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ABSTRACT 

In this Paper, we have defined recurrence 

and symmetry of different kinds in Hsu-structure 

manifold. Some theorems establishing relationship 

between different kinds of recurrent Hsu-

structure manifold have been stated and proved. 

Furthermore, theorems on different kinds of 

recurrent and symmetric Hsu-structure manifold 

involving equivalent conditions with respect to 

various curvature tensors have also been 

discussed. 
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I.   INTRODUCTION 
 If on an even dimensional manifold Vn, n 

= 2m of differentiability class C∞, there exists a 

vector valued real linear function  , satisfying 

n

r Ia2 ,                                                   

(1.1)a  XaX r ,  for arbitrary vector field X.   

   (1.1)b 

 

Where XX  , 0 ≤ r ≤ n and 'r' is an integer and 

' a ' is a real or imaginary number. 

Then { } is said to give to Vn  a Hsu-structure 

defined by the equations (1.1) and the manifold Vn  is 

called a Hsu-structure manifold. 

The equation (1.1)a gives different structure for 

different values of  ' a ' and  'r'. 

 

If 0r , it is an almost product structure. 

If 0a , it is an almost tangent structure. 

If 1r and 1a , it is an almost product 

structure. 

If  1r  and 1a , it is an almost complex 

structure. 

If r =2 then it is a GF-structure which includes 

 π-structure for a 0 , 

an almost complex structure for ia  , 

an almost product structure for 1a , 

an almost tangent structure for 0a . 

Let the Hsu-structure be endowed with a metric 

tensor g, such that 0),(),(  YXgaYXg r
  

     (1.2) 

 

 

 

Then },{ g is said to give to Vn - metric Hsu-

structure and Vn is called a metric Hsu-structure 

manifold. 

The curvature tensor K, a vector -valued tri-linear 

function w.r.t. the connexion D is given by 

,),,( ],[ ZDZDDZDDZYXK YXXYYX 
    

(1.3)
 

 
where 

 

.],[ XDYDYX YX 
      

The Ricci tensor in Vn is given by 

).,)((),(
1

1 ZYKCZYRic 
                                     

(1.4)
 

where by ),)((
1

1 ZYKC , we mean the contraction of 

),,( ZYXK  with respect to first slot. 

For Ricci tensor, we also have 

 

),,(),( YZRicZYRic 
                       

(1.5)a 

)),(,()),((),( ZrYgZYrgZYRic        

(1.5)b 

.)(
1

1 RrC 
               

(1.5)c 

 

Let W, C, L and V be the Projective, conformal, 

conharmonic and concircular curvature tensors 

respectively given by 




 XZYRic
n

ZYXKZYXW ),([
)1(

1
),,(),,(

  

       ].),( YZXRic        

(1.6) 

 

      


 XZYRic
n

ZYXKZYXC ,
2

1
,,,,

     

       )}(,)(,, YrZXgXrZYgYZXRic  

].),(),([
)2)(1(

YZXgXZYg
nn

R


              

(1.7) 
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 XZYRic
n

ZYXKZYXL ),([
)2(

1
),,(),,(

  

)].(),()(),(),( XrZYgYrZXgYZXRic 

    
(1.8) 
 




 XZYg
nn

R
ZYXKZYXV ),([

)1(
),,(),,(

 

                       

].),( YZXg

                                     
(1.9) 
A manifold is said to be recurrent, if

 ).,,()(),,,)(( 1 ZYXKTATZYXK          

(1.10) 

 

The recurrent manifold is said to be symmetric, if 

,0)( 1 TA
 
in the equation (1.10). 

The manifold is said to be Ricci-recurrent, if 

 

),,()(),,)(( 1 ZYRicTATZYRic 
               

 (1.11)a
 

or 

),()(),)(( 1 YrTATYr 
                       

(1.11)b
 

or 

.)())(( 1 RTATR                      

 (1.11)c 

 

The Ricci-recurrent manifold is said to be symmetric, 

if 

,0)( 1 TA in equation (1.11). 

 

II. RECURRENCE AND SYMMETRY OF 

DIFFERENT KINDS: 
Let P, a vector-valued tri-linear function, be 

any one of the curvature tensors K, W, C, L or V. 

Then we will define recurrence of different kinds as 

follows: 

 

Definition (2.1): A Hsu-structure manifold is said to 
be (1) - recurrent in P, if 

     ZYTXPTZYXPa r ,,,,,, 11 

    .,,1 ZYXPTAa r                          

(2.1) 

 

Where )( 1TA  is a non-vanishing C∞ function. 

Definition (2.2): A Hsu-structure manifold is said to 

be (12)- recurrent in P, if 

      ZYTXPTZYXPa r ,,,,,, 11 
 

       ZYXPTAaZTYXPa rr ,,,,, 11  ,   

(2.2)a  

 

or equivalently 

 

      ZTYXPTZYXPa r ,,,,,, 11   

       ZYXPTAaZYTXPa rr ,,,,, 11  .    

(2.2)b 

 

Definition (2.3): A Hsu-structure manifold is said to 

be (123)-recurrent in P, if 

 

      ZYTXPTZYXPa r ,,,,,, 11 
 

       11 ,,,,,, TZYXPaZTYXPa rr  

 

    ZYXPTAar ,,1 ,                                  

(2.3)a 

 

or equivalently 

 

      ZYTXPaTZYXPa rr ,,,,,, 11   

       11 ,,,,,, TZYXPaZTYXP r  

 

      ZYXPTAar ,,1 ,                                    

(2.3)b 

 

 or equivalently 

 

      ZYTXPaTZYXPa rr ,,,,,, 11  . 

       11 ,,,,,, TZYXPZTYXPa r                                      

     ZYXPTAar ,,1 .                           

(2.3)c                   

 Note: Similarly (2), (3), (4), (23), (24), (13), (14), 

(34), (124), (134), (234), and (1234) recurrence in P 

can also be defined. 

 

Definition (2.4): A Hsu-structure manifold is said to 

be Ricci-(1)-recurrent, if 

     ZTYRicTZYRica r ,,,, 11  .   

        11 ,, TZYRicTAa r .      

     (2.4) 
 

Note: Similarly Ricci-(2)-recurrent can also be 

defined. 

 

Definition (2.5): A recurrent Hsu-structure manifold 

is said to be P-symmetric and Ricci-symmetric 

if   01 TA . 

 

Theorem (2.1):  A P-(1)-recurrent Hsu-structure 

manifold is P-(2)-recurrent Hsu-structure manifold 

for the same recurrence parameter iff 
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       .,,,,,, 11 ZTYXPZYTXP       

(2.5) 

Necessary condition: If   P-(1)-recurrent Hsu-

structure manifold is P-(2)-recurrent Hsu-structure 

manifold then 

      ZYTXPTZYXPa r ,,,,,, 11 
 

      11 ,,,,, TZYXPaZYXPTAa rr

 

       ZYXPTAaZTYXP r ,,,,, 11  .
 

       ZTYXPZYTXP ,,,,,, 11   . 

Sufficient condition: 

If        ZTYXPZYTXP ,,,,,, 11  
,
 

then P-(1)-recurrent Hsu-structure manifold is P-(2)-

recurrent Hsu-structure manifold. 

Note: Similarly a P-(1)-recurrent Hsu-structure 

manifold is P-(3)-recurrent Hsu-structure manifold 

for the same recurrence parameter iff 

       11 ,,,,,, TZYXPZYTXP   ,    

(2.6) 

and 

A P-(2)-recurrent Hsu-structure manifold is P-(3)-

recurrent Hsu-structure manifold for the same 

recurrence parameter iff 

       11 ,,,,,, TZYXPZTYXP   .    

(2.7) 

Theorem (2.2): A Ricci-(1)-recurrent Hsu-structure 

manifold is Ricci-(2)-recurrent Hsu-structure 

manifold for the same recurrence parameter iff, 

       11 ,,,, TZYRicZTYRic  
.
 

Necessary condition: If Ricci-(1)-recurrent Hsu-

structure manifold is Ricci-(2)-recurrent Hsu-

structure manifold then 

      ZTYRicTZYRica r ,,,, 11   

 
      11 ,,, TZYRicaZYRicTAa rr

 

        ZYRicTAaTZYRic r ,,, 11  . 

       11 ,,,, TZYRicZTYRic   . 

Sufficient condition: 

If        11 ,,,, TZYRicZTYRic  
 ,   

(2.8)
 

then Ricci-(1)-recurrent Hsu-structure manifold is 

Ricci-(2)-recurrent Hsu-structure manifold. 

Theorem (2.3):  A P-(12)-Recurrent Hsu-structure 

manifold is P-(1)-recurrent for the same recurrence 

parameter, provided 

    .0,,, 1  ZTYXPa r 
           

(2.9)
 

Proof: Barring Y in equation (2.1) , we get 

     ZYTXPTZYXPa r ,,,,,, 11 
 

                ZYXPTAar ,,1 .           

(2.10) 
If the manifold is P-(12)-recurrent then from equation 

(2.2)a, we have  

      ZYTXPTZYXPa r ,,,,,, 11                      

       ZYXPTAaZTYXPa rr ,,,,, 11  . 

 (2.11) 

Using equation (2.9) in equation (2.11) , we get the 

equation (2.10). Hence the theorem. 

Note: Similarly it can shown that a P-(12)-recurrent 

Hsu-structure manifold is P-(2)-recurrent for the 

same recurrence parameter, provided 

    .0,,, 1  ZYTXPa r 
     

 (2.12)
 

Theorem (2.4):  A P-(123)-recurrent Hsu-structure 

manifold is P-(1)-recurrent for the same recurrence 

parameter, provided 

        .0,,,,,, 11  TZYXPaZTYXPa rr 

                                     (2.13)
 

 

Proof: Barring Y and Z in equation (2.1), we get 

     ZYTXPTZYXPa r ,,,,,, 11    

    ZYXPTAar ,,1 .                                      

(2.14) 

In equation (2.3)a if  

        0,,,,,, 11  TZYXPaZTYXPa rr 

. 
Then we get the equation (2.14). Hence the theorem. 

Note: Similarly we can prove that a P-(123)-recurrent 

Hsu-structure manifold is P-(2)-recurrent, 

if

        ,0,,,,,, 11  TZYXPaZYTXPa rr 

 

and  P-(3)-recurrent , if 

        0,,,,,, 11  ZTYXPaZYTXPa rr 

, 

for the same recurrence parameter.
 

Theorem (2.5): A P-(123)-recurrent Hsu-structure 

manifold is P-(12)-recurrent for the same recurrence 

parameter, provided 

    .0,,, 1  TZYXPa r 
            

(2.15)
 

Proof: Barring Z in equation (2.2)a , we get 

      ZYTXPTZYXPa r ,,,,,, 11         

       ZYXPTAaZTYXPa rr ,,,,, 11   . 

 (2.16) 

Using equation (2.15) in equation (2.3)a , we get 
equation(2.16). Hence the theorem. 

Note: Similarly we can prove that P-(123)-recurrent 

Hsu structure manifold is P-(13)-recurrent 

    ,0,, 1  ZTYXPa r 
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 and P-(23)-recurrent , if 

    ,0,,, 1  ZYTXPa r 
 

 for the same recurrence parameter.
 

Theorem (2.6):  In a (1)-recurrent Hsu-structure 

manifold, if any two of the following conditions hold 

for the same recurrence parameter, then the third also 

holds: 

a) It is conformal (1)-recurrent, 

b) It is conharmonic (1)-recurrent, 

c) It is concircular (1)-recurrent. 

 
Proof: From equation (1.6), (1.7) and (1.8), we have 

      


 ZYXK
n

n
ZYXLZYXC ,,

2
,,,,

    

       

 .,, ZYXV
       

(2.17) 
Barring  X in equation (2.17) ,we get 

      


 ZYXK
n

n
ZYXLZYXC ,,

2
,,,,   

        ZYXV ,,  .    

 (2.18) 

Multiplying equation (2.18) by  1TA , barring X and 

then using equation (1.1)a in the resulting equation, 

we get 

        ZYXLTAaZYXCTAa rr ,,,, 11   

            
 

 
    ZYXVZYXK

n

TAnar

,,,,
2

1 


.     

        (2.19) 

Differentiating equation (2.18) w.r.t. T1, using 
equation (2.18) and then barring X in the resulting 

equation, we get 

      ZYTXCTZYXCa r ,,,,,, 11 
 

       ZYTXLTZYXLa r ,,,,,, 11   

 
      


ZYTXKTZYXKa

n

n r ,,,,,,
2

11 

            

     ZYTXVTZYXVa r ,,,,,, 11  .         

(2.20) 

Subtracting equation (2.19) from (2.20) , we have 

      ZYTXCTZYXCa r ,,,,,, 11         

      1,,,,, TZYXLaZYXCTAa rr

     

        ZYXLTAaZYTXL r ,,,,, 11  

 
     ZYTXKTZYXKa

n

n r ,,,,,,
2

11 


      11 ,,,,, TZYXVaZYXKTAa rr
 

       

       ZYXVTAaZYTXV r ,,,,, 11  . 

 (2.21)
 

If a (1)-recurrent Hsu-structure manifold is 

conformal-(1) - recurrent and conharmonic (1)-

recurrent for the same recurrence parameter then 

from equation (2.21), we get 

      ZYTXVTZYXVa r ,,,,,, 11    

    ZYXVTAa r ,,1 .                    

 (2.22) 

Which shows, that the manifold is concircular-(1)-

recurrent.  

The proof of the remaining two cases follows 

similarly. 

Theorem (2.7):  In a (1)-symmetric Hsu-structure 

manifold, if any two of the following conditions hold 
for the same recurrence parameter, then third also 

holds: 

a) It is conformal (1)-symmetric, 

b) It is conharmonic (1)-symmetric, 

c) It is concircular (1)-symmetric. 

Proof: The statement follows from the theorem (2.6) 

and definition (2.5). 

Theorem (2.8):  In a (12)-recurrent Hsu-structure 

manifold, if any two of the following conditions hold 

for the same recurrence parameter, then the third also 

holds: 
a) It is conformal (12)-recurrent, 

b) It is conharmonic (12)-recurrent, 

c) It is concircular (12)-recurrent. 

Proof: Barring X and Y in equation (2.17), we get  

      


 ZYXK
n

n
ZYXLZYXC ,,

2
,,,,  

             ZYXV ,, .  

       (2.23) 

Multiplying equation (2.23) by  1TA , barring X 

and then using equation (1.1)a in the resulting 

equation, we get 

        ZYXLTAaZYXCTAa rr ,,,, 11   

 
 

    ZYXVZYXK
n

TAnar

,,,,
2

1 


.                  

(2.24) 

Differentiating equation (2.23) w.r.t 1T , using 

equation (2.23) and then barring X in the resulting 

equation, we get 

      ZYTXCTZYXCa r ,,,,,, 11 
 

      11 ,,,,,, TZYXLaZTYXCa rr   

        ZTYXLaZYTXL r ,,,,,, 11 

 

 
      


ZYTXKTZYXKa

n

n r ,,,,,,
2

11 
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      11 ,,,,,, TZYXVaZTYXKa rr 

                    

       ZTYXVaZYTXV r ,,,,,, 11    . 

(2.25) 

Subtracting equation (2.24) from equation (2.25), we 

get 

      ZYTXCTZYXCa r ,,,,,, 11 
 

        ZYXCTAaZTYXCa rr ,,,,, 11  

      ZYTXLTZYXLa r ,,,,,, 11 
 

        ZYXLTAaZTYXLa rr ,,,,, 11  

 
      


ZYTXKTZYXKa

n

n r ,,,,,,
2

11 

 

      ZYXKTAaZTYXKa rr ,,)(,,, 11

 

      ZYTXVTZYXVa r ,,,,,, 11               

       ZYXVTAaZTYXVa rr ,,,,, 11  .   

(2.26) 

If a (12)-recurrent Hsu-structure manifold is 

conformal (12)-recurrent and conharmonic (12)-

recurrent for the same recurrence parameter then 

from equation (2.26) , we get 

      ZYTXVTZYXVa r ,,,,,, 11                

       ZYXVTAaZTYXVa rr ,,,,, 11     

(2.27) 

Which shows, that the manifold is concircular-(12)-

recurrent. 

The proof of the remaining two cases follows 

similarly. 

 Theorem (2.9):  In a (12)-symmetric Hsu-structure 

manifold, if any two of the following conditions hold 

for the same recurrence parameter, then third also 

holds: 

a) It is conformal (12)-symmetric, 

b) It is conharmonic (12)-symmetric, 
c) It is concircular (12)-symmetric. 

Proof: The statement follows from the theorem (2.8) 

and definition (2.5). 

Theorem (2.10):   In a (123)-recurrent Hsu-structure 

manifold, if any two of the following conditions hold 

for the same recurrence parameter, then the third also 

holds: 

a) It is conformal (123)-recurrent, 

b) It is conharmonic (123)-recurrent, 

c) It is concircular (123)-recurrent. 

Proof: Barring X, Y and Z in equation (2.17), we get  

      


 ZYXK
n

n
ZYXLZYXC ,,

2
,,,,             

          ZYXV ,, .                

(2.28) 

Multiplying equation (2.28) by  1TA , barring X and 

then using equation (1.1)a in the resulting equation , 

we get 

        ZYXLTAaZYXCTAa rr ,,,, 11                        

 
 

    ZYXVZYXK
n

TAnar

,,,,
2

1 


.                    

(2.29) 

Differentiating equation (2.28) w.r.t 1T , using 

equation (2.28) and then barring X in the resulting 

equation, we get  

      ZYTXCTZYXCa r ,,,,,, 11     

 

        11 ,,,,,, TZYXCaZTYXCa rr 

 

      ZYTXLTZYXLa r ,,,,,, 11   

        11 ,,,,,, TZYXLaZTYXLa rr 

    

 
      


ZYTXKTZYXKa

n

n r ,,,,,,
2

11 

    

        11 ,,,,,, TZYXKaZTYXKa rr 

 

       ZYTXVTZYXVa r ,,,,,, 11                

       11 ,,,,,, TZYXVaZTYXVa rr  

 .                        

(2.30) 

Subtracting equation (2.29) from equation (2.30), we 

get 

      ZYTXCTZYXCa r ,,,,,, 11 
 

        11 ,,,,,, TZYXCaZTYXCa rr 

 

      11 ,,,,, TZYXLaZYXCTAa rr

 

        ZTYXLaZYTXL r ,,,,,, 11 

 

         ZYXLTAaTZYXLa rr ,,,,, 11  

 
      


ZYTXKTZYXKa

n

n r ,,,,,,
2

11 

 
 

        11 ,,,,,, TZYXKaZTYXKa rr 

 

 
    11 ,,,,,)( TZYXVaZYXKTAa rr

 

        ZTYXVaZYTXV r ,,,,,, 11   
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       ZYXVTAaTZYXVa rr ,,,,, 11 
 

.                  

  
(2.31) 

If a (123)-recurrent Hsu-structure manifold is 

conformal (123)-recurrent and conharmonic (123)-

recurrent for the same recurrence parameter then 

from equation (2.31), we get 

      ZYTXVTZYXVa r ,,,,,, 11       

       11 ,,,,,, TZYXVaZTYXVa rr  

      ZYXVTAar ,,1 .                                 

 (2.32) 

This shows, that the manifold is concircular (123)-

recurrent Hsu-structure manifold. 

The proof of the remaining two cases follows 
similarly. 

Theorem (2.11):   In a (123)-symmetric Hsu-structure 

manifold, if any two of the following conditions hold 

for the same recurrence parameter, then third also 

holds: 

a) It is conformal (123)-symmetric, 

b) It is conharmonic (123)-symmetric, 

c) It is concircular (123)-symmetric. 

Proof: The statement follows from the theorem (2.8) 

and definition (2.5).  
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