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ABSTRACT:

In this research work,the construction of two-step hybrid block Simpson’s methods with two, threeand four off-
grid points for the solutions of first order stiff systems of ordinary differential equations (ODES) in studied.In
the derivation of the method, power series is adopted as basis function to obtain the main scheme through
collocation and interpolations approach. Taylor series was adopted alongside, the method to generate non-
overlapping numerical results.This is achieved by transforming a k-step multi-step method into continuous form
and evaluating at various grid points to obtain the discrete schemes. The performance of the methods is
demonstrated on some numerical experiments. The results revealed that the hybrid block Simpson’s method is

efficient, accurate and convergent on mildly stiff problems.
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l. INTRODUCTION

Numerous problems such as chemical
kinetics, orbital dynamics, circuit and control
theory and Newton’s second law applications
involve second-order ODEs [1]. Ordinary
differential equations (ODES) are commonly used
for mathematical modeling in many diverse fields
such as engineering, operation research, industrial
mathematics, behavioral  sciences, artificial
intelligence, management and sociology. This
mathematical modeling is the art of translating
problem from an application area into tractable
mathematical formulations whose theoretical and
numerical analysis provides insight, answers and
guidance useful for the originating application [2].

We consider the conventional k-step linear
multi-step methods for the solution of ordinary
differential equations (ODE’s) of the form

y'= f(x,y) vy@)=y,, xela,b]
@)

where y satisfies a given set of initial

condition and we assume that the function f also

satisfies the Lipschitz condition which guarantees
existence, uniqueness and continuous differentiable
solution, [3]. For the discrete solution of (1) linear
multi-step methods has being studied by [4],and
continuous solutions of (1), [5]. One important
advantage of the continuous over the discrete
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approach is the ability to provide discrete schemes
for simultaneous integration. These discrete
schemes can as well be reformulated as general
linear methods (GLM) [6]. The block methods are
self-starting and can directly be applied to both
initial and boundary value problems [7]. Block
methods for solving ordinary differential equations
have initially been proposed by [8] who advanced
their use only as a means of obtaining starting
values for predictor-corrector algorithms.In this
paper we present a two-step hybrid block
Simpson’s method with two, three and four off-grid
points for solving first order stiff ODEs of the form
).

This paper is organized as follows: in the
coming section we carried out the derivation of the
method, where we considered two-step with two,
three and four off-grid points through the approach
of interpolation and collocation. The details of the
analysis of the method were discussed in Section
three. In the fourth section, some numerical
problems were solved and finally, the conclusion
was drawn in section five.

1. DERIVATION OF THE METHOD
In this section, a Two-step hybrid

blockSimpson’s method with two, three and four

off-step points,

for solving problem (1) is derived [2] and [9]. Let

the power series of the form
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j v+m-1 (X _ Xn W
y(x)= Y a, ,oi=1...m
o U h )
)
be the approximate solution to equation (1) for
xe[x,,x,] where
n=0,1,2,--- N -1, a'sare the real

coefficients to be determined, v is the number of
collocation points, m is the number of

interpolation points and h=x_-x_ , is a

1
constant step size of the partition of interval [a, b]
, whichisgivenby a = x, < x, <-- <x, =b.
Differentiating Equation (2) once yields:

@)
Interpolating Equation (2) at the selected intervals,

i.e., X and collocating Equation (3) at all points in

the selected interval, ie.,

X , X

n

10 X0 X 50 XL, gives thetwo step
n+— n+—

2 2
block hybrid Simpson’s methods with two off- grid

points, can be written in matrix form:

(Lo o 0 0 0 )
lo Lo o 0 0 l ;
" |(ao) f‘V" 1
]
o L1238 1 5 3, | } ywil
" h n 4h o 2h 16h . 2
| 122 I |
1 2 3 4 5 [ Yo |
lo = = - - - Il a, = |
| h oh h h h I Bl
I , L3 7 21 405 H % } e
| hoh 4h 4h 16N 1% } Yoo I
| 1 4 2 32 8 |L J
o - - = = = | N
L h h h h h J
(4)
Applying the Gaussian elimination

method on Equation (4) gives the coefficient
a,'s, for i=0(1)10 .
These values are then substituted into Equation (2)

to give the implicit continuous hybrid method of
the form:

jy(x): Z j'Bi(X)jan +Z jﬂi(x)jfmi' j:]_’...|m.

©)
We get four discrete schemes. Hence, the hybrid
block methods are as follows
Yog =Vatiinl25Y, +646); —264,, +106/ . -19/,.]

el

Vea = Vo + (290, #1241 +24f +4f . - [.;]

-

Vi =Y +RTL+1021  +72/, +42f  -3/..]

w H127, 4321 + 71 ]
(6)

Interpolating Equation (2) at the selected intervals,

i.e.,, X, and collocating Equation (3) at all points in

the selected interval, ie.,

j = 1X... ’Xm'

nt 1 X X5 X4 X, gives thetwo
n+— n+— n+—
2 4 2

step block hybrid Simpson’s methods with three

off- grid points, can be written in matrix form:

‘(1 0 0 0o 0 0 0 1
| 1 | :
0 — 0 0 0 0 0 !
o o [
[y |
| 11 3 1 5 3 Na, | | Jot
0 - — —_ —_ —_ —_ 1 ”z‘
} h h 4h 2h 16h 1sh Ila\ |
12 3 5 6 || 2l Y|
0 - - = = = - la,[=]; |
" b b h h h h 7)Y s
} 1 4 2 % 8 9375 Ila‘*\l ‘l
0 - - - — — — Mal Iy
| h h h o h h sizh )%y
2
| 1 3 27 21 405 729 |L35J | |
e w wr wr U
| hoh 4h 4h  16h 16h | '
\0 14 12 32 160 192 |
L hoh h o h h h J
- (7) - - - -
Applying the Gaussian elimination
method on Equation (7) gives the coefficient
a,'s, for i=0(1)10 .

These values are then substituted into
equation (2) to give the implicit continuous hybrid
method of the form:

jy(x): Z jﬂi(x)jfn+i +Z jﬂi(x)jfn+il j=1,-'~,m

153

(®)

We get five discrete schemes. Hence, the hybrid
block methods are as follows
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.]' = 1' -'_E,:I 12.". T 415“‘(—_ 5 532{'.»2 g 5.‘6.,’1,5 - : } '-.".3_; ¥ lsfv.{]

Vo =, 81, +41f, 1087, + 2567, ~108f,,+7f,.]

71, +1400  ~150f,, +115_, —400f , +25f.]
Vos =Fe+ gl 61 -9 +641 -9f < £d]
ifes L0

.‘.‘.-2 :.1". _T}[“.‘t ?"'.‘7..__ —l:.’:'.-l _3:.f<_§ 13 .f ]

9)
Interpolating Equation (2) at the selected intervals,

i.e., X, and collocating Equation (3) at all points in

the selected interval, ie.,
Xpr X X Xog Xy X0 Xy, gives
n+— n+— n+— n+—
2 4 2 4

thetwo step block hybrid Simpson’s methods with
four off- grid points, can be written in matrix form:

100 0 0 0 0 0 3
1o ! 00 0 0 0 0
I h i |

11 3 1 3 3 7 oy
o 2 2 =~ 2 = _ _ () | ¥

ko h 4 2k 16K 16k 1281 iy
lo 1 2 3 4 3 i 7 flal | 7.l
["% % 7 & & Roh 12| 4.,
ol 4 12 n % 0375 109375 || |
"R R hR h Sk 400G | a | | %
I I A 1 B P PN
| h h 41 4h  16h 16h 647 ll a| 1
to 17 147 343 12005 50421 823543 | « | 1y

h K2 16k 16k 25 512h 40060 | 7 | ril
pl 4 12 32 2 448 Ly,
| h R R h h

(10)

We get six discrete schemes. Hence, the hybrid
block methods are as follows

Vs = b+ e 30583, +1430007 | ~3218887, 45192321

WIBI8S

1499521 -

Vot = bt wh3TISA, 2203721 - 26721, - ATHERS 380821 <149761
-13877..

Vor = Vet pomi (191375, +1143107, -966001,, + 2672321 - 2005805,
=T8240 . -124285 ) .

Vou =3+t [LI0TS, +66227 —8TI2F, +168761 -10842F , = 4416
~7071..)

oo =V, +prg 1398 £, 48330, ~7086,, + 203847, -1 1466, +6624
9B17,.]

or = ¥y i HII3, 4 36007 ~49867,  +143367  ~87367 461441 <917 ]
(11)

I1l.  ANALYSIS OF THE METHOD

In this section,the analysis of the basic properties of
the method derived shall be analyzed.

3.1 Order and error Constants of the Method
According to [4], the order of the new method in
equation (6), (9) and (11) is obtained by using the
Taylor series, and it is found that equation (6) is of
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mixed order five and six, with an error constant
given by

C..=907:10™ 176005 20097007 é.:'-IEE»i}'Ef

equation (9] is of wriform ordsr six, with an error tonstart given by

C.=F3M8B00" —40Rx0™ 4104007 -40109:107 66138107

...... ¢

ard equation 11} i of uniform ceder sight, with an error constarnt given by

Cy=Lisnlt” G a6l 965350 94810 9T

3.2 Consistency

Definition 3.1:[5], The hybrid block method (6),
(9) and (11) is said to be consistent if it has an
order more than or equal to one, ie.,P >1.
Therefore, the method is consistent.

3.3 Zero Stability

Definition 3.2: [1],The hybrid block method (6),
(9) and (11) said to be zero stable if the first

characteristic polynomial 7z (r) having roots such

that‘rz‘ﬁl and if |r|=1, then the

A

multiplicity of I', must not be greater than two. In

order to find the zero-stability of hybrid block
method (6), we only consider the first characteristic
polynomial of the method according to Definition
[3.2] as follows,

M(r)=
1 0 0 0 o o o0 1
|(o 10 0W| |(o 0o o 1)| .
o 01 0l lo 0 o 1|:r(r71)
Lo 0 o 1J Lo 0 o 1J

which implies r = 0, 0, 0, 1. Hence the method is

zero-stable since |l

<t

Similarly, according to Definition [3.2], the hybrid
block method (9) is as follows,

M(r)=
(1 0 0 0 OW (o 0 0 0 1}
[0 1 0 0 0] [0 O 0 O 1]
rlo 0 1 0 olflo 0 0 0 1}=r4(r—1)
l[lo o 0o 1 0] |o o 0o o0 1
Lo 0 0 0 1J Lo 0 0 0 1J
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which implies r =0,0,0,0,1. Hence the

method is zero-stable since|l,| < 1.

z

and according to Definition [3.2], the hybrid block
method (5) is as follows,

| !
| L
| |
1
| |
[ Jo 000 0 1]
000010 1|
LoooooJ 1J

which implies r = . Hence the

method is zero-stable since |, | < 1.

3.4 Convergence

Theorem (3.1):[1], the consistency and zero
stability are sufficient condition for linear multistep
method to be convergent. Since the method (6), (9)
and (11) is consistent and zero stable, it implies the
method is convergent for all point.

3.5 Region of Absolute Stability of the Block
method

According to [4], the absolute stability region of

the block method is obtained using (5) and (10) and

is as shown below,

1
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Figure 3.1: Region of absolute stability of the two-
step block hybrid Simpson’s method with two off-
grid points.
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Figure 3.2: Region of absolute stability of the two-
step block hybrid Simpson’s method with three off-

grid points.
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Figure 3.3: Region of absolute stability of the two-

step block hybrid Simpson’s method with four off-
grid points.

V. NUMERICAL IMPLEMENTATION
In this section, the efficiency and the
performance of thegeneral two-step implicit hybrid
block Simpson’s method with two, three and four
off-grid pointsis investigated on threestiffly
problems. The performance of the method is
examined using the following three systems of
first-order initial value problems of ordinary
differential  equations.Tables 4.1, 4.2 and
4.3belowshow the comparison of the result
obtained from the three problems below.
Problem 4.1

yi==8y+7y,

vy =42y, — 43y,

where

h=g, »0) =1, ¥,(0)=8

Exact Solution
y(x)=2e" —e7, ¥, (x)=2e™ + 67"
with stiff ratio 5.0%10"

Problem4.2
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¥ =998y, +1998y,

¥y, =-999y —1990y,
where
IL!=1_1[::~ }'1(O)=1, }IE(OJZ]-

and exact solution
yi(x)=4e™ =37,

with stiff ratio 1.0x10°

Yo(x)=—=2e" +3e

Problem 4.3
yi=-5+9%51,
=1, -97,
where
h=. »(0) =1,

and exact solution

»(0)=1

i 9 3 X

3% n)=-Fe -Le

.":(I)=§e-h‘

with stiff ratio 4.8x10’

Table 4.1: Comparing the Absolute
Stability Errors for problem4.1

[BHSNE oib two ctiqnd | BHSM wibdeofi qudgoiny | SEIS with varelgrd potmt |

| petals

| X i) ‘vll:' ixl f,lt) vls) v5x)
|91 | LI84E- | TTO6E: 134E INIE N E LEISE
B2 | A3ME ITWE! ! 489 E! | SNE
3 ITE SRIE | 484F
8 E- {668 E 1JI6F
62 TR ES LI9F
Sy T AE [ THE

7E [3%iE

§E | SITE

W6E' 4191 1

L0 E [SEE

5 JI0E 4M4EC | LIRE HNE

SINET | SMOE' [SODE | LE' 191

Table 42: Cozgerias fi: Absokez Sabifty Emens for oot 2
BEN wff W ofpd| BB whircofpipms | SBMwihinrcixipas
peisks
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Table 43 : Coepanagthe Abaote Sbity Errams far problensd 3
BN whow efigdpenty | BESN el deeoff pdpuaty | BHSM off feor offgid
puerE
Yy Tif1) 1lr) Pl Bt KL
N |THE iSIE
ITHE 141 {S0E
I55LE L41P E IWE
f JTRE 13198 E 1I5E
E IHF WE |6
1104 JK5E 1% ME' | TME
SO |48E 9¥s A0 TI6IE
SONE 1IE HE 16¢ T
i1k 182E W E WE
if THEE 13§ E SE 1
{4138 tRIE HE GEME 124k
{ b E ¢ )

V. CONCLUDING REMARKS

In this paper the newly constructed hybrid
block Simpson’s methods were demonstrated
onsome three stiff initial value problems (IVPs). It
is evident, from the tables (1-3), the block hybrid
Simpson’s method with two off-grid points has
been shown to be more efficient and converges
very well on problem 1 and performs fairly on the
problem 2 and 3. Also the block hybrid Simpson’s
methods with four off-grid points has been shown
to be more efficient and converges very well on
problem 3 and performs fairly on the problems 1
and 2, while the block hybrid Simpson’s methods
with  three  off-grid  pointsperforms fairly
convergent throughout the three problems.It is
obvious that, the newly constructed block hybrid
Simpson’s methods are efficient, accurate and
convergent on mildly stiff problems.
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