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ABSTRACT

In this paper, the terms, simple ternary I'-semiring, semi-simple, semisimple ternary I'-semiring are introduced.
It is proved that (1) If T is a left simple ternary I"-semiringor a lateral simple ternary I'-semiring or a right simple
ternary I'-semiring then T is a simple ternary I'-semiring. (2) A ternary I'-semiring T is simple ternary I'-
semiring if and only if TTTIal'TIT =T for all ae T. (3) A ternary I'-semiring T is regular then every principal
ternary I'-ideal of T is generated by an idempotent. (4) An element a of a ternary I'-semiring T is said to be

semi simple ifae < al' >" "< a > ie. <al >" '< a > =<a> for all odd natural number n. (5) Let T be a

ternary I'-semiring and a e T . If ais regular, then a is semisimple. (17) a be an element of a ternary
I'-semiringT and a is left regular or lateral regular or right regular, then a is semisimple. (18) Let a be an
element of a ternary semiring T and if a is intra regular then a is semisimple.

Keywords: Simple ternary T'-semiring, Idempotent, regular, principal ternary I'-ideal, semi simple element.

I. INTRODUCTION

The concept of the theory of semi rings
plays a large role in the development of
Mathematics. The theory of semi rings is similar to
ring theory. The earliest major contributions to the
theory of semi rings are strongly motivated by
comparisons with rings. Semiring theory can be
considered as one of the most successful off-springs
of ring theory in the sense that the ring theory gives
a clue how to develop the ideal theory of semi rings.

Dheena and Elavarasan made a study on
prime ideals, completely prime ideals, Semi prime
ideals and completely Semiprime ideals in partially
ordered T'-semigroups. Madhusudhana Rao,
Anjaneyulu [33, 34] study about the prime ideals,
completely prime ideals, Semiprime ideals and
completely Semiprime ideals, prime radicals and
generalize all these results in general T'-semigroups
and duo I'-semigroups. In this paper we study about
the ternary I'-ideals and characterise them in general
ternary I'-semi rings.

I1. PRELIMINARIES

Definition 2.1[5]:Let T and I' be two additive
commutative semigroups. T is said to be a Ternary
I'-Semiring if there exist a mapping from T xI'x T

xI'x T to T which maps (x,, a,X,, ,X;) =

[ x,a x, B x, | satisfying the conditions:
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[[aabst]ydse] = [aalbstyd] S = [aabslcyde]]
i[(a + b)act] = [aact] + [bacst]

iii) [aa (b +c)pd] = [aabpt] + [aacH]

iv) [aabAc + d)] = [aabst] + [aabst] for all &, b,
c,deTand & 4, y, JET.

Obviously, every ternary semiring T is a ternary I'-
semiring. Let T be a ternary semi ring and I be a
commutative ternary semi group. Define a mapping
T xI'x T xI'x T — T by aabgt = abc for all a, b, ¢
€ Tand @, F€l’. Then T is a ternary I'-semiring.

Definition 2.2[5]: An element 0 of a ternary T-
semiring T is said to be an absorbingzero of T
provided 0 + x = x = x + Oand 0asb = ac0pb =
aabp0 =0V a,b,xe Tand & el

Definition 2.3[5]: A ternary I'-semiring T is said to
be commutative ternary I'-semiring provided al’bI'c
=bI'cl'a = cl'al'b = bl'al'c = cI'bl'a = al'cl'b for all
a,bce T.

Definition 2.4[5]:Let T be ternary I'-semiring. A
non-empty subset ‘S’ is said to be a ternary
I-subsemiring of T if S is an additive sub semigroup
of T and aabste Sforall ab,ce Sand o, Fer.

Definition 2.5[5]: A nonempty subset A of a ternary
I'-semiring T is said to be left ternary I'-ideal of T if
(1) a, b € Alimplies a + be A.

(2) b,ce T,ae Aand a, STl implies bacsae A.
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Definition 2.6[5]: A nonempty subset of a ternary I'-
semiring T is said to be a lateral ternary I'-ideal of
Tif

(1) a, b € Alimplies a + be A.

(2)b,ce T,a feT,ac Aimpliesbaaste A.

Definition 2.7[5]: A nonempty subset A of a ternary
I'-semiring T is a right ternary I'-idealof T if

(1) a,b € Alimplies a + be A.

(2 b,ce T,a LT, ac Aimpliesaachpte A

Definition 2.8[5]: A nonempty subset A of a ternary
I'-semiring T is a two sided ternary T'-idealof T if
1) a, b e Aimpliesa + be A
2 b,ce T,a F€T,ac Aimplies

bacsac A, aabpte A

Definition 2.9[5]: A nonempty subset A of a ternary
I'-semiring T is said to be ternary I'-idealof T if

(1) a, b e Aimpliesa +be A

(2) b,c e T,@ FE€T, ac A implies bacpac A,
baaste A aabpte A

Definition 2.10[5]: A ternary I'-ideal A of a ternary
I'-semiring T is said to be a principal ternary TI-
ideal provided A is a ternary I'-ideal generated by

{a} forsomeae T.Itis denoted by J (a) (or) <a>.

I11. SIMPLE TERNARY I'-SEMIRING

We introduce the notion of left ternary I'-
semiring and characterize left simple ternary I'-
semiring.

Definition 3.1: A ternary I'-semiring T is said to be
left simpleternary I'-semiring if T is its only left
ternary I'-ideal.

Theorem 3.2: A ternary I'-semiring T is a left
simple ternary I-semiring if and only if TI'Tla =
T forallae T.
Proof: Suppose that T is a left simple ternary I'-
semiringand ae T.
Lets,ve TI'Tl'a; t,ue T, o, FEeT.
s,Vve TI'TTa= s= ) via,w,fpa,
i=1
v = Z va,w,pa where v; v, w;, Wwje T,
j=1
a, B er NEZ.
s+v=>Y viawpa+d va,wpa isafinite
i=1 j=1
sum. Therefore, s + v €TT'Tl'a and hence TT'TTa is
a subsemigroup of (T, +).

Now uatss = uat A >’ v,a,w B,a)

i=1
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= (O vatpva,w,pa) e TlI'TTa
i=1

= TI'Tla is a left I'-ideal of T. Since T is a left
simple ternary I'-semiring, TT Tl'a =T
Therefore, TTTTa =T forall ae T.
Conversely suppose that TTTl'a =T foralla € T.
Let L be a left I'-idealof T. Letle L. Thenle T. By
assumption TT'TCl =T.

Lett e T. Thente TTTI = t= > u,a v g for
i=1

some ui,vie Tand «,, 8, T .

le L; upvie T, a,,5, T and L is a left I'-ideal of

T= > uayvplel=tel

i=1
Therefore, T < L.ClearlyL < Tand hence L=T.
Therefore, T is the only left I'-ideal of T. Hence T is
left simple ternary I'-semiring.

We now introduce a lateral simple ternary
I'-semiring and characterize lateral simple ternary I'-
semiring.

Definition 3.3: A ternary I'-semiring T is said to be
lateral simpleternary I'-semiring if T is its only
lateral ternary I'-ideal.

Theorem 3,4: A ternary [-semiring T is a lateral
simple ternary [-semiring if and only if TFal'T =
TrTrarTrT =T for allae T.

Proof: Suppose that T is a lateral simple ternary I'-
semiringand a € T.

Lets,ve TTal'T;t,u e T and «, €T

sve TTalT= s =3 raapt and

v = Zn: raapgt, where not,r.t eT and

Now s + v = z raagt + Z ra,apt, is a finite
sum. Thereforé,: S+ veTFal"T]:nd hence TI'al'T is a
additive subsemigroup of (T, +).

Now uaspt = ua(zn ra,apt )t

= S uara,apt pt e TTTTAlTIT = TrarT

= TTal'T is a lateral ternary I'-ideal of T.Since T is
a lateral simple ternary I'-semiring, TTal'T = T.
Therefore, TTal'T =T for all ae T.

Conversely suppose that TTal'T =T for all ae T.
Let M be a lateral ternary I'-ideal of T. Let me M.
Thenme T
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By assumption TI'mI'T = T.Let te T. Then

te TTIM[T=1t = ¥ rampt for some r.te7

and «,, 8, eT .MmeM; r,t eT,a, 8 el andMis
a lateral ternary I-ideal = Y rampt e M

= te M. Therefore, T < M. Clearly M < T and
hence M = T.Therefore, T is the only lateral ternary
I'-ideal of T. Hence T is lateral simple ternary I'-
semiring.

We now introduce a right simple ternary I'-
semiring and characterize right simple ternary I'-
semiring.

Definition 3.5: A ternary I'-semiring T is said to be
right simple ternary I'-semiring if T is its only right
ternary I'-ideal.

Theorem 3.6: A ternary [J-semiring T is a right
simple ternary [-semiring if and only if al'TI'T =
Tforallae T.

Proof: Suppose that T is a right simple ternary I'-
semiring and ae T.

Lets,ve al' TIT; t,ue T, @, gEI.

n
ssVvealTIT=s= ) aayV,pWw,,
i=1
n
V= Z aa v, B ,w, wherevvj, w, wie T,
j=1

a,B ernEZ"

s+v=> aaVvpw +Y aa v, p,w, isafinite
i=1 j=1

sum. Therefore, s +v € al'TI'T and hence al'TI'T is

a subsemigroup of (T, +).

Now saust = (Zn: aa Vv, pw, )aust

i=1

=) aauptayv,pw, ealTI'T

i=1
= al'TI'T is a rightI'-ideal of T. Since T is a right
simple ternary I'-semiring, al TTT =T
Therefore, al TI'T =T for all ae T.
Conversely suppose that al'TTT =T foralla e T.
Let R be a rightI'-idealof T. Let re R. Then re R.
By assumption rTTT'T =T.

Lett e T. Thente ITTIT=t= Y ra,u,py, for
i=1

some uj,vie Tand «,, 8, eI .

re R; ujvie T, a,,p, T and R is a rightT'-ideal of

T= z reu v, e R=>teR.

i=1
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Therefore, T < R. Clearly Rc T and hence R=T.
Therefore, T is the only rightl'-ideal of T. Hence T is
right simple ternary I'-semiring.

We now introduce a simple ternary I'-semiring and
characterize simple ternary I'-semirings.

Definition 3.7: A ternary I'-semiring T is said to be
simple ternary I'-semiring if T is its only ternary I'-
ideal of T.

Theorem 3.8: If T is a left simple ternary -
semiring (or) a lateral simple ternary [J-semiring
(or) a right simple ternary []-semiring then T is a
simple ternary [J-semiring.

Proof: Suppose that T is a left simple ternary T'-
semiring. Then T is the only left ternary I'-ideal of
T. If A is a ternary I'-ideal of T, then A is a left
ternary I'-ideal of T and hence A =T. Therefore, T
itself is the only ternary I'-ideal of T and hence T is
a simple ternary T'-semiring.

Suppose that T is a lateral simple ternary I'-
semiring. Then T is the only lateral ternary I'-ideal
of T. If A is a ternary I'-ideal of T, then A is a
lateral ternary T'-ideal of T and hence A = T.
Therefore, T itself is the only ternary I'-ideal of T
and hence T is a simple ternary I'-semiring.
Similarly, if T is right simple ternary I'-semiring
then T is simple ternary I'-semiring.

Theorem 3.9: A ternary [-semiring T is simple
ternary [(-semiring if and only if TTTTFal'TIT =
Tforallae T.

Proof: Suppose that T is a simple ternary I'-semiring
andae T. Lets, te TTTlral'TIT; t,ue T

n

s, te TTTIaITIT= s = ) ra ;s p,ayv,sw, and

[ |
i=1

n
t=2 ra;s;fayyvew,
j=1

where r; 1;Si, S;,Vi ,Vj,W;, Wje T,

a,. By 6,.a,. By, .6 el ,NEL".

Therefore, s +t

=Y ra ;s fayvew + > ra s fay Ve w,
i=1 j=1

is a finite sum and hence s + teTI'TraIl'TIT.

Therefore, TI'Tr'al'TTT is an additive sub

semigroup of T.

Now saugt = (> ra;spayvsw )aust =

i=1

> ra ;s fi(acupt)yv,sw, e TTTTal'TIT and
i=1
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uats =uat > ras payvew,)

i=1

=> ra;sp (uatpa)yvow, eTTTrarTrt
i=1

and uaspt = ua () resparvew )pt =

i=1
> rasp(uaapt)yvew eTITTarTrT .
i=1

Therefore, TTTTal' TI'Tis a ternary I'-ideal of T.
Since T is a simple ternary I'-semiring, TTTI'al' TT'T
=T. Therefore, TTTIal' TIT=T forallae T.
Conversely suppose that TTTTal'TI'T = T for all a
e T. LetI be a ternary I'-ideal of T. Let le I. Then
le T. By assumption TTTTITTIT =T.

Lett e T. Thente TITTITTI'T

=t=> ra;splyyvsw, forsomer;s;,u;, vie T
i=1

andai,ﬂi,yi,SieF.
le I; 1y, siuivie T, a,.8,.7,,6, e T and | is a ternary

[-ideal of T= > ra;s,plyvéw el = tel
i=1

Hence, Tc I. Clearly Il T and hence | = T.

Therefore, T is the only ternary I'-ideal of T. Hence

T is a simple ternary I'-semiring.

Definition 3.10: An element a of a ternary
I'-semiring T is said to be additive idempotent
element provided a + a = a.

Note 3.11: The set of all additive idempotent of a
ternary I'-semiring T is denoted by E*(T).

Example 3.12: RU{-} is a commutative, additive
idempotent ternary I'-semiring with the addition and
multiplication operations where I' = R defined as:
a® b=max(a,b) and a® be®c =a+ b+ c where +
is the ordinary addition as ternary I'-semiring
multiplication. Clearly, — is the zero element, and
0 is the unity.

Definition 3.13: An element a of a ternary
I'-semiring T is said to be an @-idempotent element
provided acaca = a .

Note 3.14: The set of all idempotent elements in a
ternary I'-semiring T is denoted by EAT).

Example 3.15: Every identity, zero elements are a-
idempotent elements.

Definition 3.16: An element a of a ternary
I'-semiring T is said to be an (@, A)-idempotent
element provided acaBa = a forall &, €T
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Note 3.17: In a ternary I'-semiring T, a is an
idempotent iff a is an (a, A)-idempotent for all a,

Jer.

Note 3.18: If an element a of a ternary I'- semiring T
is an idempotent, then al'al'a= a.

In the following we introduce proper idempotent
element ternary I'-semiring.

Definition 3.19: An element a of a ternary
I'-semiring T is said to be a proper idempotent
element provided a is an idempotent which is not the
identity of T if identity exists.

Definition 3.20: A ternary I'-semiring T is said to be
an idempotent ternary I'-semiring provided every
element of T is an « —idempotent for some a€T’.

Definition 3.21: A ternary I'-semiring T is said to be
a strongly idempotent I'- semiring provided every
element in T is an idempotent.

Definition 3.22: An element a of a ternary I-
semiring T is said to be ternary multiplicatively sub-
idempotent provided a + al'al'a=a .

Definition 3.23: A ternary I'-semiring T is said to be
a sub-idempotent ternary I'-semiring provided each
of its element is sub-idempotent.

Definition 3.24: An element x of a ternary I'-
semiring T is said to beadditively regular provided
there exist yeT such that x +y + X = x.

Definition 3.25: An element a of a ternary I'-
semiring T is said to be ternary multiplicatively
regular if there exist x, ye T and &, £, y, J€I" such
that aexfayyda = a.

Definition 2.26: A ternary I'-semiring T is said to be
regular ternary I'-semiring provided every element
is regular.

Example 2.27: Let T = {0, a, b} and I" = {2} be any
nonempty set. If we define a binary operation + and
ternary multiplication on T as the following Cayley
table, then T is a regular ternary I'-semiring.

a 0 a b + 0 a b
0 0 0 O 0 0 a b
a 0 a a a a b a
b 0 b b b b a a

Theorem 2.28: A ternary [-semiring T is regular
then every principal ternary [J-ideal of T is
generated by an idempotent.

Proof: Suppose T is a regular ternary I'-semiring.
Let <a> be a principal ternary I'-ideal of T. Since T
is regular, 3x, ye T, and for all @, B, y, 0 €T 3
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aoxpayyda = a. Let aoxpayy = e. Then edede =
(aoxpayy) Kaaxpayy)daoxsayy)

= (aoxpayyda)oxf (apy duoxa) py = aaxfayy = e.
Thus e is an idempotent of T.
Now a = aaxfapyda = aoxpayydaoxfayyda =
ededa € <e> = <a>Cc<e>,
Now e = aaxfapye<a>=<e>C<a>. Therefore <a>
= <e> and hence every principal ternary TI'-ideal
generated by an idempotent.

We now introduce a semi simple element of
a ternary I'-semiring and a semi simple ternary I'-
semiring.

Definition 3.29: An element a of a ternary
I'-semiring T is said to be semisimple if
aes <a>I'<a>T<a>ie
<a>I'<xa>I'<a>=<a>.

Theorem 3.30: An element a of a ternary
I'-semiring T is said to be semisimple if
ac <al >"'<a> ie. <al>"'<a>=<a>
for all odd natural number n.

Proof: Suppose that a is semi simple element of T.
Then <a>I'<a>I'<a> = <a>.

Let ae T andn is odd natural number.

If n = 1 then clearly ae<a>.

If n = 3 and a is semi simple, then <a>I'<a>I'<a>
=<a>.

If n = 5 then <al'>"'<a> = <a>T <a>T <a>T <a>T’
<a> = <a>I<a>I'<a> =<a>.

Therefore, by induction of n is an odd natural
number, we have < al' >"'<a>=<a>.

The converse part is trivial.

Definition 3.31: A ternary I'-semiring T is called
semi simple ternary I'-semiring provided every
element in T is semisimple.

Theorem 3.32: Let T be a ternary [-semiring and
aeT . Ifaisregular, then ais semisimple.

Proof: Suppose that a is regular. Then
a=aaxpayysaforsomex,ye T, &, f, y, SET
= ae <a>I'<a>I'<a>. Therefore, a is semisimple.

Theorem 3.33: Let a be an element of a ternary
[-semiring T. If a is left regular, then a is
semisimple.

Proof:Suppose a is left regular. Then a €
allal'aI'xI'y for some X, ye T= ae <a>I'<a>I'<a>.
Therefore,a is semisimple.

Theorem 3.34: Let a be an element of a ternary
O-semiring T. If a is right regular, then a is
semisimple.

Proof:Supposea is right regular, then a exI'yl'al'al’a
for some x, y e T= ae <a>I'<a>I'<a>. Therefore,
a is semisimple.
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Theorem 3.35: Let a be an element of a ternary
O-semiring T. If a is lateral regular, then a is
semi simple.

Proof: Suppose a is lateral regular. Then a €
xI'al'al'al'y for some x, ye T= ae <a>I'<a>T'<a>.
Therefore, a is semisimple.

Theorem 3.36: Let a be an element of a ternary
[-semiring T. If a is intraregular, then a is
semisimple.

Proof: Suppose a is intra regular.
Then a € xlal'al'al'al'al'y for some X,y € T
= ae <a>I'<a>I'<a>. Therefore, a is semisimple.

Theorem 3.37: Let a be an element of a ternary
[-semiring T. If a is completely regular, then a is
semisimple.

Proof: Suppose that a is completely regular. Then a
= aaxpayyda for some x, ye T, @, 4, p, JET
= ae <a>I'<a>I'<a>. Therefore, a is semisimple.
We now introduce the terms Archimedean ternary
I'-semiring and strongly Archimedean ternary
I'-semiring.

Definition 3.38: A ternary I'-semiring T is said to be
an Archimedean ternary I'-semiringprovided for
any a, be T there exists an odd natural number n
such that (al')"‘ac<b>.

Definition 3.39: A ternary I'-semiring T is said to be
a strongly Archimedean ternary I-semiring
provided for any a, b € T, there exist an odd natural
number n such that (<a>I")""<a>c<b>.

Theorem 3.40: Every strongly Archimedean
ternary [}-semiring is an Archimedean ternary
[-semiring.

Proof: Suppose that T is strongly Archimedean
ternary I'-semiring. Let a, be T. Since T is strongly
Archimedean ternary I'-semiring, there is an odd
natural number n such that (<a>I')"'<a>c<b>.
Therefore(ar)"-lag(<a>1")”'1<a>g<b>. Therefore,

T is an Archimedean ternary I"-semiring.

IV. CONCLUSION
In this paper, efforts are made to introduce and
characterize a simple ternary I'-semiring.

ACKNOWLEDGEMENTS

This research is supported by the
Department of Mathematics, VSR & NVR College,
Tenali, Guntur (Dt), Andhra Pradesh, India.

The first author expresses their warmest
thanks to the University Grants Commission(UGC),
India, for doing this research under Faculty
Development Programme.

DOI: 10.9790/9622- 0702050106




M. Sajani Lavanya .et.al. Int. Journal of Engineering Research and Application ~ www.ijera.com
ISSN : 2248-9622, Vol. 7, Issue 2, ( Part -5) February 2017, pp.01-06

The authors would like to thank the experts
who have contributed towards preparation and
development of the paper and the authors also wish
to express their sincere thanks to the referees for the
valuable suggestions which lead to an improvement
of this paper.

REFERENCES

[1]. Dutta. T. K. and Kar. S., On Regular Ternary
Semiring, Advances in Algebra, Proceedings
of the ICM Satellite Conference in Algebra
and Related Topics, World Scientific (2003),
343-355.

[2]. Dutta. T. K and Das. M. L., On Strongly
Prime Semiring, Bull. Malays. Math. Sci. Soc.
(2) 30 (2) (2007), 135-141.

[3]. Handelman. D. and Lawrence. J., Strongly
Prime Rings, Trans. Amer. Mat. Soc. 211
(1975), 209-223.

[4]. Lister, W. G., Ternary Rings, Trans. Amer.
Math. Soc. 154 (1971), 37-55.

[5]. Sajani Lavanya. M, Madhusudhana Rao.
D.and Syam Julius Rajendra. V., On Lateral
Ternary I-Ideals of Ternary I'-Semirings,
American International Journal of Research
in Science, Technology, Engineering &
Mathematics, 12(1), September-November,
2015, 11-14.

[6]. Sajani Lavanya. M, Madhusudhana Rao.
D.and Syam Julius Rajendra. V.,On Quasi-
Ternary T-ldeals and Bi-Ternary T-ldeals In
Ternary T'-Semirings, International Journal of
Mathematics and Statistics Invention (1JMSI),
Volume 3 Issue 6, (September. 2015), PP-05-
14.

[7]. Sajani Lavanya. M, Madhusudhana Rao.
D.and Syam Julius Rajendra. V.,Prime Bi-
Ternary -ldeals in Ternary Semirings, British
Journal of Research, (2), (6), (2015) 156-166.

[8]. Sajani Lavanya. M, Madhusudhana Rao.
D.and Syam Julius Rajendra. V.,A Study On
The Jacobson Radical Of A Ternary -
Semiring, International ~ Journal of
Mathematics and Computer Applications
Research (IJMCAR), Vol. 6, Issue 1, (Feb
2016), 17-30.

Www.ijera.com DOI: 10.9790/9622- 0702050106




