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ABSTRACT
In this research paper we have proved a fixed point theorem by taking a function to be an upper semi-continuous
function from right. This theorem uses a function from the set of all positive real numbers to itself. Thus the

function appeared out of the metric function as y(d(xy)) . In the next theorem we have attempted to take the
function inside the metric. Precisely, we have defined to be function from a general metric space to itself. Thus
. . . X),

in the next theorem it appears Ilked (W( ) l//(y))
theorems indeed exist.

Keywords: Fixed Point, Generalized Contractions, Metric Space, T-Orbitally Complete, Upper Semi-

. We have also presented two examples to prove that the

Continuous Function.

I. INTRODUCTION

Stefan Banach, a celebrated Mathematician
from Poland, stated and proved the first astonishing
fixed point theorem in 1922, known as the “Banach
Contraction Mapping Principle” [1]. This theorem is
the origin of Metric Fixed Point Theory. Kannan
invented new type of contractions called Kannan
Mappings. Kannan proved that his contractions are
independent of Banach contractions and also proved
that every Kannan mapping on a complete metric
space has a unique fixed point [2]. Lj. B. Ciri¢ in [3]
introduced Generalized Contractions and also
proved Generalized Contractions include Banach
Contractions and Kannan Contractions. Lj. B. Ciri¢
in the same research paper, proved a fixed point
theorem which is a generalization of both Kannan
and Banach Fixed Point Theorems. Lj. B. Ciri¢
diluted the condition of completeness of a metric
space to T-Orbitally Completeness. In this research
paper we have proved a fixed point theorem by
using a somewhat light mode of Generalized
Contractions of Lj. B. Cirié. Our theorem can be
illustrated by exhibiting examples from the metric

spaces like [] "and 12, For instance we present an
example of the metric space X =[0,10] with the
absolute value metric.

I1. PRELIMINARIES AND DEFINITIONS
Definition 2.1 (Metric Space) [4]: A “Metric
Space” is a pair (X,d) , where X isasetand d
is a metricon X (or distance function on X ), that
is, a function defined on X x X such that for all
X,Y,Z€ X we have:

(M1)  d isreal-valued, finite and non-negative.
(M2)  d(x,y)=0 ifandonlyifx=1y,

M3)  d(x,y)=d(y,X)

M4)  d(x,y)<d(x,2)+d(z,y)
Example 2.1 [4]: The set of all real numbers, taken
with the usual metric defined by d(X, Y) :|X— y|
is a metric space.

Note 2.1 [5]: It is important to note that if (X,d)
is a metric space and Ac X , then (A,d) isalso a
metric space.

Definition 2.2: A sequence {X,}., in a metric
space (X,d) is said to converge or to be
convergent if there is an Xe& X such that
!]i_r)gd(xn,x) =0, X is called the limit of {X_}
and we write limX, =X or X, = X as N — .

n—oo

Definition 2.3: A sequence {Xn}:o in a metric

=1
space (X,d) is said to be a “Cauchy Sequence” is
for every £ >0 there is N =N(&) such that
d(x,,X,) <& foreverymn>N.

Theorem 2.1: Every convergent sequence in a
metric space is a Cauchy sequence.

Note 2.2: The converse of the above theorem is not
true in general. That is a Cauchy sequence in a

metric space X may or may not converge in X .
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Definition 2.4: A metric space (X, d) is said to be
a “Complete Metric Space” if every Cauchy
Sequence in X converges in X .

Definition 2.5: Let T maps a metric space X into
X . Then the metric space X is said to “T-Orbitally
Complete” if every Cauchy sequence of the form
{T“x: Xe X}
Definition 2.6 [4]: A “Fixed Point” of a mapping
T:X —> Xofaset X into itself is an Xe X
which is mapped onto itself, that is TX = X.
Definition 2.7 [5]: Let (X,d) be a metric space
and let T be a mapping on X . Then T is called a
“Contraction” if there exists I €[0,1) such that
d(Tx, Ty)<rd(x,y) forall X,y e X.

The following famous theorem is referred to as the
Banach Contraction Mapping Principle.

Theorem 2.2 (Banach) [1]: Let (X,d) be a

complete metric space and let T be a Contraction
on X . Then T has a unique fixed point.
Definition 2.8: Le (X,d)be a metric space and let

T be a mapping on X . Then T is called “Kannan
Mapping” if there exists r €[0,1/2)such that

d(Tx, Ty) <rd(X, TX)+rd(y,Ty)  for all
X, yeX
Theorem 2.3 (Kannan) [2]: Let (X,d) be a

complete metric space and let T: X — X be
satisfy the condition

d(Tx,Ty) <r{d(x, TX)+d(y,Ty)}, for all

0

has a limitin X .
n=:

X,ye X ,where I € [O,%) ,then T has unique

fixed pointin X.

Lj. B. Ciri¢ introduced the following notion of
Generalized Contractions and proved the subsequent
theorem.

Definition 2.9 [3]: Let (X,d) be Metric Space and
let T be a mapping of X into itself. Then T is
said to be a A— Generalized Contraction if for
every X, Y € X there exists non-negative numbers

POGY) A0 Y) r(%y),s(X,y)  such  that
Sup { p(x, y) +a(x, y) +r(x,y) +2s(x,y)} = A <1

X,yeX
and

d(Tx,Ty) < pd(x,y)+qd(x,Tx)+rd(y,Ty)
+s{d(x, Ty)+d(y,Tx)}
forall X,y e X.

Www.ijera.com

Theorem 2.4 [3]: Let T be A-— generalized
contraction of T-Orbitally Complete metric space
X into itself. Then there is a unique point in
u e X which is a fixed point under T, T"X = u

n

7 d(x,Tx).

forevery X e X , d(T”X,u)Sl/I

In the first of our theorems in the next section we
use the following definition of an upper semi-
continuous function from right.

Definition 2.10: A function w :[] —[0,0) is
said to be an “Upper Semi-Continuous from right” if
for any sequence {t }, convergingto t>0, we
have limsupy (t,) <y (t).

N>

I11. MAIN RESULTS

Theorem 3.1: Let (X,d) be a complete metric
space and suppose that T :X — X satisfies
d(Mx,Ty) ey (d(x,TX))+ By (d(y, Ty) )+ 1w (d(x,y))
forall X,ye X (A)
Where, y:[] —[0,00) is upper semi continuous
from the right and satisfies 0 </ (t) <t for all
t>0,w(0)=0.
AlsoO<a+pf+y<La>0,>0,7>0.
Then T has a unique fixed point in X .
Proof: Let X, € X be an arbitrary but a fixed

element in X . Define a sequence of iterates
{x,}. in X by

X =TXg, % =TX =T 2%y, X = TX, =T 3Ky, ooy X, = TX

By the condition (A) on T we get,
d(x,,%,,,)=d(Tx,,,TX,)

Say (d(X, 4, T%)) + By (d(%,, X))+ 7w (d (X, X))
=ay (d(X, 4. %,))+ Ay (A%, X0)) + v (d (X1 %,)
<ad(X, ;. %,)+Bd(X,, X,,1)+7d (X, 4, X,)

Thus,

d(X,, Xpg) <ad (X, 4, X,) + Bd (X, X0) + 7d (X, X,)
5 (=B (X X,) < (@ + 7)d (X, 4. %)

L 000%,)

d(xnﬂl Xn) < 1
(X X,) <hd (X, 4, %)

o+
Where, h= —7. Here O<h<1 because

O<a+p+y<La>0,>0y>0.
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Continuing in this way, we get
d (Xn+l’ Xn) < hnd (XO’ Xl) '
N —> o0 we get,
d(X,,.,X,) >0
Therefore
{Xx,},_, is a Cauchy sequence in X. As Xisa

Taking limit as

(-0<h<))

complete metric space, there exists X € X such that
lim X, = X. We shall show that X is a fixed point

n—oo

of T. As T a is continuous function we have,

x=limx, =limTx,_, :T(Iim xn_l) ~Tx.
N—o0 N—o0 n—o0

Therefore TX=X and X is a fixed point of T .

Next we shall show that Xis unique fixed point of

T .Let y e X be another fixed point of T .

Again by the condition (A) we get,

d(x,y) =d(Tx,Ty) <ay (d(x,Tx))+ By (d(y.Ty))+ v (d(x.))

=ay (d(x,x))+ By (d(y,y)+rv(d(xY))
= ay (0)+ By (0)+yw (d(x, )
=y (d(xy))
<yd(x,y)
Thus,d(x,y) < yd(X,Y)

This is possible if and only ifd (X, y) = 0, because
y<1. Thus X=Yand hence the fixed point of

T is unique.
Example 3.1: Consider the complete metric space of
all non-negative real numbers with absolute value

metric. Suppose that T :X — X defined by

X
TX=§. Let, y:[J —[0,00) is defined by

t
w(t) =5 The function w(t) is continuous (and

hence upper semi-continuous from right), also

O<y(t)<t for allt>0, w(0)=0. Let
1
o = = = —.
P=r=7
Then clearly

0<a+ﬁ+y=%<l,a>0,,8>0,7>0.

We verify that the condition (A) of the theorem 4.1

is satisfied. We observe that
X y)_[x-y|
d(Tx,Ty)=d| =, |=—=.
T Ty) (8 8) _
Also

Www.ijera.com

ad (x,Tx)+ Bd(y, Ty) + yd(x, y)

:%t//(d(x%}}%w(d(y%)}t%w(d(x, y))
1 7 1 7 1

o (§ (Yt

)45
_1ls) 1l8) 1=y 7x 7y [x-y
4 2 4 2 4 2 64 64 8
_T0+y) =y

64 8
Thus clearly

d(Tx,Ty)=d (l,lj = u
8 8 8

- 7(x+ y)+|X—y|

64 8
= ad (X, TX)+ Ad(y,Ty) +yd (X, y)
for all X €[] *. The condition (A) of the theorem
4.1 is satisfied. We see that X =0 is the unique
fixed point of the function T.
Theorem 3.2: Let (X,d) be a T-Orbitally
Complete metric space with respect to a
mappingT : X — X . Let * be the operation
defined on the set X by a*X for ¢ €lJ and
X € X, such that @ * X € X. Also let the metric

d satisfies d(ax,ay):|a|d(x, y) for any

scalar o €. Further let there exist a number

k el]™ such that,

(B) Sup ( p(x, )+ (%, Y)+ (% )+ 25(x,y)) = A <=

X,yeX k
for some non-negative numbers

P(X, ¥), (X, ¥),r(X ¥),S(X,y), which may
dependon X and Yy,

(C) For the function : X — X defined by
y(xX)=kx,kell, T
d(Tx,Ty) <

pd (w7 (x), () +ad (w (x),w (TX)) +
rd (w(y),w(Ty))+

s{d (y (), w (Ty))+d (v (y).w (X))}
forall X,y e X.

Then T has a unique fixed point in X.
Proof: For the sake of simplicity we shall denote
a*X by aX.Let X, € X X, € X be arbitrary
and define a sequence,

X =TXg, X, =TX, X =TX, 0, Xy = TX

satisfies the condition
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the theorem and triangle inequality, we get,
d (%, %,.0)
= d (TxnfllTXn)

< pd (w (%, 1), w (X)) +ad (v (X, ). w(Tx, )+

d
rd (7 (%), (T%,)) +5{d (w (X, ). (Tx,)) +d (W (x,).w (Tx, ) )}
d

= pd (W (X, 1) ¥ (%) +ad (¥ (X, 1) w (X)) +

rd (1 (%) (X,.0)) + S {d (W (%, ). W (%)) +d (w (X)W (%)}
= pd (kx,;, kx, )+qd (kx, ;,kx, )+

rd (kx,, kxml) {d(kx Kx,.p)+d (K, kx, )}
= (pk)d (X, 4, %, )+ (ak)d (X, 4, X, )+

(rk)d (Xg, Xy )+ (SK){d (X, 10 %00 )+ (X, X, )}
= (pk)d (X4, X, )+ (AK)D (X, 1 X, ) +

(rk)d (X, Xo.1) + (SK) (X, 10 X0 )

<(pK) (X, 4, %, )+ (AK)D (X0, X, )+

(rk)d (%, %,., )+ (sk){d ( n_1,xn) d (X0 Xy )}
Thus we have,

d (%, Xp,0) < (PK)D (X, 45 %, ) +(ak)d (X, 4, %, ) +

(rk)d (X, X,y )+ (SK) {d (X, g, %, )+ (X, X,.0)}
= [1-rk—sk]d(x,, X,,,) <[ pk + gk +sk]d (x,_,, X,
pk + gk + sk

)5 ek ()
p+q+s
1
(kj_r_s

= d (Xn ! Xn+1) < hd (Xn—l’ Xn)

=d(X,, X

d(x _,,X)

n-17 *n

= d(X, %) <

p+q+S

a9

— |=r—s
k
theorem).

Repeating this argument, ultimately we reach to the

step
d (%, %,.1) < h"d (%, %) ®)

When we take the limit as N —> oo we get h — 0
as h <1. Thus it follows from (1) that {Xn}::l

Cauchy Sequence. Since X is T-Orbitally
Complete, there is a point Xe€ X, such that

X=1limT"x, =limx, (2)

n—oo n—oo

Here h= <1 (by condition (1) in the

isa

We shall show that X is a fixed point of T .
Using the conditions (B) and (C) in the statement of
the theorem and triangle inequality we get,

Www.ijera.com

(Triangle Ineqéfigjyd (X X, )+

d(Tx,Tx,)
< pd (w (), (x,))+ad (w(x),w (Tx)) +
rd (w (%), (Tx,)) +s{d (w (), w (Tx,))+d (¥ (x,).w (X))}
= pd (w(x),w(x,))+ad (v (%), (Tx)) +
rd (w (%), ¥ (%,.1)) +5{d (W (0, (%,.,)) +d (W (%), w (TX))}

= pd (kx, kx, ) +qd (kx,kTx)+rd (kx,,kx,,, )+

s{d (kx,kx,.,)+d (kx,,kTx)}
= (pk)d (X, X, )+ (qk)d (%, Tx)+ (rk)d (X,, X,,, )+

(sk) {d (X, X,.1)+d (X, TX)}
< (Pk) (X, %, )+ (@K){d (%, %, ) +d (X0, TX)} +

(rk) (%, %,,5) + (k) {d (x,%,,1) +d (%, T)}
=(pk)d (X, x, ) +[ak +sk]d(x,x,,,) +

(qk)d (T, Tx) + (rk)d (x,, X,.;) + (sk)d (x,, Tx)
[ak +sk]d(x, x,,,)+ (ak)d (Tx,, Tx) +

(rk)d (%, X, + (sk) {d (Tx, Tx, ) +d (Tx,, X,)}
< (pk)d (X, %, ) +[ak +sk]d(x, X,,,) +

[ak +sk]d (Tx,, Tx)+[rk +sk]d(x,, X,..)
<Ad (X, %, )+ Ad (X, X)) + Ad (Tx,, TX) + Ad (X, X,.1)
= 2{d (%, %, )+ d (%, X,,) +d (X, X, } + Ad (TX,, TX)
Consequently we have

d (%%, )+d(X,X,,,) +

d(Tx,Txn)g/l{ }+/1d(Txn,Tx)

d(xn’Xn+1)
d(xx,)+
=[1-2]d(Tx,Tx,) < 4
d (X, Xp.1) + A (%, Xp.0)
d(x,x, )+
=>d(Tx,Tx,) < — 4 ( )
1-4 d(x’xn+l)+d(xn'xn+1)
Taking limit as n—oo we
get
d(x,x, )+d(x,x )+
limd (T, Tx,) <— 4 () +d(x,%,.0)
—ﬂ, n—)oo d(xn,xn+1)
=0
(by (2) and the fact that {Xn}::l is a Cauchy
Sequence).
Thus we get TX =limTx, =limx_,, = X.

We have shown that T has a fixed point X € X.
Uniqueness: Let there is Y € X suchthat Ty =Y.
Again using the conditions (B) and (C) we get,
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d(x,y)
=d(Tx,Ty)

< pd (w(x),w(y))+ad (v (x),w(Tx)) +

rd ( (y),w (Ty)) +s{d (w (), w (Ty))+d (v (y),w (X))}

= pd (w () () +ad (¥ (X).w (%)) +
rd (w (), (y))+s{d (v (). (y))+d (w(y).w(x)}
= pd (kx, ky)+s{d (kx,ky)+d (ky, kx)}
= (pk)d(x, y)+2(sk)d(x, y)
=[ pk+2(sk)]d(x, y)
<Ad(X,Y)
Thus we have d(X,Yy) < Ad(X,y). This implies
that [1—/1]d(x, y) <0. Thatis X =Y. Hence the

fixed point of T is unique.
Example 3.2: Consider the metric space

X =[0,10] with the usual metric d of absolute
value. Thatis d(X, Y) :|X—y| forall X,y e X.

d satisfies
d(ax,ay) =|ax—ay|=|d||x—y|=|e|d(x,y)
for all Xx,yeX. Define T:X —=>X by

3
TX :ZX forall Xe X. Then X is T-Orbitally

1
Complete metric space. Then for kzz, we

observe that
1) There exists numbers

3
p(X, y)=_!q(X! y)=_0|
1
r(x,y)=— S(X y)——0
such that

Sup {p+q+r+2s}

X,yeX=[0,10]

3 l 1 1
= Sup {+ —+2 }:
xyex=o101 (2 10 10 10
g 19<2——

2"

2) For the function w:X — X defined by

x\l—\

1
y/(X):kX:Ex forall X € X , we have

3,3,).[3,.3,_3
d(Tx,Ty)=d =|l=X—=yl==|x—Y|.
(Tx,Ty) = ( 4yj ‘4 4y‘ 4| y|

And

Www.ijera.com

pd (w (), (y))+qd (w(x), (Tx))+rd (v (y),w (Ty))+
s{d (w (), (Ty))+d (w(¥).w (X))}

=gd(w(X),w(y))+llod(W(X),u/(jXD+llod[w(Y),w(jyD+
afi{voon(§))olrone ()
=S5 rit5r i e v e )
S{olteizoolteiz)

3
——d = 2d| %, Sx |+—=d
o rggze (23 szl o)

11 3 3
mz{"(xwy)”(yw*}}
3 1 (1 j 1 [1 j 1 {4x—3y+4y—3x}
==|x—yl+ = X [+ = 2y [+ —
4 20\47) 20 20 4

Thus

clearly
d(Tx,Ty) < pd (w(x),w(y))+qd (w(x), (Tx)) +
d (y(x),y(Ty))+
d :
rd (w(y) W(Ty))-i_s{d(l//()/).!//(TX)) }

for all X,y € X. The conditions (B) and (C) of the

theorem 4.2 are satisfied. We see that X =0 is the
unique fixed pointof T in X.

Remark 4.1: In the theorem 4.2, if we take k =1
we get the Lj. B. Ciri¢ theorem 3.4.

IV. CONCLUSION
The advantage of the theorem 3.2 is that the
function ¥ may be taken inside the distance

function. This may open new possibilities of studies
in fixed point theory. These theorems are applicable
to attempt solutions to differential equations,
economics and game theory.
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