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Abstract

The fuzzy set theory has been applied in
many fields such as operation research,
management science and control theory etc. The
fuzzy numbers and fuzzy values are widely used in
engineering applications because of their
suitability for representing uncertain information.
In standard fuzzy arithmetic operations we have
some problem in subtraction and multiplication
operation. In this paper we investigate fuzzy
unbalanced transportation problem with the aid
of trapezoidal fuzzy numbers and fuzzy U-V
distribution methods is proposed to find the
optimal solution in terms of fuzzy numbers. A new
relevant numerical example is also included.

Key words: Fuzzy numbers, trapezoidal fuzzy
numbers, fuzzy vogels approximation method, fuzzy
U-V distribution method, ranking function.

I.  Introduction

The wunbalanced transportation problem
refers to a special class of linear programming
problems. In a typical problem a product is to
transported from ‘m’ source to n designation and
there capacities are a;, @z, ..........qy and
by, by, ... ... ... ... b, respectively. In addition there is a
penalty C; associated with transporting unit of
product from source i to destination j. This penalty
may be cost or delivery time or safety of delivery etc.
A variable x;; represents the unknown quantity to be
shipped from some i to destination j.

Iserman (1) introduced algorithm for solving
this problem which provides effective solutions. Lai
and Hwang (5), Bellman and Zadeh (3) proposed the
concept of decision making in fuzzy environment.
The Ringuest and Rinks (2) proposed two iterative
algorithms  for  solving linear,  multicriteria
transportation problem. Similar solution in Bit A.K.
(8). In works by S.Chunas and D.Kuchta (10) the
approach introduced in work (2) and resource
management techniques by P.R.Vittal (12).

In this paper the fuzzy unbalanced
transfortation problems using trapezoidal fuzzy
numbers are discussed here after, we have to propose
the methods of fuzzy U-V distribution methods to be
finding out the optimal solution for the total fuzzy
transportation minimum cost.

Il.  Fuzzy concepts
L.A.Zadeh advanced the fuzzy theory in
1965. The theory propose a mathematical technique
for dealing with imprecise concepts and problems
that have many possible solutions.

The concept of fuzzy mathematical programming
on a general level was first proposed by Tanaka et.al
(1974) in the frame work of the fuzzy decision of
Bellman and Zadeh (3) now, we present some
necessary definitions

2.1. Definitions
A real fuzzy number @ is a fuzzy subset of
the real number R with membership function u;
satisfying the following conditions.
1. ug is continuous from R to the closed interval
[0.1]
2. ug Is strictly increasing and continuous on
[a;, a;]
3. ug is strictly decreaing and continuous on

[a;, a;]

Where a,, a, and a; are real numbers and the fuzzy
number, denoted by a = [ay,a,, a3] is called a
trapezoidal numbers.

2.2.Definition

The fuzzy number a = [a;,a,,a3] is a
trapezoidal numbers, denoted by [ay,a,, as] its
membership function u; is given below the figure.

pa(x) 4
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Fig : Membership function of a fuzzy number a

1.3. Definition

We define a ranking function R: F(R) ———»

R, Which maps each fuzzy number into the real line,
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F(R) represents the set all trapezoidal fuzzy numbers
It R be any ranking function , then,

R(d) = (a1 +a2 +a3)/3

1.4, Arithmetic Operations
Let (@) == [aya,a3] and (B) = [byb,bs]
two trapezoidal fuzzy numbers then the arithmetic
operations on (&) and (b) as follows.
Addition: @+ (b) = (a1 +
by, a; + by, az + b3)
Subtraction:
(@) — (b) = (a; — by, az — by, a3 — b3)
Multiplication:
(@@)[—@ﬁ%+%)

+ by), = 5 (b1 + by +b9)| if R@)
>0
(@@)[—@+m+m

— (b, + b,

— (by + b,

I11.  Fuzzy unbalanced Transportation
problem
Consider transportation with m fuzzy origin
s (rows) and n fuzzy destinations (Columns) Let
Cy =1¢M, ¢, c5P1 be the cost of transporting one
unit of the product from i" fuzzy origin to j" fuzzy
destination a; = [a l.(l), L.(Z) (3)] be the quantity of

commodity available at fuzzy origin i b =

b, 5,61 be the quantity of commodity
requirement at fuzzy destination j.

Xy =[x xP %91 is  quantity
transported from " fuzzy origin to " fuzzy
destination. The above fuzzy unbalanced

transportation problem can be started in the below
tabular form.

+ b3) = (by + b, + by)| if R(@)
<0
Fuzzy Available
FD, FD, | seeeeveressesesnenen FD, a;
Fo; X11 X12 X1n
Ciy Ci2 Cin a;
Fo, X21 X22 X2n
Gy Ca2 Con a
fom Xm1 Xm2 Xmn
le CmZ Cmn am
Fuzzy b, b, b, UL "
Requirement Z a; # b;
bj i=1 j=1
Where S 1) () @) @ @ 3)
- —[cgl),qu),c(”] Xy =[x, % Z[XL, X0 X0 = g, e
1 2 3 1 2 3 j=1
[a( ) l( )’ ai( )] and b, = [bj( )’ bj( )'bj( )]
fori=1,2,...m (Sum Row)
The Linear programming model representing the m
ion is gi 1) (@) @) 1) @ ,3)
fu;z_ytransportatmn is given by Z[Xif XX = [, b, b
Mlmmlze =1
D @) A D o@ o) for j=1,2,...n (Column Sum)
zZ= ZZ [c,c2,c91 1%, x2,x)
i=1j=

Subject to the constraints

M y@ yG
[ X%, X7 x;] =0
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The given fuzzy transportation problem is
said to be unbalanced if

n

m

1 2 3 1 2 3
D laa,a] = > 15,52, 5]
i=1

j=1
ie if the total fuzzy available is not equal to the total
fuzzy requirement.

3.1.Unbalance Transportation problem to change
into balanced transportation problems as follows:

An unbalanced transportation problem is
converted into a balanced transportation problem by
introducing a dummy origin or a dummy destinations
which will provide for the excess availability or the
requirement the cost of transporting a unit from this
dummy origin (or dummy destination) to any place is
taken to be zero. After converting the unbalanced
problem into a balanced problem, we adopt the usual
procedure for solving a balanced transportation
problem.

IV.  The computational procedure for
fuzzy U-V distribution method
4.1.Fuzzy Vogel’s Approximation method

There are numerous method for finding the
fuzzy initial basic feasible solution of a transportation
problem. In this paper we are to follow fuzzy Vogel’s
approximation method.

Step 1: Find the fuzzy penalty cost, namely the fuzzy
difference between the smallest and next smallest
fuzzy costs in each row and column.

Step 2: Among the fuzzy penalties as found in step 1
choose the fuzzy maximum penalty, by ranking
method, If this maximum penalty is more than one,
choose any one arbitrarily.

Step 3: In the selected row or Column as by step 2,
find out the all having the least fuzzy cost. Allocate
to this cell as much as possible depending on the
fuzzy available and fuzzy requirements.

Step 4: Delete the row or column which is fully
exhausted again compute column and row fuzzy
penalties for the reduce fuzzy transportation table and
then go to step 2, repeat the procedure until all the
rim demands are satisfied.

Once the fuzzy initial fuzzy feasible solution
can be computed, the next step in the problem is to
determine whether the solution obtained is fuzzy
optimal or not.

Fuzzy optimality test can be conducted to
any fuzzy initial basic feasible solution of a fuzzy
transportation provided such allocations has exactly
m+n-1 non negative allocations where m is the
number of fuzzy origins and n is number of fuzzy
distributions. Also these allocations must be
independent positions, which fuzzy optimality
finding procedure is given below.

4.2. Fuzzy U-V Distribution method

This proposed methods is used for finding
the optimal basic feasible solution in fuzzy
transportation problem and the following step by step
procedure is utilized to find out the same.

Step 1: Find out a set of numbers [u”,u®,u®]

and [y, v®,v]  for each row and column

L
(1) (2) (3) @ @ 3
] + [vj UL ]

satisfying  [u;”,y; )

[Clgl),Clgz),C(”] for each occupied cell. To start
with the assign a fuzzy zero to any row or column
having maximum number of allocations, If this
maximum number of allocation is more than one.
Choose any one arbitrary.

Step 2: For each empty (un occupied) cell, we find

fuzzy sum[u”, u®,u®] and (v, v, v

Step 3 : Flnd out for each empty cell the net
evaluation  Value (zP,zP, 2z =
[cf,cfP. ) = L1 P ) :
[vj(l), }.(2),17].(3)]} this step gives optimality
conclusion.

Case (i) If all R [z, 27,z > 0, then the
solution is fuzzy optimal, and a unique solution
exists.

Case (ii) If all R [2{",z{”,Z{"] > 0, then the

solution is fuzzy optimal, but an alternative solution
exists.

Case (i) If R[z{",2z",Z’] < 0 Then the
solution is not fuzzy optimal. In this case we go to
next step, to improve the total fuzzy transportation
minimum cost.

Step 4: Select the empty cell having the most

negative value of R[ Z{", 2\, ] from this cell we
draw a closed path drawing horizontal and vertical
lines with Cerner cell occupied. Assign sign + and —
alternately and find the fuzzy minimum allocation
from the cell having negative sign. This allocation
should be added to the allocation having negative
sign.

Step 5: the above step yield a better solution by
making one (or more) occupied cell as empty and one
empty cell as occupied for this new set of fuzzy basic
feasible allocation repeat from the step 1, till a fuzzy
optimal basic feasible solution is obtained.

5. Example: To solve the following fuzzy
unbalanced transportation problem staring with the
fuzzy initial fuzzy basic feasible solution obtained by
fuzzy Vogel’s approximation method.
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Fuzzy Available
FD, FD, FDs FD,
FO,
(-2,3,8) (-2,3,8) (-2,3,8) (-1,1,3) (0,2,5)
FO, (4,9,16) (4,8,12) (2,5,8) (1,47 (1,6,11)
FO, (2,7,12) (0,5,10) (0,5,10) (4,8,12) (1,4,8)
Fuzzy (1,4,7) (0,3,5) 1,47 (2,4,8)
Requirement
This  problem is unbalanced fuzzy

m

n
Z a;, = (2,12,24)and Z b = (41527)

transportation problem then the problem convert to
balanced fuzzy transportation problem defined as

i=1 j=1 follows.
Z a; * b;
i=1 j=1
Fuzzy Available
FD, FD, FDs FD,
FO, (-2,3,8) (-2,3,8) (-2,3,8) (-1,1,3) 0,2,5)
FO, (4,9,16) (4,8,12) (2,5,8) 1,47 (1,6,11)
FO; (2,7,12) (0,5,10) (0,5,10) (4,8,12) (1,4,8)
FO, (0,0,0) (0,0,0) (0,0,0) (0,0,0) (2,3,3)
Fuzzy (1,4,7) (0,3,5) (1,4,7) (2,4,8) (4,15,27)
Requirement
The problem is balanced  fuzzy

Yiz1a; = Y- b= (4,15,27)

transportation problem then there exists a fuzzy
initial basic feasible solution by using fuzzy Vogel’s
approximation method we get.

Fuzzy Available
FD, FD, FDs FD,
FO; (-1,1,4) (1,1,1)
(-2,3,8) (-2,3,8) (-2,3,8) (-1,1,3)
FO, (-1,2,3) (2,4,8)
(4,9,16) (4,8,12) (2,5,8) (1,4,7)
FO3 (-1,2,4) (2,2,4)
(2,7,12) (0,5,10) (0,5,10) (4,8,12)
FO, (2,3,3)
(0,0,0) (0,0,0) (0,0,0) (0,0,0)
Fuzzy
Requirement

Since the number of occupied cell having
m+n-1 = 7 and are also independent, there exists a

non — degenerate fuzzy basic feasible solution.

Therefore the initial fuzzy transportation
minimum cost is

[zD,23,Z28] = (-1,1,4)(-2,3,8)
+ (1)1)1)(_2!3)8)
+ (-1,2,3)(2,5,8) +
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(2,4,8)(1,4,7) + (-1,2,4)(0,5,10)
+(2,2,4)(0,5,10) + (2,3,3)(0,0,0)

Now
(-114)(-238) =[5 (-2+3+8),5(-2+3+

843(-2+3+8)]

= 59,59,
= (-3,3,12)

Using this way we get

[Z(l),Z(z),ZG)] =(-
3,3,12)+(3,3,3)+(5,10,15)+(8,16,32)+(5,10,20)+(10,10,20)
+(0,0,0)

[z0,2®, 73] = (28,52,102)

To find the optimal solution

Applying the fuzzy U-V distribution
method, we determine a set of number U, =
u®u®u®]  and v = [y, 5P, 9P each
row and column such that
[c9,62,¢9] = [u®,u®,u®] +

[v ™, 0@, 5] for each occupied cell since first,

second and third row has two allocations, we choose
any one of this row now we choose the first row, we

give fuzzy number
[, u® 4™ =10,00], the remaining numbers
can be obtained as given below

[€0,C2,¢2] = [ ul®,
[, v, v

[v(l),vl(z), 1713)] =(—-2,3,8)
Using this way we set

[vs", v (—2,3,8)

(3)] +

2 'Vzg)]
[ugl), ugz),u;)] =(2,2,2)
[v(l),véz),vf)] = (—2,3,8)
(4", us”, 5] = (4.2,0)
[vi”, v, v, ] = (2.37)
[ ® @) (3)] . (2,-3,-8)

Uy ,uy ,u
for each empty cell

We find,
1 2 3 1 2 3
[() () l()]and [v() () ()]

of the sum
Next we find

net evolutlon [z, 27, 153)] is given by
o @ ,6) 1) ~@) ~3)
[Zl] ’ lj ’ l] [Cl] ’Cl] 'C ]
1 2 3 1 2 3
(D, 4@, u®) +[vj().j().j()]}
Where
U = [u®u®u®) V
— [, @ 3
= [y "7
Now,
@ @ 3 1 ~@ ~3)
* 213,215,213 = [ €y, € G| -

) (3)

1 2
{[ui )'u1 »Ug @

+ v, v, v
=(-2,3,8) — [(0,0,0) + (-2,3,8)]
=(-2,3,8)-(-2,3,8)
=(0,0,0)

Using this way we get

ISSN:
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*[214(1), Z14(2), 214(3)]: (2;,-1,-3) *[221(1), 222(2),
Z¥= (2,4,8)  *[Z", Z2)?, Zo8¥]= (2,3,4)
*[231(1), Z31(2), 231(3)]: (2,2,2) *[234(1), 234(2),
Z,¥=(3,4,5) *[Z,", Z,,?, 2,,¥]=(0,0,0)
*[243(1), 243(2), 243(3)]: (0,0,0) *[244(1), 244(2),
Z44(3)]: (111)

Fuzzy optimal u-v distribution method table

FD, FD, FD, FD, U,
(114) | @LLD) | *0.00) | *2-1.-3)

Fo1 (0.0.0)
-238) | (238) |(-238) | (113
*248) | *234) | (1.23) | 248)

FO2 1 4o16) | (4812) | (258) | @a7) (4,2,0)
222) | (L.24) | @28 | - -*345)

Fo3 (2.2.2)
27.12) | (05.10) | (05.10) | (48.12)
233) | *0.00) | *0.00) | *L.11) 2.-3.8)

FO4 1 000 | (000 |00 |(000)
(238) | (238 | (238) | (327)

Vi

Since the value of *[Z1,%, Z1,?, Z,,%]<0 then the
solution is not fuzzy optimal solution then form a
loop as above table.

Loop
(1,1,1)-6 X K 0
$ X (2,4,8) -0
(-1,2,3)+6
K (L,L,l—r) —u
(-1.2.4)+6
Let 6=(-1,2,3) we get
(2,-1,-2) X X (-11,2,3)
X X (3,2,5)
(_21416)
(3,0,1)
(_21417)
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Fuzzy optimal U-V distribution method table

FD, FD, FD; FD, U,
(-1,14) | 2-1,-2) | *(0,0,0) | (-1,2.3)

Fo1 (0.00)
(-2.38) | (-23.8) | (-23.8) | (-113)
*24,8) | *(2.34) | (-24.6) | (325)

FO2 1 4916) | 4812) | 258) | L4T) | (4,20)
*22.2) | ((247) | 30.1) | *(35.7)

FO3 (2.2.2)
(27.12) | (0,5.10) | (05,10) | (4.8,12)
233) | *(0,00) | *(0.0,0) | *(-1.23) | (2.-3.-8)

P41 000) | 000 | (000 |(©000)

Vi
~all [ 25, 2, 2§Y] = 0 then the solution is fuzzy

optlmal but an alternative solution exists ic the one of
the solution fuzzy optimal is given below

The fuzzy optimal solution in terms of
trapezoidal fuzzy numbers.
[Xll(l): X11(2), X11(3)] = (-1,1,4); [X12 (1), XlZ(Z): X12(3)] =
(2,-1,-2)
[X13P, X13?, X137 = (-1,2,3); [X2s™, X25?, %25 = (-
2,4,6)
[X24(1), X24(2), X24(3)] =(3,2,5), [st(l), st(z), X32(3)] = (-
2,4 7)
[X33 Xsa(z) X33 3)] =(3,0,1); [X41(1) X42(2) X 1(3)] =
(2,3 3)
Hence the total fuzzy transportation minimum cost is

«[ 20,22, 29] = (11,4) (:2.38)+(2.-1,2) (-2.38)
+ (L23)(-114) + (-24,6) (258) + (325) (147)
+(-2,4,7,) (05,10) + (3,0,1) (0,5,10) +(2,3,3) (0,0,0)

~[z®, z®, 28 = [-3,50,111]

V.  Conclusion

We have thus obtained an optimal solution
for a fuzzy unbalanced transportation problem using
trapezoidal fuzzy numbers. A new approach called
fuzzy U-V computational procedure to find the
optimal solution is also discussed. The new
arithmetic operation trapezoidal fuzzy numbers are
employed to get the fuzzy optimal solution. The same
approach of solving the fuzzy problems may also be
utilized in future studies of operational research.
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