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ABSTRACT

Using the theory of exploded numbers by the axiom — systems of real numbers and Euclidean geometry, we
introduce a the concept of extra - line of the three — dimensional space. The extra - lines are the visible subsets
of super — lineswhich are the explodeds of the Euclidean lines. We investigate the main properties of extra —
lines. We prove more similar properties of Euclidean lines and extra — lines, but with respect to the paralellity

there is an essentialdifference among them.
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l. INTRODUCTION
We imagine our universe as the familiar three

dimensional Euclidean space

R® =

—00<x<00}

P= (x.y,z)|{—oo <y<oo
L —00 < z < 00
with its well known apparatus, among others

- the ordered field (R, <,+, -) of real numbers,

- the vector algebra of R3: the multiplication
c+P = (cx.cy,cz),c € R,P € R3 the addition

P+ Py, =(x1 +x3,V1 +y5,21 +25), the inner

product P; - P, = x1 " x5 + y; * ¥ + 21 * Z3, the norm

[|1P]| = VP - P and distance d(P;, P,) = ||P; — B, ]l.

The apparatus of exploded and compressed numbers

is described in [1]. (See Chapter 2.). Here we collect

the some important informations:

- For any x € R its exploded is denoted by X.A
two — dimensional model for X is the ordered
pair  ((sgnx) - tanh~{|x[} , (sgn x) - [|x[])
(Here, tanh™' x = %ln% ,—1l<x<1;[x]is
the greatest integer number, which is less than or
equal to x and {x} = x —[x].) The mapping
x = X is mutually unambiguous. (See [1]
Theorem 3.2.6.)The set of exploded numbers is
denoted by R. If x €]-1,1[then instead of
((sgn x) - tanh'{|x|} , 0) we write

¥ =tanh 'x .
So, the set R is a proper subset of R.
- The set R has an algebraic structure with the
super — operations
¥X®y=x+y ;xy€ER
and

~ —_—

Xy ;x,yER

X
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are called super — addition and super — multiplication,

respectively.

- For any pair ¥,y € R we say that ¥ = ¥ if and
only if x =y and X <y if and only if x <y.
(Monotonity of explosion.) Hence, we have that
(R,<,®, ®) is an ordered field which is
isomorphic with (R, <,+, -).

- For any u € R the real number u is called the
compressed of u defined by the first inversion
formula

@/) =u u€eR
Hence, for any u € R we have
et —e”
- The first inversion formula yields the second
inversion formula
@ =x , x €ER.

- Using the inversion formulas we give the super —
operations other forms

udv=utuv

u

g=tanhu(= ) , u€eR.

‘U, v ER,
and
uQU=uv ;U VER

Moreover, we use the super — subtraction and super -
division
uOv=u=v ;uveER,
and

UQU=uTv su,v(#0) ER,

respectively.
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Extending the concept of additive inverse element for
exploded number u we denote by (—u) the exploded
number for which u@®(—u) = 0. Moreover,

(-u) =-u u€ER.

is obtained. The super absolute value of the exploded
number u, denoted by Ju[, such that

{ uifu>0
Tu[=4 0 ifu=0.
—uifu<o
Clearly, if u is a real number then |u| = Jul.
The exploded numbers (=1) and 1 are not real
numbers. (—1)is the greatest exploded number which
is smaller than each real number and 1 is the smallest
exploded number which is greater than each real
number. (—1) and 1 are called negative and positive
discriminators, respectively. Clearly, the exploded
number u(€ R) is a real number that is —oo < u < oo
ifandonly if —1<u<1.

| |
If P = (x,y,2) € R3 then its exploded is denoted by
P =(%y,%). Clearly, the mapping P—-P is
mutually unambiguous. If P = (u,v,w) € R3 then
its compressed is denoted by P = (u,v,w).So, we
have the inversion formulas for points
(0.2)
(P)=PER®) and (P)=P(cR®).

| |
In this paper the model of the Multiverse

R3 = (P =P|PeR®)

is created by the poinweise explosion of our universe.
On the analogy of the euclidean space R3, for the
Multiverse we use the following concepts. Let

1224004
be exploded numbers and let

P=wv,w),P = (u,v,w1), P, = (Uz, v3,wy) ...
and so on, be the points of Multiverse. On the
analogy of vector — addition we give

PléPz = (uléuz, vlévz, WléWZ).
Using the other form of super- addition we can prove
0.2) P,OP, = (&Jr &).
Moreover, the properties

( POP, = P,OP,
(?15?2)5?3 = 7315(-732@?3)
POO =P '

k?é(—?) =0 ,where —P = (—u,—v,—w)
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are valid.
In the case of super — subtraction we can write
(0.3) POP, =

(7~ 7.)

On the analogy of multiplying by scalar y € R, we
give

YOP = (yOu,yOuv,yOw).
Using the other form of super- multiplication we can
prove

(0.4) yor =(y-2)
Moreover, the properties

(YO(P1OP,) = (yOP)B(yOF,)

(7/15]/2)6? = ()’16?)@()’26?)
| (n0r,)0P =10(r,07)
iep=2r

are valid. We may observe that —P = —1QP.
Although it is a little bit funny, we use the identity

(0.5) POQy=(P:y) v=
0,

too.

On the analogy of the inner product we give

?16?2 = (u16u2)é(7716v2)é(, W16W2).

Using the definition of super addition and the other
form of super- multiplication we can prove

(0.6) POP, =

(7 2)

Moreover, we have the familar properties of the
traditional inner product

( ?16?2 =*{P2 6?1
(y@?1)®?2 = Y®(731®732)
(P1€Bf}’2)®733 = (?1@?3)@(?2@?3)

POP=>0and POP=0=P =0

Having that ||?|| = /(2-2) for the super — norm

we give the definition
©07) I1210= ([12[D-

We can prove the following propertes
NPl =20and JIP|[=0 = P =0 =(0,0,0).
lvor|[ = velIPIl
|P.OP,[ < 1IPIIG]IP,I[  , (Cauchy - inequality)
[[Pi®:|[ < 1P I[®1IP,II
inequality).

, (Minkowsky -
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We can say that the Multiverse R3 is a normed
(Euclidean) space. If we define the super — distance
of the points a Multiverse such as dgz (P, P;) =

||, © P,|[ then (0.3), (0.7) and (0.1) yield
(0.8) A (P, P,) =

(¢(2.2).

By (0.8) we can prove the following properties

diz(P,P,) 2 0and diz (P, P,) =0 = P, =P,
d@? (P, P,) = dﬁé(?z.?ﬂ-

Moreover, for any points P;,P,and P; of the

Multiverse

diz (P, Ps) < dis (Py, P)®ds (Py, Ps),

(triangular — inequality)

is valid. m

Considering a set of points of our universe
S={P=(x,y,2)|x,y,z € R}
the set
§S={Plpes}
is called the exploded of S.

So, the explodeds of Euclidean lines and
planes are called super — lines and super — planes,
respectively. They satisfy the rules of Euclidean
geometry.

Of course, the Multiverse is the exploded set of our
universe R3. The Multiverse was already denoted by
R3.
Considering a set of points of the Multiverse
M={P=wv,wluv,weR}
the set
M = {P|P € w}

is called the compressed of M.The formulas under
(0.1) yield the inversion formulas for sets
0.9

@ =S(c R?®) and @ = M(c R3).

Clearly, the compressed of our universe R3is the
open cube
-1<x<1
R3 = {P = (x,y,2)| {—1 <y< 1},
-1<z<1
and
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Fig. 0.10
(The Fig.0.10 shows some compressed lines in the
compressed universe.)
Exploding R3 we have our universe as a three —
dimensional ,,big open cube”.

(0.11)
—D<u<i

RE={P=wvw{D)<v<ip
FD)<w<l

1. The characterization of extra — lines
The points P = (x,y,z) of the Euclidean
linesLLp,,; are described by the vector — equation
(1.1) P=Py+t-
E ,—o<t<o,
where Py = (xo,¥0,2) € R® and E = (e, e, e,) €
R3 are given such that ||E|| = 1 or by the set

(12) ]LP();E = {(xl Y, Z) €
R3x=x0+tex y=y0+tey z=z0+tez, —co<it<co,

Hence, the points P = (u,v,w) of the super — line
]LT,O;TE are described by the equation

(13) P =78(r0f) ,TER

where Py =P, ,7 =t and € = E. Clearly, ]|€|[ =
1. So, Lp, ; is a set of the Multiverse:

(1.4) Lpyr =4, v,w) €

R3u=u0PrOsxv=v0PrOsyw=w0PrOscz, T€ER

such that uy =%, ,v9g =¥9,,Wy =29 and ¢, =
& .6, =6, &, =6, If P,Pand P; € Lp ; then
we say that P, is an intermediate point between the
points P;and P; if on the line Ly, ¢, the point P, is

situated between P; and P,
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The extra - line Ly, ¢ is defined by
(15) L:PO'S = ]LP();E n R3.
We remark, that Ly ¢ is an open super passage of the
super — line L,z and the extra - line is visible in our
universe. Clearly, Lg ¢ is coincident with Ly o~ if
and only if Lpz = L By (0.9) we can write
thatLg)O'g = LLS,E* (=1 LPng = LLSIE*'
Example 1.6.Let be Py =0 =1(0,0,0) and E =
1 1 2 —— . .
(ﬁ'\/_g'ﬁ)' By (1.3) we have that L,.g is decribed
by the equation P =t@®E , where 7€ R and
1 1 2 . .
&= ((ﬁ) , (\/_g)(ﬁ)) Considering, (1.4) , (1.5)and
(0.11) the inequalities
— — 71\
((—1) <1®(F) <
— — 71\
(1-7){ (-D <10 (ﬁ) <

[ _
D <@(%) <

are required for Ly ¢. If (775) <t< (\g;) then the

= =

=

requirements fulfill.
Finally, using (1.2) by (1.4)

(18) Lg‘g = I(u, v, W) €

R3u=tanh—1¢t6v=tanh—1t6w=tanh—12t6 , |,

E_, 8
2

where—7<t<

is obtained.
The graph of the extra — line £, ¢

Fig. 1.9
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Fig. 1.9 shows that the extra- line is not an Euclidean
line, in general. m

As the our universe is subset of Multiverse we are
able to close R3. Namely,

R3={P= (u,v,w) EH\R?|

So, our universe is bordered by six super — planes,
decribed by the equations

Lower border : w = (—1) , Upper border : w
=1,
Before border : v = (—\_}l) , Back border :
v=1,
and
Left border : u = (—1) , Right border : u
=1.

Of course, the border of R3 is invisible from our
universe. Considering (1.4), P, € R® yields that the
super — line Ly, has two joint points with the border
of R3. These points are called the border — ponts of
extra — line Lp o (see (1.5)) and denoted by
By (Lp,e) and By (L, ).

Theorem 1.10. If Bl = (ul,vl,Wl) and Bz =
(uy, v, w,) are different points on the border of R3
and they do not situate on the same super — plane
then the points P = (u, v, w) € R3 described by the
equation

(1.11)

P =

((%)6(3@&))@(16((31ézaz)@]wléﬁzﬂ)) 1€

R,
form a super — line which contains B;and B,,such
that

(1.12)

(Qowen)ew
fulfills. Moreover, for the parameter — domain
(1.13) (-3)0lB ©B[<r<

T J— —

(}) Q]|B: © B

the points of super — line give an extra — line with the
border — points B;and B,.

Proof. As (@ 6(2315732)> € R3it is obvious that

Po = <(§) 6(BléBz)) € R® is valid. Similarly,

where

E=((308,)0]3.05) e R,

||B: © By|[ # 0 becauseB, # B,.
Using (0.1) , (0.3), (0.5) and (0.7)
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(B,©B,) @]|B, © B[

- (3,-2,)0(|2.0m]) -
-(B-2)0|B-n]
=~ ((B.-B)+ ||B-B|)

By the first inversion formulas for points (see (0.1))
” - 2” is obtained. Hence, ||E||=1.

Considering (1.2) and (1.3) with

7, = () o(z,@8,) and

€=(B1©B,) Q||B, © B,

we have that (1.11) determines a super — line. For the

parameters T = (—j Q]|B. © B,|[

and 7 = % O]|B, © B,|[ (1.11) yields the points

( @(B@Bﬂ) ((2)6(&6&))

P= (@ 6(3@32)> ® ((g) o(2, 5&))
respectively.

Because the border — points B;and B,do not situate
on the same super — plane, we have
(=2) <w®u, < 2; (-2) < v, @®v, < 2; (-2)
<w,®w, < 2
and so,

=

N
—

CD < (5)0(wdu) < 1

—

-1

~
~—

T —, — .
< (E) @(U1®U2) <1
| — M=, — \
(D < (E) ow,;ew) <1
by (0.10) we can see, that (1.12) is fulfilled.
Considering the points P = (u,v,w) of super —

plane, the vector — equation (1.11) is equivalent with
the equation system
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DOI: 10.9790/9622-0801012334

|

{ v=(Ooeaw)8(a(w v Blim &2.1)
{W - (O 6(w1§w2)>é

, TE R.

If u1 = uz then u= (%) 6(‘“1@‘“2) If 171 = vZ then
v = G) 6(171@172). If
() om@w).

As B; # B, ,it is necessary that one among the

inequationsu; # u, ,v; # vy, wy # w; is fulfilled, at
least. Assuming that u; > u,.by (1.13)

(@53 (ot 5w <

< (@ 6@1@2))@(@) 5w o u2)>

that isu, <u < wu4is obtained. (The assuption
u <uy, results w <u<wuy) A similar
argumentation used in the case of the other two
inequations.

Finally, by (1.14) we have

<max(u,u,) <1

<T6 ((W1 éwz) 6“31 éleD)

wy=w, then w=

v= ( )@(vl@vz) or (=1) < min(vy,v,) < v
<max(v,vy) <1

w= ( )@(wleawz) or (=1) < min(wy,w,) <
w < max(wy,w,) < 1.

Hemce, we can see that for the parameter — domain
A — . — Ay, —
(-3)0lB BBl <= < (3)0lB B2l

the super — passage of the super — line is an extra —

line with the border — points

By = (wy, vy, wy)and B, = (up, v, w,).m

Example 1.15. Let us discover the extra line
determined by the border points

2, = ((-2).(-2).ED)and 3, =((3).().1)
Solution.
We apply Theorem 1.10. Now,

@6(31532) =0= (OvO'O) ; (Bl 632) =

(D.D.2) )18 © 5[ = (V).
(B ©8;) 0B, O B[

- (R R )
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T _ 6\ M\—, —
(_5)@|B1 @Bzu = (‘7) '(E) @]|B1 o Bz”
_(V6\
“\2
So, by (1.11) and (1.13) we have
(1.16)

- (Do (Do (De)

(-3)<e<(3):

The vector equation (1.16) gives the equation system
( _ (I) 6‘[ _ _ tanh_l tanh 7

V6. Ve
_ _i—__ _1tanh 7 _
(1.17){I v_( vz) Ot = —tanh™ =2 .
_ _i =, _ _ _12tanh 7
. LW = ( vE) ©t = —tanh &
6

5 < tanht < ?.

Comparing (1.8) and (1.17) we can observe that our
extra line is Lpy with contrasted direction. The
border point B; with 7 = (‘/Z—g) . is situated on the
lower- border, while the border point B, with

rz(—‘/z—g). is situated on the upper — border.

Moreover, Fig. 1.9. shows the graph of the extra —
line discovered now. m

Remark 1.18. We return to the Example 1.6, where
the extra — line £, ¢is determined by the point O and

the ,,vector” 8=((\\/1—_6,),(\%;,(\\/2—_;), has the
description (1.8). Considering

. 1.
hmt—>—ﬁ u(t) = —tanh™ E,llmﬁ_}_ﬁ v(t) =
2 2
V6 3

t>—7 t>—7

—tanh—772 and lims——62t>—62wt=—oco,

the (invisible) border — point By(Lyg) =
1

((\__;)(—\_%,)(—\1')) is obtained. Moreover, by

) 1, 1
hmt_)ﬁ u(t) = tanh™! E,llmt_}ﬁ v(t) = tanh™! S
2 2

and lim _w(t) = oo,
6
t—>—7
G

t<—7

we have (invisible) border — point B,(Ly¢) =

M\ (1N ¥
((z)'(z)'l)-'
Nomination 1.19. If the extra — line Ly o with

P, = G) 6(31532) and
€ = (B, © B,) @]|B, © B[ is given by its border
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B,(Lp,e)  and By(Lp,e)  we

(= LBy, B, D.

points

writeL~_  _ _ _
@@(Bl ®B;) .(B1©B;)0]|B103;|

II. THEOREMS FOR EXTRA -
COLLINEARITY
Two or more points are said to be extra—
collinear (super — collinear) if there is an extra —line
(super — line) that contains them.

If M is a subset of the Multiverse R? then

(2.1) My, = M N RS,

is called the box- phenomenon of 9. Clearly,
R3box = Rz

Theorem 2.2. If ?1 = (ul,vl,Wl) and .‘Pz =

(uy, vy, wy) are different points of the three —
dimensional space R3 then the box- phenomenon of
the set, having the points given by the equation

(2.3)

P =

(Dowan))a(=(=em)BlRBnI) .
R,

is an extra — line which contains the points P, and
P,. Shortly:P; and P, are extra—collinear.

Proof. Choosing P, = (%) O(P&P,) = &:& (see
(01), 02)and 0.4)
and E=(P,0P)Q]|P,O0R| ., (where

||P, © P|[ # 0 because P, = P;)

we consider the Euclidean line Lp, zunder (1.1)or
under (1.2), where t = 7 € R. It is easy to verify that
by the

parameterst, = (— %) O], ©P and 1, =

G) O]|P, © P,|[the (2.3) gives the points P, and
P,, respectively.Hence, by (0.1),(0.3) (0.4) and (0.7)
we can prove, that the ponts Pjand P, (see the

parameters
7-71|

o= (CD)olr, B = -2z

2
N\5lp. B |72-7]
(E)®]|T26?1|[: 2
respectively) situated on the line Ly, ;. By the axioms
of Euclidean geometry the ponts P, and P, determine

one and only one line. Exploding this line we have
that the points given by the equation (2.3) form a
super — line Ly, z.Finally, by (1.5) and (2.1) we get
that the requested extra- line is(Lp z), -

Example 2.4. Let us discover the extra - line
determined by the points

P, =0 =(0,0,0)and P, = (1,1,2).

Solution.

We apply Theorem 1.10. Now, considering (2.3) with

tanh 1 tanh 1 tanh 2 i
Poz( SRR )Wehave.

and t, =
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tanl

1\ —,
;)o@
_,tanh1 _,tanh1 _,tanh 2

= (tanh 1T,tanh 1 5 ,tanh™! ) ;
= (1,1,2).
llon|l
= (V2(tanh 1)2 + (tanh 2)2) ; (P, © 7)) D ||P, © [
=P, Q17 =

-1 tanh 1 1 tanh 1
(tanh V2(tanh 1)2+(tanh 2)2 ,tanh J2(tanh 1)2+(tanh 2)2’

Considering the points P = (u, v,w) of super — line
LLp, £, the vector — equation (2.3) is equivalent with

the equation system
tanh 1

I(u = (tanh‘l #) ) (T@tanh‘1

tanh 1

\/Z(tanh 1)24(tanh 2)2

v= (tanh_1 %) ) (T@ tanh™!

\/Z(tanh 1)2+(tanh 2)2

_ _1 tanh 2) —( — -1 tanh 2
tW (tanh 2 ®(rOtanh \/Z(tanh 1)24(tanh 2)2
. TER,
ordenotingt =t
( _ <tanh 1 t-tanh 1 )
(4= 2 + JZ(tanh 1)2+(tanh 2)2
tanh 1 t-tanh 1

= , tER.
4 v ( 2 + \/Z(tanh 1)2+(tanh 2)2>

_ (tanh 2 + t-tanh 2 )

- 2 \/Z(tanh 1)2+(tanh 2)2

Finally, the points of the requested extra —line is
described by the equation — system

(2.5)
u = tanh P J2(tanh 1)2+(tanh 2)2
_ —1 (tanh 1 t-tanh 1
v = tanh ( 2 V2(tanh 1)2+(tanh 2)2) '
3 _4 (tanh 2 t-tanh 2
tw = tanh ( 2 J/2(tanh 1)2+(tanh 2)2)
where
1 1
B (tanh 2t E) V2(tanh 1) + (tanh 2)2 < t

<( !
1tanh 2
— E) \/Z(tanh 1)2 + (tanh 2)2.
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Fig.2.5%
J2(tanh 1)2+(tanh 2)2
2

For the parameter t; = — the

equation — system (2.5) yields the point P, = 0 and
J2(tanh 1)2+(tanh 2)2

2

for the parameter t, =

P, = (1,1,2) is obtained. m

Remark 2.6. Despite of that both the extra — line

described by the equation — system (2.5) and the

Euclidean line described by the equation — system
(=2

the point

2.7 v=

W=
o< s< 0
contain the points P, = 0 and P, = (1,1,2) (for the
latter see the parameters s; =0 and s, =vV6
respectively) they are essentially different. To prove
it is sufficient to mention that the extra — line has the
border points

I b 1) e [m"%mﬂ %,1),

S8 &l S

tmh? tanh 2 tanh 2 tanh 2
while (2.7) yields that
limg,_,u=—o00 limg,_, v=—00 ,limg,_,w=

—oaand lims—ocor=c0 , lims—cow=oco,
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Fig. 2.7

The following two theorems are a simple
consequence of Theorems 1.10 and 2.2.
Theorem 2.8. Every extra — line containss at least
two distinc points situated in the closed three —

dimensional space R3.

Theorem 2.9. If the following cases, two extra —
lines each contain

(i)  the same two distinc points P; and P,in the
universe R3,

(if) the same two distinc points, one of themZ,in the
universe R3, and the second one B, in the

border ofR3,

(iii) the same two distinc points B; and B,on the

border of R3 such that they do not situate
on the same super — plane,
then the two extra — lines are equal.

Proof. Choosing in the cases

(l) . o _iPO=iP1E]R3 and
E=(PoP) Q]P0
(i) L Py=P.€ R3 and
E=(B.OR)0]B.O~]

(i) P, = ((%) 6(73@2%)) €R?  and€ =
(B:©B,) 0B, © By
and denoting Py = Pyand E = Ethe super — line

Lo,z = {P€ R3|P = P@®(tOE),7 € R}
is obtained.
Let us consider the the cases (i) — (iii). The extra —
line Ly, = (ILPO;E)box contains the point pairs P;
and P, ; Pand B, ; B; and B, , respectively.
Denoting P =P and t = T we have the line

Lpyr ={PER|P =Py + (t-E),t €R.}
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which contains the pairs of distinc points?; and P,
;P.and B, ; B; and B,. Having the Euclidean axiom
HIf two lines each contain the same two distinc
points, then the two lines are equal.” we have that
LLp,, is unambiguously determined. Hence Lp g is
unambiguously determined, too. Finally, having by
(2.1) we have that L ¢ is unambiguously determined.
]

Theorem 2.10. Let be P;,P,and P;
different points of Multiverse.The equality
Az (P, P3) = da (P, Po)Bd gz (P, Ps)
fufills if and only if P, P,and P; are super —
collinear and P, is an intermediate point between the

points P;and P

Proof. Let us consider the points P, ,P, and P;.
They are pairwise different points of our universe. By
the Euclidean geometry we have that the eqaulity

dys (P, P3) = dys (P Py) + dgs (P2 Ps)
fufills if and only if P;,%, and P;. are collinear and
P2 is between P and P; .So, having (0.8)
d]]ig (:Pli:P3)

pairwise

= (o (P 2) + o (P s)) = (e (P 2)) B (o (221))

proves our statement.

1. EXTRA PARALLELITY.
Theorem 3.1. If P, € R3 and B is a point situated

on the border of R3 then the set
(3.2) L([P,, BD = {P e R¥|P =
POPT(OBOPONDBOPO,

where 0 < 7 < ||B © Py|[ , form a half extra — line
with the border point B.
Proof. Let be Po=%P

andE = (BO ) @ ||B © P,|[.Because of (3.2)
we consider with T = t , the vector equation

]

B-Py
(33) 2 = PO + ”1;——5”
t o, ost<[B-2
Using (0.1) , (0.3), (0.5) and (0.7) we can write
(Bom)olBOR| -
= (2-»)0(|zen])-

-(z-n)o|z-n|
—((z-2) |2~

By the first inversion formulas for points (see
(0.1).E = =22 is obtained. Hence, ||E[|I=L.The

[
points P given under (3.3) forms a passage (closed
from the left and open from the right) situared in R3.

30|Page




I. Szalay. Int. Journal of Engineering Research and Application

Www.ijera.com

ISSN : 2248-9622, Vol. 8, Issue 1, (Part -1) January 2018, pp.23-34

By the explosion the equation (3.3) gives that the
points under (3.2) form a half extra — line, with the
start — point P,. For the parameter = = ||B © ||
the border point B is obtained. m

Using the right hand part of (0.1) ,(0.2) , (0.4) and
(0.7) by (3.2) the description

BAL(Py, BD =

< (u,v,w) €

R3u=tanh —1u0+u0—uB-tB—POv=tanh —1v0+v
0—vB-tB—POw=tanh —1w0+w0—wB-tB—P0,0<t
<B-P0,

Where “PO = (UO,V(), Wo) ,B = (u'B,U'B,W'B) a.nd t = I,
is obtained.

Theorem 3.5. If £L(]B;,B,[) is an extra — line and
P, = (u,,v,,w,) is its arbitrary point, then

(3.6) L(By,B,D = L([*.,B:D v L([P, B, D

is valid.

Proof. Using the identity dgz (Py, P,) =

||, © P, |[by Theorem 1.10 we have
B.NLJB.,B,D =

{? ER3|P =
120B1G0B2GHrOB1OB2QIR3B1 B2,

where the parameter — domain
(3.8) (— %) Ods (By,By) <1<

G) Odg(By,By),  (see (1.13)).

Moreover, (3.2) yields

(3.9) L(P., B, = {? € R3|P =
PrPoOB1OP+DARIBIL, P+
and
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(3.10)
78 (70 (8. 62) 0 d (3, 7)) )}

with the parameter domains

(3.11) 0<o<dmp(B,P) and
0<0<dm(ByP),

respectively.

Denoting t=t, o =rand g =s and compessing
the sets under (3.7) . (3.9) and (3.10) together their
parameter — domains under (3.8) and under (3.11)

(3.12)L(IB,, B,D = {2 eR|p =224

L(P.B,D) = {P e R?|P =

B1-B2dR3B1,52¢ ;
—dR3B1,B22<t<dR3B1,822,
B, -3,

313) L(P.B)=|PER}|P="P + == _.
( ) ([ 1D {_ _J_ _+ dR3('B_1,&)
r ;. 0<r<dR3B1Px
and
(314) L(P.B,)={PER}|P =P + ——2—=_.

' DR Y =TT T 2 ags(men)

s ; UO<s<dR3B2,Px*

are obtained. By (3.12) — (3.14) we have that

and half open) linear passages inB;, B, , By, P. and
By, P, respectively. Considering that By, P, =

P,, B,we have

(3.15) B, P.UB, P =B,,B,

First, we investigate the connection betveen
L([P.,B;D and LBy, B;[). As L(IB;,B,[) is an
open passage, so, B; = P.. Let us denote the
ot i _BitBz BBy
2 dys(BB2)
t, , and consider the parameter interval t, <t <
dg3 (&&) The (3.12) gives the mapping

. B
parameter t, <= P, , that is P, = =

dg3 (& &) < By, so, the mentioned parameter
interval determines the (half open) passage B;, P, .
On the other hand, by (3.13) we can see the m?ppﬁgs
0 <> P, anddps (&?) < B, . So, the parameter

*

interval 0 < r < dgs (Bl,.‘P*) derermines determines

the (half open) passage B,, P, ,again.

Sscond, we investiga@ the connection betveen
L([P.,B,D and LBy, B,D)- As LBy, B;[) is an
open passage, so, B, # P, . The (3.12) gives the

mapping —dg3 (&&) < B,. So, the parameter
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interval —dps (& &) < t < t, determines the (half
On the other hand, by (3.14)
mappings 0 < P. and

open) passage By, P..

we can see Ee
dgs (BZ,R) —B, .

0<s<dy (B,

*

So, the parameter interval

) derermines determines the
(half open) passage®,, B,.
Collecting our results by (3.15)

(3.16)
L([P, B, D= L(]B1,Bz D

L([P,BD U

is obtained. Hence, having the trivial identity
(S;US,) =S, US, ;S,,S, cR® and using the
right hand side of (0.9) by the explosion (3.16) yields
(3.6). m

Definition 3.17. Let ; and 2, be different points of
our universe and B a point on the border of our
universe such that they are non super — collinear
points of the Multiverse. The half extra - lines

(3.18)

L([P,BD =

{:P € R3P =

PlPoOBOPIDIRIPL B 0<sp<dR3P1ZF

and

(3.19)

L([P,,B]) =

{:P € R3P =
P1PrOBOP2DIRIP,B0<s<dRIP2B

are called extra — parallel half extra — lines.m
Definition 3.20. If two extra — lines have a joint
border point, then they are called extra — parallel
extra — lines. If an extra — line and a half extra — line
have a joint border point then the half extra- line
iscalled to be extra — prallel with respect the extra -
linem

Remark 3.21. If both border points of two extra —
lines are joint points then the two extra — lines are
equal. (See, Theorem 2.9, (iii).) .

Theorem 3.22. Let be P, € R and £(]B,;,B,[) an
extra — line such that P, , B; and B, are not super —
collinear points. The half extra — lines

(3.23)L([Py, B, ) =

{:P € R3|P =

POPo@FB1OPOQDIR3E1,PO, 0<p<dR3F1,P0
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and
(3:24)L([Py, B;D) =

{? € R3|P =

Po® (a@ ((B.©7) D dy (BZ,IPO)))}, 0<o<

dﬁg (BZ! ‘{PO)
are extra parallel half extra — lines with respect to the
extra line L(]B,, B,[)such that
L([Po, B, D U L(Po, B D
is not an extra — line.
Proof. Denoting Tz=t,p=rando=s and

compessing the sets under (57) . (3.23) and (3.24)
B1+By

together their parameter — domains
(3.25) LBy, B,D = {2 € &3]2 ==+

B1-PB2dR3P1,B2¢ ;
—dR3B1,B22<t<dR3P1B22,

(3.26) L([Py,B1]) = {2 eR}|P = Py +

BI1-POdR3B1POr ; O0<r<dR3B17P0
and
(3.27) L([Po, B,D) = {z ER}P =7 +

B2—POdR3IB2,PO-s ; O0<s<dR3BZ2P0O

are obtained. By (3.25) — (3.27) we have that
LBy, B, , L(Py, B, D) and L([Py, B,[)are (open
and half open) linear passages in By, B; Py, By
andPy,B,,  respectively.  Considering that
?O,Blgwl B, are not super — collinear points,
Py €B, By . S0, L([Py,BiD) UL(Py,BiD) is a
breaked (dgs3 (& &) <

dgs (Bl,?0)+dR3 (Bz,?o)) Hence, L([Py,B,[) U
L([Py,B,]) is not an extra — line. Moreover, by
Definitions 3.20, L([Py, B;[) and L([P,, B;[)are
extra parallel half extra — lines with respect to the
extra line L(]B;, B;[).m

Exercise 3.28. Let usprove that the set

linear passage.

(

(3.29) L=< (uv,w)E

{
R3u=—tanh—114+914 - t(v=tanh—114—114
tw=tanh—112-27 - ¢, , where —78<t<78

forms an extra — line.
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Fig. 3.20*

Moreover, let us show there exist twohalf
extra - lines setting out from the origo which are
extra — parallel half extra — lines with respect to £,
such that their union does not give an extra — line.
Solution. First we prove that the set £ forms an extra
— line. Denoting u=x,v=y,w=z and
comprssing the set £
(3.30)

9

! ’ x=_Z_J;.t : 71

L= (x,y,z)€R|y=%_Jg.t,—\/;<t< o

l N J
Z=E_ 7‘[’

Fig. 3.30%

is obtained. We can see, that Lis an open linear
passage with the endpoints (%%1) and (—1,0,0)
situated on the border of compressed universe R3.
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Hence, L is an extra — line with its border — points

B, = (G)G)i) and B, = ((=1),0,0).

Second, having that 2, = O we apply Theorem 3.22,
by (3.23) and (3.24) we get the half extra - lines
(3.31)£([0,B,]) = L -

{? € R}|P = 0O (Bl % (?))} 0<e<(%)

and

(332)L([Py, B.D ={PER}P=00OB,},0<
o<1

Exchanging the vector equations for scalar equation
systems

(3.33) L([0,B,D = !(u, v,w) €
|

R3u=tanh—116- gpv=tanh—116- pw=tanh—126-
o, , Where 0<p<62

and

(334 £([0,8,D = {(w,v,w) €
R3u=—ov=0w=0, , where 0<o<co

are obtained.

The half extra — line L([0, B,[) is a part of the extra

—line Ly ¢ (see (1.8) and Fig. 1.9) and the half extra —
line L([O, B,[) is a part of the ,,u — axis”.

JJctsg0)
oN ”

A

Fig. 3.35

By Fig. 3.35 we can see that L([0,B;[) U L([0, B,])
is not an extra — line.
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