,.4q), using the result [3,p. 215, (1)] and [3,p. 4, (11)], we obtain an
interesting result obtained by Srivastava and Singhal [9]:

i s W A (cy) 1
[[x"y" (x+y) *a K, y-—r(x+y)
00 2

r(ap'ap), sk r—| _
quL(bq,ﬁq)'tX y (x+y) dedy =

1
\/ﬁF{a+ﬂ+aiv+}
2
T B(a,pB)
a+p+o+—
1% ‘T'(a+p+0+1)
s+k+r
|— (5 +k +r \ A(s+k+r.a+ﬁ+aiv+§.),A(s.a),A(k,,B),(ap,1)

, 3.2)

p+3s+3k+2r Fq+25+2k+r| t5 L
4

@qiyA@+kﬂ+ﬂyA(k+&a+ﬂ+a+D J

1
provided Re(c + @ + # £v+—)>0,Re(a) > 0,Re(B) > 0.
2

1 1
(c) Setting v=f =2,g=0,u=0,¢c,=0,d, =-—-v,d,=-—+v,r =17 =1in (2.1) and using the
2 2
known formula [3,p.216,(6)]

[ 1 %4
2,0 (1-Kk,1)
H, |z =e W, (2),

L (£+mJL(£—mJ)J
2 2

We have

(x+

o a-1 p-1 u o7 y)
[[x Ty  (x+y)e W, [y (x+ y)]
00

H :q" [txsyk(x+ y)' ::dedy =

P
l(243) oAt s 2k 2

(27)? D 2

1
a+pf-—

297 T (s + k) 2

D 1
monsps2D |—t5D A(D,;—Aiv),A(s,l—a),A(k,l—ﬁ),A —| 33
p+p+2D,q+p+D D B*A(k+sl-a-p8),A(D,oc-A) |' ( " )

L7 ]
Where
D, p,d and A are given in (2.1);

[uny

1
p+q<2(m+n),|argt|<[m+n—;p——qJﬁ,Re(y)>O,Re(a+sbj>O,

N

1
Re(k+sbj)>O,Re{m+n+,u+Dbjiv+—J>0,j—l,2 ..... m.
2
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(d) Further, replacing qg,tand (a ,e )by q+1,-tand (1-a,,a ) respectively and then putting

m=1n=p,b =1b,,, =b(j=12,., q) and using the result [p.215,(1)], (3.3) reduces to a result due to
Srivastava and Joshi [9,p.19,(2.3)]

o ©

1
el s -y (x+y)
[[x 7y xey)e W, {r(x+y)}
00
r(ap‘av), sk r—| _
quL(bqvﬁq)'tX y (x+y) dedy =

F{a+ﬂ+niv+lj

a+p+n B(a'ﬂ)
A F(a+p+n—-u+1l)

I : 1
, Au+k+ha+ﬁ+niv+7¢A(aa)A(Lﬁ)(awg
2

F too
p+3s+3k+2r q+25+2k+r| (bg 1) A(s+k,a+B)A(k+s+r,a+f+n—-pu+l) J

(3.4)
Where

s+k+r

s°k o (s+k+r)
o= S T T
(s +k) L ¥ J

1
Re(a) > 0,Re(B) > 0,Re(y) > O,Re[a + B+ EV+ —j > 0 and the resulting hypergeometric series
2

converges.

1 1
With 4 =0,v=+—and n = - —,(3.4) reduces to the earlier results of Jain [5] and Singh [8].
2 2

(e) Choosing

1 1
f=g=u=1v=2c=1-k,d=—+M,d,=—-M,a, =p,=06,=y,=1r=1r =1
2 2
in (2.1) and using the known result

1
7 F{+k+mj N
11 (1-k.1) 2 -t
Hl,z‘z 1 | = esz,m(z)’

I (§+m,1),(;*m,1)J r2m+1)
We obtain

© o 1
—r(x+y)

[[x 7y e y)e M Iy (x+ )]

o[y e ) |30 axdy =

1 1

1 1 a-— pf-—

S27P) keA-s r(2m +1) s 2k 2
(27) D . . :
a+pf-—
Tik+m+— ﬂl“ﬂ“’(s-t—k) P

2

D 1 1
H meD .ntpsD |—t5D A(D,;—A—m),A(s,l—a),A(K,l—/}),A(D,;—Aer)—|
p+p+2D.,q+p+D D A(k+sl-a-p),A(D k-A) |

L7 ] (3.5)
Where

D, p,d and A are given in (2.1);
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1

1
p+q<2(m+n),|argt|<{m+n—;p—;q}ﬁ,Re(y)>O,Re(a+sbj)>0,

1
Re(ﬂ+kbj)>O,Re{a+ﬂ+n+Dbj+m+—

2

I 1
(f) Substituting f =1,9g =u=0,v=2,d, =—v,d,

2
and using the result [3,p.216,(3)]

r 7
=9, @4,

1,0 -
Hool 2, N
2%'JJ

)l
(2.1) reduces to

[y xs Y73, 2y (x+ y)H T [0y

00
1 1

=27
y s+ k) 2

)
m,n+p+D

p+p+2D,q+p| té‘L_J B*A(k+sl-a-p)

Where 5, D, p and A have the same values given in (2.1);

1

|— (D \D A[D,lfA—%,uJ,A(s,l—a),A(k,l—ﬁ),A*,A D,1-A+

J>0,j—1,2 ..... m.

1

=-—v,r=1r7 =1

2

}dxdy

1)
") (3.6)

I —|

1
p+q<2(m+n),|argt|<{m+n—;p—;q}ﬁ,Re(y)>O,Re(a+sbj)>0,

1
Re(,b’+kbj)>O,Re{a+ﬂ+n+—y+DbJ}>0,j—l,2 ..... m;
2

1
Re(a +pB+n-D+ Dai)< —,i=12,...,n.

4
In view of the numerous properties of & -function,
on specializing the parameters suitably, a large
number of interesting results may be obtained as
particular case.
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