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ABSTRACT

In this paper, the author will establish a double integral transform of Aleph () -function which leads to yet
another interesting process of augmenting the parameters in the Aleph () -function. The result is given of
general character and on specializing the parameters suitably, yields several interesting results as special cases.
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l. INTRODUCTION double N -function and double Whittaker

Many researchers like Rainville [6, p.104], transforms respectively.

Abdul Halim and Al-Salam [1] have shown that the We have used the symbols
single and double Euler transformations of the (a,, A),A(r,a), A(r,+a), A((r,a,)) to denote
hypergeometric function are effective tools for ' P
augmenting its parameters. Srivastava and Singhal the set of parameters
[9] and Srivastava and Joshi [10] have discussed (8, A) (@ A)E a+l aH_l'A(r 2),A(r,-a)
some similar interesting properties of | Fin PR T

and A(r,a,),A(r,a,),...,A(r, a,) respectively.
The X -function introduced by Suland et.al. [11] will be represented and defined as follows:

N[X] — MmN r[X] — MmN |:X (@j AL L7 (@i A D J — ijg(s)ds (1.2)
27i s

pl,qi T Pi G5t (bj 'Bj )l,m v[Ti (bjl ’BJI )]m+l,qi

where | = \/—_1

J1‘:[11“(bj —B;s) J1‘:[11“(1—aj +AS)

0(s) = (1.2)

r Gi Pi
Dt {n C(1-b; +B;s) II I'(a; — Ajis)}
=y j=m+1 j=n+1

P, q,(i=1...,r),m, nareintegers satisfying 0<n<p; , 0<m<q,, (i =1,...,r),ris finite
A;,B;,A;,B; arerealand a;b;,a;,
A (b, +Vv) = B, (a; —v—k) for v,k =01,2,...
We shall use the following notations:

A = @, Ao [ @ Ay s B = (05, B))1m: [7 (0, Bji ) niag,

A" = (CjaCj )1,r1[z-i (Cji’Cji)]r+1,ui ;B = (dj1 Dj)l,s’[ri (dji’ Dji)]s+l,vi
If we take 7, =1,r =1in (1.1), the N - function reduces to the Fox’s H-function [4].

bji are complex numbers such that
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I1.  MAINRESULT
In this section, we have established the following double integral transform of N -function:
If S,k and r are positive integers, then
c*
]

TT Xa_lyﬁ_l(x + y)ﬂ N;’,si:ri:r [7()( + Y)
00

N [txs y (x+y) S:J dxdy =

(1—D)( f +g—1u—1v]+£ Zdj —ch -{A—%j(u—v)
1

(27) > 2/2p"
1 1
i ﬂ_,
S Zk 2 m+Dg,n+ o+ Df

a+ﬂ—£ pi +p+Dv;,q; +p+Du;7or
A% (s 4K) 2

té‘DD(V—U)
A((D1-A-D;)),A(s 1-a),A(K 1-B), A% A(D 1-A=d; ;). A(D,1~A—d,)
7/D A((D1-A-Cy)),B*A(k+s 1-a—f3),A(D 1-A~Cq 1 ),.. A(D 1-A—c,) (2.1)
SSkk
Where A = =s+k,D=s+k+r,A=a+f+pu,

g7
0<Dg<Du<Dv<Du+qg—-p,u+v-2g<2f <2v,0<n<p,
p+q-2n<2m<2q,

s—a k

Rel min—++ Dmin— |>Re(-A) >Re| D| ——, q |+C,-D-1
o, B s K

i ji

1=12,..,f;]=42,...ml=12,.nt=12,..49;u Re(minC +A)-v,

]

Remax(s__a,k__ﬁ'al j,
S K

d.
Re[max5—‘+ A]—uD+v+%D(Dv— Du+1)> D(Dv- Du),

i=12,..,u;j=12,..,vl =1,2,...,u;|argy|§[f +9 —%U—%V)ﬂ,

largt|< (m+ n—E p—iquz, R({OHS&J >0, Re[ﬂ+ k&] >0,j=12,...,m
2" 2 By B

And the double integral converges.

Proof: To prove (2.1), we start with the following known result [2, p. 177]

j I O(x+ y)x“y " dxdy = B(a, f) _[ 0(z)z"dz (2.2)
00 0

Which is valid for Re(e) > 0and Re(5) > 0.
It is easy to prove by following the technique of reversing the order of integrations, that

Q:] dxdy =

o0

I T O(x+ )Xy IR [txS Y (x+y)'
0

0
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A(s,lfa),A(k,lfﬁ)|A*:| dz (2.3)

pi+p.,G +piTi:r B*A(k+s,1-a—f3)

T¢(Z)Za+ﬂlxm,n+p [t&ZD
0

Where s, K and r are positive integers,
s°k*

=—— p=S+k,D=s+k+r,p+q<2(m+n),
G p+a<2(m+n)

|argt|<(m+n—i p—lq}r,
2 2

b. b.
Re| a+s— [>0,Re| B+k—L[>0,j=12,..m.
B B

i i
In (2.3), taking

000 =282 [ rx[67 ]
And evaluating the integral on the right hand side using [7, p.401] the result (2.1) follows.

1. PARTICULAR CASES particular cases. However, we mention some of the
On choosing the parameters suitably in (2.1), interesting results here.
several known and unknown results are obtained as (a) Taking

1 1
f=v=2g9 :O,u:l,cl:E,dl:v,d2 :—v,,u:G+§,aj =p;=0,=4;=Lr=17=1
in (2.1) and using [3, p.216, (5)]

11 11, 1
H12,20[Z Ebz,l)J,(b,l)]_” e 2 K, (_EZ)

We obtain

Tt otk Liixey) 1
[[xtyx+y) 2a? Kv{—y(xw)}
00

Q:] dxdy =

Hpoa [0y Oy

SR
—1(2—D)(f+g—%u—fv s 2k 2

(271_) 2 2

}% DA—l \/;

1
AP (s k)2

p+p+2D,q+p+D D

v
Where ¢, D and » have the same value as (2.1) and

H m,n+p+2D {té‘DD

A((D1-AFV)),A(s 1-a) Ak 1-B), A*
1 ’ (31)
B*,A((D,E—A)),A(kJrS,l—a—ﬁ)

b. b.
A=a+a+ﬂ+%;p+q<2(m+n),Re(a+siiv)>0,Re(,6+siiv)>0,
ji ji
b; 1 .
Re a+ﬂ+yiv+DIB—‘+§ >0,j=12,..,m;Re(1) >0,

ji

|argt|<(m+n—1 p—iq]ﬂ
2 2
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(b) Further, replacing ¢,tand (ap,ap)by m=1n=p,b =1b, , =b;(j=12,..9),

. using the result [3,p. 215, (1)] and [3,p. 4, (11)], we
g+1—tand (l—ap,ap) respectively and then obtain an interesting result obtained by Srivastava
putting and Singhal [9]:

% a-1,,p-1 /-‘Jr% 7%A(X+y) 1
[ty oy 2a K =2 (xky)
00

oF, [E::YZ”)): Y (x+y)" } dxdy =
\/;F[a+,8+aiv+;j

oz+/3+cr+l

14 2F(a+,6’+0+1)

S k r s+k+r
+K+
p+3s+3k+2r Fq+25+2k+r té‘( j

B(a, f)

(bq A)A(s+k,a+ ), A(k+s,a+ f+o+1)

A(s ket @+ B+0v+ 1 ) A5, ) Ak, A),(2,1)
2 , (3.2)
v

provided Re(c+a + SV +%) >0,Re() > 0,Re(p) >0.

(c) Setting v="F =2,¢ :O,u:O,Clzoydl:—%—v,d2 :—%+v,r:1,ri =1in (2.1) and using the

known formula [3,p.216,(6)]
1
HZ {z (k) }: e 2W,,(z),

1 1
(5+m,1),(?m,1)
We have

R L)
[Pty ey e 77 W, [y (x+y)]
00

HY [txS Y (x+y)' Q:] dxdy =
1 1

a—=_  p—=

(27[)%(2—0) DG+A—% s 2k 2

oz+ﬂ—1
AU (s k)2

D
H m,n+p+2D I:t5D (33)

p+p+2D,q+p+D D B*A(k+s1-a—p),A(D,c—-A)

A(DéAiv),A(s,la),A(k,lﬂ),A*:|

Where
D, p,0and Aare givenin (2.1);

p+q<2(m+n),|argt |<(m+n—% p—%an, Re(y) > 0,Re(a +sb; >0,

Re(k +sb;) >0, Re[m+n+y+ Db, iv+%j>0, j=12,...,m.

(d) Further, replacing (,tand (ap,ap)by m=1n=pb =1b;,=b;(j=12..,0)
and using the result [p.215,(1)], (3.3) reduces to a

q+1-tand (1- Ap ap) respectively and then result due to Srivastava and Joshi [9,p.19,(2.3)]

putting
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I
X1y x4+ y)e 7MW ((x+ y))

O =38
O ey 8

.F, [EZ:”Z’)): Xy (x+y)" } dxdy =
F(a+ﬂ+niv+;)
AP (a+ B+ — u+1)

B(a, p)

p+3s+3k+2r Fq+25+2k+r I:t§§

Where

e s°k" 5 o[ stk+r e
(S+k)s+k ! y

Re(a) > 0,Re(S) > 0,Re(y) >0, Re(a +p+ntv +%) >0and the resulting hypergeometric series

converges.

A(s+k+r,a+ﬂ+niv+%,),A(s,a),A(k ,ﬂ),(ap ,1)
(bq ,1),A(s+k Ja+f),A(K+s+r,a+p+n—pu+l)
(3.4)

1 1
With £ =0,v= iE and 7 = —E ,(3.4) reduces to the earlier results of Jain [5] and Singh [8].

(e) Choosing
1 1
f=g=u =1,V=2,01=1—k,d1=E+M,d2 =E—M,0£j =,Bj =5j =7; =lr=17=1
in (2.1) and using the known result

F(1+k+m) .
T A sl

e?M Z),
(G+m,G-ma1) r2m+1) n(2)
We obtain

0 00 ~ 3 71 (X+ )
[ty o yye 27 M Ly (x+ )]
00

Hn [ ocy  (x+ )7 |4 |oxdy =
B
(zﬁ)%(sz)ka% r(2m+1) s 2k 2

1
F(k +m+ ;j Axn(s k)2

H m+D,n+p+D |:t5DD

p+p+2D,q+p+D D A(k+s,1-a-p),A(D,k-A)

A(D,;—A—m),A(s,l—a),A(k,1—,8),A(D,;—A+m):I

(3.5)
Where

D, p,0and Aare givenin (2.1);

p+q<2(m+n),|argt|< (m+n—% p—%an, Re(y) > 0,Re(a +sb;) > 0,

Re(p +kb;) >0, Re(a+/3+77+ Db, +m+%j>0, j=12,...,m.

WwWWw.ijera.com DOI: 10.9790/9622-1001020510




Yashwant Singh Journal of Engineering Research and Application Www.ijera.com
ISSN: 2248-9622 Vol. 10, Issue 01 (Series -11) January 2020, pp 05-10

(f) Substituting f =1,g =u=0,v=2,d, :%v, d,= —%v, r=1r,=1
and using the result [3,p.216,(3)]

2% i
(2.1) reduces to

” X“ Ty (x + )73, 2y (x+y)H [txsyk
00

2#'

HoS 2l oo =3V,
(z2){32)

Q:] dxdy

1 1
2

DZA—lS

yr(s+k)

D 1 . 1
qneo | os (2} A(D,l—A—Eyj,A(s,l—a),A(k,1—ﬂ),A ,A(D,l—A+§yj

p+p+2D,q+p B* A(k+s,1-a—f3) (36)
Where 0, D, pand A have the same values given in (2.1);

p+q<2(m+n),|argt|< (m+n—% p—%q)n, Re(y) > 0,Re(a +sb;) > 0,
Re(B +kb;) >0,Re(a+ﬁ+n+%,u+ Dbjj>o, j=12,...,m;
Re(a+p+n—-D+ Dai)<%,i =12,..,n.

In view of the numerous properties of X -function, on specializing the parameters suitably, a large number of
interesting results may be obtained as particular case.
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