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ABSTRACT

Camera calibration is favored as an important issue in photogrammetry and computer vision literatures. The
importance of this issue can be due to two reasons: firstly, every recently camera should be calibrated before
being used to correct its lens distortion and interior orientation elements. In addition, it is a main preprocessing
step at many vision applications. This paper aims to provide an overview of concept, objective, methods and

mathematical equations for camera calibration.
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I. INTRODUCTION

Many years, photogrammetry researchers
and recently, computer vision researchers have taken
camera calibration issue into consideration [1-17].
Every recently camera should be calibrated to correct
its lens distortion and interior orientation elements. In
addition, it is a main preprocessing step towards
many important applications in photogrammetry and
vision such as camera localization, 3D
reconstruction, object localization, visual inspection
and robot navigation [3, 5].The objective of the
geometric calibration of a digital camera system is to
reconstruct the precise geometry of the bundle of rays
that entered the camera at the instant of exposure
from the 2D measurement of points on the resulting
imagery [18, 19]. We aim to provide an overview of
concept, methods and equations for camera
calibration.The reminder of the paper is organized as
follows: In section 2, a concept of camera calibration
is presented. Then, section 3 provides the objective of
camera calibration. The camera calibration methods
are introduced in section 4 in terms of
photogrammetry and computer visioncategorizations.
Finally, the mathematical equations for single-image
calibration and multi-image self-calibrationare
provided in section 5.

Il. CAMERA CALIBRATION CONCEPT
In photogrammetry literatures, the camera
calibration can be defined as the process of

determining geometric characteristics (called as
"interior orientation elements") of a camera system
[20]. Of course, Li (1999) provided a comprehensive
definition for camera calibration: "it can be
considered as a process of and compensating for
systematic errors of the camera system and imaging
process, through which the system's properties can be
determined and the metric performance of the camera
system be enhanced [19].Two important terms should
be defined to better perceive of camera calibration
concept: Interior orientation elements (IOE) and
exterior orientation elements (EOE).IOE also called
as intrinsic or internal parameters includes of
principal point location at fidual marks coordinate
system (xo, yo), principal distance (c) or focal length
(f), skew factor (s) and aspect ratio (y). In metric
cameras, s=0 and y=1 and there are only three
unknown parameters i.e. (xo, yo, f) [21-
23].Establishing relationship between image space
(or image coordinate system) and object space (or
object coordinate system) is called as “exterior
orientation”. It is accomplished by locating the
camera center in the object coordinate system. For
this purpose, three translation parameters (XO, YO,
Z0) i.e. the position of camera center or image center
at object coordinate system and three rotation
parameters (o, ¢, k) i.e. the rotation of camera
related to object coordinate system axes (X, Y, Z) are
needed. These parameters are called as EOE [21].
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I1l. OBJECTIVE OF
CALIBRATION

As previously said, the objective of camera
calibration is to compensate systematic errors
affected on the geometric position of the image
points [19]. Generally, this process is included of
both elements related to lens system and elements
related to camera focal plane which are as follows
[19, 24]:
1-Principal point location (at fidual marks coordinate
system);

2— Camera focal length/principal distance/constant
(calibrated);

3— Lens distortion (both radial and decentering
distortion);

4— Geometry of sensor plane (planarity, pixel size,
orthogonality of axes);

5- Variation of the interior geometry of the camera
system with a focusable lens;

6— Stability of the above elements.

The most of projects in the regards of
camera geometric calibration have been performed
considering chiefly the lens part of the camera and a
few considered the sensor aspect [19].

CAMERA

1IV. CAMERA CALIBRATION METHODS

As said at Introduction, camera calibration
has been favored by both of photogrammetry and
computer vision researchers. In this section, we aim
to provide the categorizations of camera calibration
methods in two these fields.

4.1.Categorization in the Photogrammetry

A categorization of camera calibration methods has
been provided by Faig (1998) in terms of
photogrammetry as follows [19]:

4.1.1. Pre/Post—Calibration

This group contains conventional laboratory,
test-field and star calibration methods. For the
calibration. For the calibrated system, calibration
parameters remain constant or change according to a
determined pattern during the subsequent evaluation.
In this group, the calibration and the evaluation are
processed separately [19].

4.1.2. On-the-Job Calibration

In this group, the calibration and the
evaluation are either combined into one process or
carried out sequentially in which calibration
parameters are treated as unknowns. In order to solve
them, additional object-space control is needed [2,
25].

4.1.3. Self-Calibration
This group may be sometimes confused with
the group. However, it does not need additional

object-space control to solve the calibration
parameters [2]. This group makes use of the
geometric  strength of overlapping images to
determine these parameters. Therefore, unlike the on-
the-job method which can be implemented either in
the case of single-image or of multi-image, self-
calibration is only valid when there are overlapping
images and the configuration of the image acquisition
has a direct influence upon the final results [19].
Brown (1989) stated that there are several
requirements to meet a successful self-calibration [2]:
1- Auvailability of at least three images of the object
taken by a same camera;

2— Remaining stability of both the interior geometry
of the camera and the point to be measured on the
object during the measurement process;

3- Availability of the high strength of
photogrammetric network and a high degree of
convergence;

4— Availability of at least one image having a roll
angle that is significantly different from the others;

5— Employing a relatively large number of well
distributed points.

Having abovementioned cases, Brown
claims “a satisfactory calibration of the camera can
be performed as an integral part of the triangulation
without any control points”. However, there is a
problem with the aerial application of the self-
calibrating bundle adjustment and it is to obtain
images which have an adequate diversity of camera
angles [2].

4.2. Categorization in the Computer Vision

In 3D computer vision, camera calibration is
a necessary step for extracting metric information
from 2D images [8, 23]. From its point of view, a
categorization for camera calibration methods is
presented based on the dimension of the calibration
objects. It is as follows [26]:

4.2.1. 1D Object—Based Calibration

Calibration objects of this group are
composed of a set of collinear points. In this case, a
camera is able to be calibrated by observing a moving
line around a fixed point, such as a string of balls
hanging from the ceiling [8].

4.2.2. 2D Object—Based Calibration

In this group, a planar pattern shown at a few
different orientations is observed. In this case, the
knowledge of the plane motion is not necessary.
Since almost anyone can make such a calibration
pattern by him/her-self, therefore the setup is easier
for camera calibration.
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4.2.3. 3D Object-Based Calibration

In this group, camera calibration is
performed by observing a calibration object whose
geometry in 3-D space is known with a very good
precision. The calibration object usually consists of
two or three planes orthogonal to each other.
Sometimes, a plane undergoing a precisely known
translation is also used, which equivalently provides
3D reference points. This group requires an elaborate
setup and an expensive calibration device.

Based on the abovementioned
categorization, self-calibration can be considered as
0D calibration method because it employs no
calibration object and only the corresponding image
points are needed for calibration. In this case, if
images are taken by the same camera with fixed
intrinsic parameters, correspondences between three
images are adequate to retrieve both of the IOE and
EOE which can reconstruct primary 3D structure.
Although no calibration objects are necessary, many
unknown  parameters should be estimated,
eventuating in a more complex mathematical
problem [26].

4.3. Other Categorizations

Li (1999) presented another categorization
for digital camera calibration methods based on the
recovery situation of the calibration parameters [19].
He considered two main groups of individual and
combined methods for camera calibration methods.

In individual methods, some calibration
parameters describing lens distortion, principal point
offset and sensor unflatness are determined
separately from each other, based on either empirical
or analytical methods using certain special devices
such as a laser beam, collimators or a goniometer.
Traditional laboratory methods belong to this group.
The advantage of this group is the relative
independence of the calibration parameters which
makes the results more reliable. By contrast, the high
time consumption and the necessity for special
devices are two main disadvantages of this group.
Moreover, the camera systems must be detached for
the calibration and calibration is often separated from
data evaluation. So, for some digital camera systems,
the variation of their internal geometry may
sometimes make the calibration results meaningless
if the variation is unpredictable [19].

In contrast to first group, the combined
methods are being widely used to determine the
principal point offset, principal distance, lens
distortion parameters and part of the sensor
information (orthogonality and affinity) at the same
time based on the relationship between a well-
controlled test-field composed of an array of
precisely coordinated targets and its distorted image.
The general outline of this group is shown in figure 1.
Calibration parameters can be determined based on
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single or multiple frame resectionifadequatelynumber
of object-space control points. They can be
simultaneously determined together with the EOE
and object coordinates from the photogrammetric
bundle adjustment. On-the-job and self-calibration
can be considered as special cases of this group
differing in the control necessity. Basically, this
group is based on the mathematical modeling of the
systematic errors of camera systems [19].
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Figure 1. The outline of combined calibration
methods [19].

In addition to the previous categorizations,
another categorization is presented by Liu (1982).
From his point of view, the calibration of a camera
(either metric or non-metric type) can be divided into
two main groups: the physical and the analytical one
[22]. The physical methods are often called
laboratory calibration. The use of optical instruments
such as multi-collimators and goniometers are two
most important methods of this group [24]. It is
accomplished according to the physical properties of
the camera component and it is more applicable for
metric camera as compared to non-metric one [22].

In contrast to the first group, the analytical
group employs object control points which provides
for certain geometric conditions such that the camera
parameters are determined within these conditions.
This groups is able to be used for the calibration of
any camera type. During recent years, many
analytical programs have been developed for both
metric and non-metric camera calibration. Field
Calibration, stellar calibration, test-field calibration,
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plumb line method and self-calibration are the most
important methods of this group [22].

In the following, we aim to briefly describe
some of abovementioned camera calibration
methods.

4.3.1. Goniometer Method

The principle of this method is to place a
precise grid, called as a Reseau plate, on the image
plane of the camera and to illuminate it from behind
so that the images of the grid crosses were projected
out into object space [2]. Lenses are usually
calibrated at infinity focus using a collimator rotated
about the front node of the lens. In order to locate the
principal point, the auto-collimation procedure was
employed. The principle of autocollimation was used
for location of the principal point.

Hallert (1960) explained the goniometer
principle as follows [2]: A precision grid having lines
in a 10 mm spaced regular array is used. Then, it is
illuminated and its etched pattern projects through the
lens. Focused to infinity, a telescope is directed
towards the camera lens. It is projected on the
collimating mark of the telescope and adjusted into
coincidence there. By rotating the telescope, the
angles are measured (Figure 2). Therefore, by
recording them to selected intersection points and
having the grid spacing, estimating all of the camera
IOEs is soluble.

IHlumination Grid
N 3
Camera

\ N\
LN\ Collimator

Angle § \ '\ \
o .". \

%
Figure 2. The moving collimator goniometer
principle [2].

4.3.2. Multi-Collimator Method

The principle of this method is almost
similar with the goniometer, except in a reverse
sense. Collimators can be considered as telescopes
with illuminated cross-hairs, focused at infinity and
pointing at the lens of the camera from various
directions. The bank of collimators shone their
illuminated crosses through the lens and onto the
image plane of the camera where they are recorded
on film or a glass plate [24].

The locations of the crosses on the exposed
plate are observed. Then, having the object space
coordinates of all the collimators by precise
surveying, the lens distortions is able to be calculated
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in a manner similar to the goniometer procedure [2].
The procedure of this method is shown in Figure 3
where each collimator produces an image at infinity
of an illuminated cross—Lha}irvo'n the image plane.
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Figure 3. Multi-collimator calibration procedure [2].

4.3.3. Field Calibration Method

In this method, determined by the accurate
surveying methods, several ground marks are taken
by a camera [24]. Then, by comparing object
coordinates and image coordinates of these marks,
the calibration parameters can be computed.

This method has several advantages: in the
accuracy of these marks, which have been surveyed
previously; the fact that the camera can be used in
conditions similar to which it will operate; and
calibration can take place at a similar time to use. Its
disadvantage is the presence (for single camera
calibration) or lack (for multi-camera calibration) of
3-D detail [2].

4.3.4. Stellar Calibration Method

In stellar method, several stars are taken by
a camera and the angles related to the stars are
measured and they are compared with their true
values, then. In this method, the angular position of
stars should be known to a high degree of accuracy
and repeatability [24]. Shmid (1974) described the
calibration of the Orbigon lens. In his study, the
standard error in position of the stars is less than 0.4
seconds. Over 2420 star images are visible on each
plate. Although, the necessity to identify each star
and apply corrections for atmospheric refraction and
diurnal aberration is a drawback of the method, the
large number of observations causes to use the least
squares estimation process. In addition, calibrated
focal length, principal point and principal point of
symmetry, radial and tangential distortion, and
orientation of tangential distortion have been used in
his study [2].
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4.3.5. Test-Field Calibration Method

Also called as reference body calibration,
this method is the use of images of a (3D) object
having known and accurate geometric positions. The
principle is as follows: Several images are taken from
test field or reference body which 3D (or object)
coordinates of target points are known. Then, image
coordinates of all target points are measured. Finally,
the distortion parameters, IOE and EOE are
computed using a least squares estimation process.
Several requirements should be considered for this
method as follows: Test field should have a very
accurate and stable position during calibration
process. Grid network should also be stable. In
addition, there should be the approximate values of
the camera IOE and EOE [27, 28]. Test field can has
a variety dimension (millimeter to meter). Figures 4a
to 4c shows some different test fields for calibration.

e b
B ENsM
'nn.g‘al.'\-

(©
Figure 4. Different test fields for calibration with the
dimensions of: (a) 1.5 x 2.5 x 4.0 meters prepared by
surveying. (b) 30 x 50 x 50 centimeters prepared by
high resolution photogrammetry. (c) 14 x 10 x 10
millimeters prepared by laser [28].

4.3.6. Plumb-Line Method

The plumb-line method was firstly used by
Brown (1971) for calibration of lens distortions. This
method is based on the presupposition that a straight
line in object space will project as a straight line in
image space, if lack of distortion [2] or in other
words, the 2D image of a 3D line remains straight if
the camera is a pinhole type (no lens distortion) [29].
However in reality, because of existing distortion
(radial and decentering), the 2D image of a 3D line
does not remain straight [30].

This method can be formulized based on the
fitting of straight lines to digitized sets of observed x
and y coordinates on the image plane. Deflecting a
line from linearity is ascribed to the radial and

decentering lens distortion (Figure 5a). In fact, it can
be conceived that each digitized point consists of a
"true" position plus the effects of radial and
decentering distortion. To compute the effects of
decentering distortion, it is necessary to digitize
several sets of nearly horizontal and vertical lines
[30].
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Figure 5. (a) Before correction, best fit of plumb line
data to a straight line. (b) After correction, best fit of
corrected data to a straight line [2].

The parameters for radial and decentering
distortion can be readily extracted by the analytical
plumb-line technique. The principal distance and
offsets of the principal point cannot be determined
from this method [2]. To illustrate the efficiency of
plumb-line method, consider that 50 points have been
digitized for 10 horizontal lines and for 10 vertical
lines, then 1000 items of data would be available to
describe those 20 lines plus the parameters xp and yp
(principal points position), k1, k2 and k3 (radial
distortion parameters), pl, p2 and p3 (decentering
distortion parameters).By employing the corrections
to the image shown in Figure 5a, the image of Figure
5b is derived.
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V. MATHEMATICAL EQUATIONS FOR
CAMERA CALIBRATION
5.1. Single-Image Calibration
Mathematical equations for (metric or non-
metric) camera calibration using single-image
method is space intersection based on collinearity
condition. These equations are as follows [19]:

X
X=X, +AX=¢—r
z

M

v
y-y,+Ay=c—
z

where, x and y are image coordinates, xo, yo and ¢
are the main IOE, Ax and Ay are additional
parameters which model systematic effects and can
be the functions of the main IOE, radial distortion
(k1, k2 and k3) and decentering distortion (p1, p2 and
p3) as follows [19]:

Ax = fx(c’xo’yo'kl'kz'kz'p1‘ P, ps)

_ )
Ay = fy(c*xo’yu'kl'kz'ks' pl’ pz’ ps)

In addition,
X =m (X =X )+m, (Y -Y)+m,(Z-2,)
Y i=am, (X = Xg)+m, (Y =Y, )+m,(Z-2,) 3)

Z =my (X = Xg)+m, (Y =Y )+m (Z-2,)

where, X, Y and Z are object coordinates of an
optional point, XO, YO and ZO are object
coordinates of image center and mij are elements of
rotation matrix between object space and image space
[19].

Having known control points, all the
unknowns (IOEs, EOEs and additional parameters)
can be simultaneously determined. It is possible
using a least squares estimation process and helping
additional control points. In this case, the observation
equations are formed and then, the problem is solved
using normal equations as follows:

V —Bs+L (4)
NS +W =0 (%)
5= N (6)

Eq. 4 is the basic observation equation
where V is the residuals vector, B is the design
matrix, L is the observations vector and & is the
unknowns vector containing 10Es, EOEs and all
additional parameters. Eq. 5 and eq. 6 are the normal
equations and normal solution corresponding with eq.
4,

Of course based on the function forms of Ax
and Ay, systematic errors modeling methods can be
divided into physical and algebric models or the
combination of both so called hybrid models [19].
The first models are based on the known physical
properties of the camera system such as radial and
decentering lens distortions, scale change and non-
orthogonality of image axes. In fact, the principle of
this group is to model the cause of image
deformations. So, it is also called as "causes models".
The most widely used physical models has been

presented by Fraser (1997) [19]. Table 1 presents
some physical models for modeling systematic errors
in digital camera system.

In contrast to the physical models, the
algebraic models are constituted based on only
geometric considerations, usually with orthogonal or
near orthogonal components with their principle
strength being low correlation among the parameters
and being capable of compensating for unpredicted or
unspecified effects. In fact, this group models the
effects of image deformation resulting to call it
"effect models”, as well. The most general algebric
models has been presented by Brown (1976) [19].

Two main drawbacks of the physical models
are: 1) some systematic errors are not physically
known and so they cannot be completely modeled by
the abovementioned functions. 2) The over--
parameterization and correlations among the
additional parameters themselves and among them
and other orientations parameters will sometimes
decline the accuracy of the final photogrammetric
results. By contrast, although the parameters of the
algebric models are not physically interpretable, this
group is more popular and usable than the physical
group [19].

5.2. Multi—-Image Self-Calibration

Also called as simultaneous multi-frame
analytical calibration (SMAC), this method can be
thought of as a general method for both of camera
calibration task (determining I0Es, EOEs and
additional parameters) and determining object
coordinates of points [24]. Thus unlike the single-
image calibration method, in multi-image self-
calibration method, the unknown coordinates of

object points are inserted into the linearized
collinearity condition equations. Thus:
an 0 X X 0
F,=v, + AX, + AX, + AX, +F =0
X, ox, ax
oF, oF, oF, . (7)
Fo=v + AX |+ AX, + AX,+F =0
X, X, ox,
where:
Xiithe unknown IOE vector and additional

parameters (Xo, Yo, f, K1, K2, K3, P1, P2, P3);

X,: the unknown EOE vector (Xo, Yo, Zo, @, ¢, K);
Xs: the unknown object coordinates vector (X, Y, Z);
v, and vy: the residuals of x and y image coordinates;
Fe andFyo: the functions values for the initial values

and
oF Jox ‘the partial deferential of each function in
relation to the unknown parameters.

The matrix form of Taylor series expansion for
eq. 7 is as follows [24]:
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|-
Ly,
laz, |
or
Voma T BZmnx(9+6m)§(9+6m)x1 +Bomeanana = €2ma (8)
where:

m and n are the number of images and the number of
object points, respectively;
V and ¢ are the residuals and differences vectors,
respectively;
gandg are the design matrices (the partial
differential in relation to the orientation and
coordinates unknowns) and s and 5 are the correction
vectors of orientation and coordinates unknowns
which should be repeatedly added to initial/previous
unknowns values as follows:
X=X+6 9
wherex and ¢ are the initial values vector and the
corrections vector of all unknown, respectively.

If there are the initial values of orientation and
coordinate unknowns, then:
X =X + vy (10)
is a constraint equation where x and vy are the initial
values and the residual vectors of all unknowns. By
comparing eq. 10 and eq. 11, eq. 12
: z Vigeompa = Sorompa = Euompa (1)
et {V = 80 = Eapa ) (11)
is obtained [24] where (1) and (2) are the constraint
equations for orientation and coordinates unknowns,

V1. REFERENCES

[1] C.S. Fraser, D.C. Brown, Industrial
photogrammetry—new  developments and
recent applications, The Photogrammetric
Record, 12 (68) (1986), 197-216.

[2] T.A. Clarke, J.G. Fryer, The development of
camera calibration methods and models, The
Photogrammetric Record, 16 (91) (1998),
51-66.

[3] Q. Sun, X. Wang, J. Xu, L. Wang, H. Zhang,
J. Yu, T. Su, Z. Zhang, Camera self-
calibration with lens distortion, Optik (2016),
Article in Press.

[4] D.C. Brown, Close-range camera calibration,
Photogrammetric Engineering, 37 (1971),
855-866.

[5] Y. Lv, J. Feng, Z. Li, W. Liu, J. Cao, A new
robust 2D camera calibration method using
RANSAC, Optik, 126 (2015), 4910-4915.

[6] C.S. Fraser, Automatic camera calibration in
close-range photogrammetry,
Photogrammetric Engineering & Remote
Sensing 79 (4) (2013), 381-388.

[71 C. Portales, E. Ribes-Gomez, B. Pastor, A.

respectively. Eq. 9 and eq. 12 can be combined as
follows in matrix form [24]:

V+B6S =2z (12)
where
[B B
V=MV, EN”:}—I 0 {
o -1
5ya=(8.8) . fL=(eE8)]

where,N= 2mn + 9 + 6m + 3n is the number of
equations and U = 9 + 6m + 3n is the number of
unknowns.

Using least squares estimation process, the
general form of the normal equations corresponding
with eq. 13 is as follows:

(B"WB)s = B'Wgz = Ns=C  (13)
and the normal solution corresponding with eq. 14 is
as:
s=-N"C (14)

Of course, eq. 14 can be reformed as follows:

[N+ W R 6T fc-wel

LN N+WJ'|L5'J|:L67V\'/5J (15
where [24]:

N ooompeom =B WB . C . =B'Ws

N, ., =B WB , C,.=B"we (16)

N =B'WEB

(9+6m)x3n
where, x and { are the normal matrices in relation to
orientation unknowns and coordinates unknowns,
respectively.

Gutiérrez, Calibration of a camera-projector
monochromatic system, The
Photogrammetric Record, 30 (149) (2015),
82-99.

[81 L. Wang, F. Duan, K. Lu, An adaptively
weighted algorithm for camera calibration
with 1D objects, Neurocomputing, 149
(2015), 1552-1559.

[91 Z Liu, F. Li, X. Li, G. Zhang, A novel and
accurate calibration method for cameras with
large field of view using combined small
targets, Measurement, 64 (2015), 1-16.

[10] T. Luhmann, C. Fraser, H-G. Maas, Sensor
modelling and camera calibration for close-
range photogrammetry, ISPRS Journal of
Photogrammetry and Remote  Sensing,
(2015), Article in Press.

[11] J. Wang, F. Shi, J. Zhang, Y. Liu, A new
calibration model of camera lens distortion,
Pattern Recognition, 41 (2008), 607-615.

[12] S. Xiangyang, D. Jie, Design of multi-
parameter target used in calibration of high
precision CCD camera, Optik, 127 (2016),

DOI: 10.9790/9622-0707084957

Www.ijera.com



S. Dewangan.et.al. Int. Journal of Engineering Research and Application www.ijera.com
ISSN : 2248-9622, Vol. 7, Issue 7, ( Part -1) July 2017, pp.00-00

548-552. [22] X. Liu, Calibration of Non-Metric Stereo

[13] R. Gong, Q. Wang, X. Shao, J. Liu, A color Cameras, Department  of  Surveying
calibration method between different digital Engineering, The University of New
cameras, Optik, 127 (2016), 3281-3285. Brunswick, 1991.

[14] J. Huo, N. Yang, M. Yang, J. Cui, Flexible [23] R. Hartley, A. Zisserman, Multiple View
calibration of camera with large FOV based Geometry in Computer Vision, 2nd edition,
on planar homography. Optik, 126 (2015), Cambridge University Press, Cambridge,
5218-5223. 2003.

[15] X. Yang, S. Fang, Effect of field of view on [24] P.R. Wolf, Elements of Photogrammetry,
the accuracy of camera calibration, Optik, McGraw Hill, New York, NY. 1983.

125 (2014), 844-849. [25] A. Murali Mohan, SS. Solanki, V.S. Ramulu,

[16] Y. Shang, X. Sun, X. Yang, X. Wang, Q. Yu, On-the-job calibration of a digital camera for
A camera calibration method for large field industrial photogrammetry, Indian
optical measurement, Optik, 124 (2013), Cartographer, 11 (2002), 61-66.

6553-6558. [26] G. Medioni, S.B. Kang, Emerging Topics in

[17] C.S. Fraser, Digital camera self-calibration. Computer Vision. Prentice Hall, 2004.
ISPRS Journal of Photogrammetry and [27] E. Honkavaara, E. Ahokas, J. Hyyppa, J.
Remote Sensing 52 (4) (1997), 149-159. Jaakkola, H. Kaarrtinen, R. Kuittinen, L.

[18] F.H. Moffitt, E.M. Mikhail, Photogrammetry, Markelin, K. Nurminen, Geometric test field
3rd Edition, International Textbook Co., calibration of digital photogrammetric
Scranton, PA. 1980. sensors, ISPRS Journal of Photogrammetry

[19] X. Li, Photogrammetric Investigation into and Remote Sensing, 60 (2006), 387—-399.
Low-Resolution Digital Camera Systems, [28] R. Kuittinen, E. Ahokas, A. Hoégholen, J.
Department of Geodesy and Geomatics Laaksonen, Test-field for aerial photography.
Engineering, University of New Brunswick, The Photogrammetric Journal of Finland 14
June 1999. (1) (1994), 53-62.

[20] J. Kannala, J. Heikkila, SS. Brandt, 2008. [29] J.G. Fryer, D.C. Brown, Lens distortion for
Geometric  Camera  Calibration, Wiley close-range photogrammetry,
Encyclopedia of Computer Science and Photogrammetric Engineering & Remote
Engineering. Sensing, 52(1) (1986): 51-58.

[21] T. Schenk, Introduction to Photogrammetry, [30] J.L. Lerma, M. Cabrelles, A review and
Department of Civil and Environmental analysis of plumb-line calibration, The
Engineering and Geodetic Science, The Ohio Photogrammetric Record, 22(118) (2007),
State University, 2005. 135-150.

Table 1. Some physical models for modeling systematic errors in digital camera [19].
Project Model Formats Physical Meaning of
Parameters
Bayer's Project X - = = 2 4 6 ki, ko, ks: coefficients of
AX = AX, - :Ac —s x+ay+ x(kr +k,r +k,;r) radial lens distortion:
s -, . p1, p2: coefficients of
+p,(r" +2x7) + 2p,xy decentering lens
y o , \ ] distortion;
Ay = Ay, - —Ac+ax+ y(kr +k,r +k,r’) s,: scale factor in x
¢ direction;
+2p, Xy + Pz(r2+2)72) a: shear factor
Eruorjr:e?:rts Ax=Ashx+AsVA¢y+x(k1r2+k2r4+k3r6) Asy, As,: different scale
+p(r 2 ox%)+2 p,Xy betwegn the_horlzont_al and
o , X ; vertical pixel spacing;
Ay =As,y+y(kir +k,ro+k,r) Ag: non-perpendicularity
F2p Xy + pz(r2+2)72) of the pixel axes;
Edmundson's - 2 4 2 =2 — ay, a,: coefficients of
Project Ax=x(ars+a,r) ag(r+2x0)+2a,xy radial lens distortion;
Ay =y(a,r’ +a,r')y+2a,xy+a,(r’ +2y’) ag, ay: coefficients of
decentering lens
distortion;
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Fraser's X _ , . ] Ac: variation of principle
Project Ax =-—Ac+ x(kr +k,r +k,r) distance;
¢ b,: parameter for
+p,(rP+2X%)+2p, Xy +bX+b,y differential scaling
_ between the horizontal and
Ay = - Lace Fkri ek et +k,r®) vertical pixel spacing;
c b,: parameter for non-
— 2 —2 orthogonality between the
+2p, Xy + p,(r-+2y°) axes:
Heipke's _ NN i 4y
Project Ax= Ar fo )X+ A (r o )X Ay, Ay, 1o: parameters for
+ B (V2 +3X%)+ 2B, Xy radial lens distortion;
! o, j . B4, B,: parameters for
Ay = A (r —ro)y+ A, (r —-r/)y decentering lens
_ — — distortion;
+2B,xy + B,(x" +3y")
Li .and Faig's | Ay — Y(klrz + kzr“ + k3r6) K1, kz_, Ks: coef_f|C|er_1ts of
Project radial lens distortion;
+p,(rf+2x°) + 2p, Xy + Ay p1, p2: coefficients of
_ ) . . decentering lens
Ay = y(kro +k,r+k,r) distortion;
L 2p XY+ p.(ri+2y7)+ BY A, B: coefficients of scale
PXY+ P, y y change and non-
perpendicularity of
coordinate axes;
Litchti and | Ay = (kr®+ k,r' + k,r®) + p,(r® + 2X°) + 2 p,Xy
Chapman’s o, . . L ., As before
Project Ay = y(k,r +k,r +k,r)+2pxy+p,(r +2y")
Peterson's = 2 4 2 — —
; Ax=x(k,r +k,r )+ p,(r"+2x°)+2p,xy
Project o, . As before
Ay = y(k,r +Kk,r )+ 2pxy+p,(r +2y°)
Wong's Project Ax = X(k+Lr2+1rh) k: scale co_rrect forx-
! 2 coordinates;
i [pl(r2 +2X°) + 2 p,Xy1(L+ p,r ) Iy, 1o c_:oeffi_cients of radial
_ o, . lens distortion;
Ay =y(lr+1,r") P1, P2, P coefficients of
_ _ decentering lens
2 2 2
+[2 plxy + pz(r + 2y )](1+ p3r ) d|stort|on,
Where:
X, y : image coordinates with respect to principle point (x,,y, )ie. X =Xx-x,, Y=Yy -y, ;
r=+/x_+y" :radial distance from principle point to the image point under consideration;
Ax,, Ay, and Ac :variations of IOE
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