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l. INTRODUCTION

In  mathematical biology, population
dynamics has retained more attentive field for
numerous scholars. Time delay in ecological
system has an important influence in dynamical
behaviour. The stability concept of dynamical
system diluted by time delay was exposed. Result
of impact of particular delay can preserve the
concept of stability in prey-predator system [2, 5].

Fractional order differential equations in
modelling dynamical system consist of more
benefits compared with classical integer order due
to the memory and hereditary properties of
fractional calculus [4, 8, 9, 13]. Comparison and
review indicates more importance of fractional
order delayed prey-predator system rather than
integer order. With the gradual development of
fractional calculus, Hopf bifurcation in fractional
order has attained the superior level [6].

Firstly, the authors intend to deal with the
controlling bifurcation in a delayed fractional
predator-prey system with incommensurate orders
and to apply the feedback control to the delayed
fractional order chaotic systems, bifurcation as
parameter [1, 3]. In [16], the problem based on the
time delay is a bifurcation parameter and applying
the hybrid tactics of control strategy for controlling
bifurcation for a fractional delayed predator-prey
system and achieved the delay-induced bifurcation
conditions of Hopf bifurcation.
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Motivated by this, we are interested to study the
problem of stabilizing bifurcation for a delayed
fractional predator-prey system stated in [16] with
commensurate and incommensurate orders through
hybrid control technique. The highlights of this
paper are listed as follows:

i) Bifurcation control in a delayed predator-prey
model.

ii) The stability performance uncontrolled model
in commensurate order can be enormously
exalted on account of the proposed controller.

iii) The property of bifurcation control is more
remarkable in the proposed system than the
corresponding integer-order if choosing the
same proposed feedback gain.

1. PRELIMINARIES
2.1 Fractional Order Derivative

There are many definitions of fractional
derivatives. The definitions given by Riemann-
Liouville and Caputo are widely used. Caputo
derivative with integer order are frequently used in
many researches and has understandable features of
physical concepts. We adopt Caputo derivative
concepts in this paper.

Definition 1: [12] The fractional integral of order
€ > 0 for a function y(t) is defined as function y :
(0, ) — R is given by
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1 t
5,0 = | (E=5)""y(s)ds
€ to
where t, <t and the right hand side is point-wise
defined on (0, o), I'(.) is a gamma function
defined as

I'(s) = f ts et dt
0

Definition 2: [12] The order € > 0 of Caputo’s
fractional derivative for a function y(t) €
C™([t, ], R) is defined by
dy® 1 d"rt oy

dtte  T(n—g)dt" ), (t—T)=n+l
for n—1<e<n. Furthermore, the fractional
integral of order € > 0 of a function y:
(0, ©) = R is given by

dy(t) 1 drf y@
e T(1- s)dtja t—1)e "

where the right hand side is point-wise defined on
(0, o).
Hypothesis (H,): The transfer function f;, g;(i, j =
1, 2..nsatisfies Lipschitz condition, i.e., there
exists positive constants F; G; such that
1) — IS Fjlx—yl, [gi(x) —gI=< Gjlx —
y|, for all X,y € R.

dt

. MATHEMATICAL MODEL

Along with the above definitions, method
of new modelling provide us the importance of
fractional differential equations in the interaction of
biological multiple species in ecological system.
Predator-prey models are more significant system
in the multi species population interactions and
these interactions through integer order models
have been studied by many authors [5].

The mathematical model mentioned below
seems to the issue of bifurcation for the predator
ratio-dependent predator-prey model with Holling
type Il functional response with two time delays
and stage structure [15]. The system in [15] has
restructured by the time delay applied in the density
of mature predator at time t mentioned in [10, 11]

is given as
dx _ a1y;(t—1)
P x(t) (r —ax(t) — 1+—mx(t))
2 2Oy ) - By, ()
d
A) L= By (O~
1oy, ()

Table 1: The particulars of significant variables and parameters of system (A)

Variables (Parameter) Descriptions
x(t) Densities of the prey with respect to time t
y1 () Densities of the immature with respect to time t
y2(t) Densities of the mature predator with respect to time t
r The intrinsic growth rate of the prey
1 Death rate of the immature predator
I, Death rate of the mature predator
a The intraspecific constant of the prey
a, Capturing rate
az Conversion rate of mature predator
a
m Half-capturing saturation constant
B Rate of proportional to the density of the immature predator
T The time delay that gestation of mature adult predators

According to the system (A), we investigate a
fractional order prey-predator interaction along
with time delay tis described by

D1 = X(t) (I' - aX(t) - %)

D2y = 22X0z(=D) ryy(t) — By(t)

1+mx(t)
(B)

D93x = By(t) — ryz(t)

where the variables and parameters in (B) are
defined in Table 1.

With the initial conditions x (0), y(0) > 0
and z(t) = p(t), the smooth function is considered
asp € [—t, 0]. If the orders are selected as q; =
gz = qz = 1, then the system (B) is designated as
an integer order system.
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In fact, the system (B) has a unique positive
equilibrium point E* = (x*, y*, z*) provided that
o = r2(B+r17)
aB—mry(B+ry)
«_ D2
=—z
7B
S = a,B[a,rp —ry(a+ mr)(B +ry)]
ar[azB — mry (B +ry)]?

On the basis of model (B), we propose the hybrid
control to control the onset of the Hopf bifurcation
in the following fractional order.

D1x = x(t) (r -

axt—alz(t—t)1+mx(t)

200
Dizx = === =y (1) — By ()
©)
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D¥x = (1 - a)[By(D) —
r2zt+oazt—t—2zx*
where «a is the negative feedback gain.
In this study, our aim is to describe the
conditions of Hopf bifurcation for system (C) by

V. MAIN RESULTS
4.1 Stability and bifurcation analysis
controlled system

In this section, we proceed with stability
and bifurcation theory of fractional order shall be
investigate with the system (C) with proposed
control. At first, we consider the proposed system
is derived for the fractional incommensurate
order (q;,4z,93) € (0,1).
The characteristic equation of the system (C) at
equilibrium state at (q1,92,q3) € (0,1) is

of

aqz ajxzm

q1 — —
A1 —r + 2ax + R y— 0
_ a2z a2
(1+mx)2 A% + ! + B
0 —B(1—-a)

0 1)

Then the characteristic polynomial is simplified as
Aditaztas 4 A Aditdz 4 A 292%A3 4 A Q41143 4
A N91H2e™NT 4 AQAT 4 A Q92 + ASQ93 +
A8Aqle—At+A9Aq3e—At+A10Ag3e—At+A11=0

(2)
where Ai=r1r,(1-o) ; Ay=-r+2ax+
a1z ajxzm | _ i .
(1+mx) B (14+mx)2 "’ Ay =11 + B’ Ay = —a;
As =1+ B -a) ; Ag=r,(1-)(-r+
_aiz ajxzm
Zax+ o (1+mx) - (1+mx)2)
ajxzm
A7 = (rp +B)(—r + 2ax + (1+mx) ~ Grmo?)
B
Ag = —a(r +p) - (1 )%),
_ _aixzm
Ay = —a(-r+ 2ax + (1+m ) (me)z),
azxf
A= —a(r; +B) —(1— )uj;X))( r+ 2ax +
ajz_ ajxzm ) ajazpxz(1-a),
(1+mx) (14+mx)?2 (14mx)3 '’
Ay = (1= ry(ry +B)

The bifurcation point and critical frequency of the
system (C) has been calculated by substitute A =
iw in equation (2) where w is the critical
frequency,i = cos§+isingand proceed the steps
to separate the real and imaginary parts of the
observations then we can obtain the following
results
1+ ¢pcoswt + Psinwt = 0
(©)

N + Ycoswt — Ppsinwt = 0
Solve the linear equations (3) and getting the
bifurcation points of both the trigonometric
functions with respect to the critical value w,

WwWw.ijera.com

choosing time delay as a bifurcation parameter
based on the approach of stability analysis [17], the
collision of feedback gain on bifurcation in given
domain is released.

. ne—py
SINWyTy = ¢2+¢2
—(pu+ny)
COSWy T, = W
(4)

The bifurcation points are
== ( n-te llll’)+2n11) n=012..
¢2 LlJZ ) ) )

-1 1~ (@u+ny _
=L (cos'¢ D+ 2nm), n=0,12..
(5)

\ﬁh’&e—the functidns are defined as follows:
(Ch +q; +g3z)m

T

WﬁerI+q2+q3C
A%3 + 1, ((11+—m;)) —ae™ | + A, w91*92¢c0s (@1 + g2)m
+ A,w92* 8 cos (22 + a9)m
+ Az;w91*93cos (@ +a5)m +2q3)11

T
+ Aqulcos%

s
+ A6(1)q2COSq%

q3T
+ +A;0% cosT +A

0 = @itz Hasgin (91 + 92 +g3)m

+ T
+ A; w91t92gin @ +a)m

+ A2<Jo‘“+q3sin—(q2 * a5
+ A3oo‘“+q3sin—(ql +2q3)1'[
+ Asmqlsin%
+ Aequsin%

T
+ +A7u>q3sinq%

(91 + q)m qim
2

¢ = A,wi1M92¢os + AgquCOST

qpT
+ Ag(l)qZCOST +A

(a1 ‘2‘]2)“ + qim

Y = A,wi11925in AgwaslnT

+ Agqusin%
Squaring and adding (4), we assured that the
trigonometric identity cos?wty + sin?wty = 1 of
LHS has at least one positive real root. Substitute
wn, ¢ and Y in the RHS of our observations, we
can find the critical value by using the following
parameterised equation
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@?f@+taztazl 4 Q, 20@2+220+8: 4 Q2 +92+28z 4 Q_gpT+202+28z 4 Q, (pTa+Tq2+8z 4 4 pTata2+Iaz
QgoaQatdatds 4 () gp9rtdztds 4 Qg ep@r+a2) 4 Qg a?l82+a=) 4 Q, @@+ a:) 4 Q,, eF9:+92 4 Q, T +302 4
Q”miqwq; + Qs opdi+2as +“Q15m5qz+q= + Qw429 4 410, w3t + Qo wditds 4+ Q, w4
Qzp@®t + Qzy @82 + Qopw™2 + Qpzoft + Qo™ + Qrsw®= =0

where

Q. = 24, c05 (E7); Q; = 24; cos (%¥) : Q; = 24, cos (%7) :

Q. = 2(A, cos (L‘ qu]“} + AL A cos (7':'1‘_;3]“): Qs = 2(A- cos (7@‘2‘111“) + Az A cos (7('1‘_;23“}};

Qs = 2(Ascos (wr) + A A, cos (w)}

Q- = 2(A,A- cos ((m +02— q;]ﬂt} + AL A cOS (l:llg'l-llz qu'rr}+A A, cos ((q1+qg q:]'rr)

Qg = AT — AL QQ_AE; Quo =A% :

Qu: = 2(A; A cos (LT) — A A, cos(2T));

Qi = 2(A, A, cos (%} — A A cos (%}); Quz =2 (Azﬁs (cos (@} *+sin ((qtzqﬂ“}});
Q. = 2A A cos (q;’f}; Qus = 2AzA5c0s (%} Qus = 2434, cos (%}

Qa- = 2(A,A,, coS ((EIH';:]‘]T} — A, A, oS ((q1+;1=]‘1'f
Qg = 2(A- A cOS ((ql—:qgjfr} — A.A,, cos (I:qd—:qgjﬂr}};
Quo = 2(AzA,; cos ([949IT) 4 4 4 cos ({22=92TYy,

}_ Ag A, oS ((Q1—;1=]‘1T}};

Qo = AL —A%; Q. =A% —AL:

Qzz: = A3 . Qo = 2454005 (q;“} : Qzy = 24, A cos (%)

Qas = 2(AgA; cos ('1;11'} — Ag A, pcos (q;’f}}; Qze = A3,

Define the bifurcation point
™ = min(‘tl(“),‘tz(n)), n=0,1,2,..

(@)
From (2), it is defined as
p1=A1+A2+A3+A4_ ’ P2=A5+A6+A7+
A8+A9 + AlO and P3 = All
To establish the stability of system (A) whent = 0
we address the following assumption: Hypothesis
(Hz): Pl > 0, PIPZ > P3, P3 > 0.

Lemma 1: When t = 0, the positive equilibrium
point (x*, y*, z*) of the fractional order system
with (A) is asymptotically stable if (H,) holds.
Proof: When time delay dissolves then the
characteristic equation (2) becomes

Ad1taz+as 4 P, (}\‘M‘HJZ + Ad2ta3 4 }\Q1+Q3) +
P,(A91 + 292 +A93)4+P; =0 (8)
According to the hypothesis (H,), it is easy to
verify from Routh — Hurwitz criterion that the two
characteristic roots of equation (8) have negative
real parts. Hence, the positive equilibrium point
(x*, y*, z*) of the fractional system (C)
asymptotically stable when t = 0.

Remark 1:
o = pdrtaztl (A4 cos (—(qlJrqu_l)TI - T
By = wartaz+l (A4 sin (w -t
AgsinwrT

az = (qq + qz + q3)wW T2t COS(

(Q1+QZ+Q3—1)

_Ain

The conditions obtained in Lemma 1 are only
sufficient conditions, not necessarily one. It is
necessary to assure that all the roots of equation (8)
satisfy [argid)| > %= where i= 1, 2, 3 then the
Lemma 2 may hold.
We need the following additional assumption to get
the transversal condition of the existence for Hopf
bifurcation is useful and necessary:

. dA _ ap+ifg
HypOtheSIS (H3) Re(;)lt:ro_w:wo - ay B2

Lemma 2:

Let s(t) = p(1) +i06(t) be the roots of equation
(2) satisfying p(t;) =0, 6(t;) = wy , then the
transversality condition holds.

da
Re(g)lrrro,w:wo #0,

where Ty, w, are the bifurcation point and critical
frequency.

Proof: Differentiate (2) with respect to Aandtand
put the eigen value A = iw then we get

)\_’ _ a1+if1
T - ay+if2

9)
Where

0) + wi1*1Ag cos (@ - Wt )) +w92t1Aq cos (@ - u)‘ro)
0) + w91+ Ag sin (@ wT 0)) +w92t1A, sin (@ - u)to) +

T+ Ay(q; + qz) w1927 cos (qlﬂ;—z_l) ™+

AZ(QZ + q3)wq2+q3_lcos (w) + A3 (ql + q3)(DQ1+Q3—1COS (W) +

Aq(as + )92 (cos (AT

Asq w91 1cos (@) +A¢q, w927 cos (@) +A;q;w%3 1 cos (@

WwWw.ijera.com

— wTy) + Ay(qq + q2)TwI192(cos (
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(Q1+q22—1)ﬂ) — w1y +

n) +Agq; w7 (cos (@) -
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wTy) + AgTq; w91 (cos (%) — wTy) + Agq, w9271 (cos (—(ngl)n) — wTy) + Aptqy w92 (cos (%) -
WTy) —A1(TCOS WT

B, = (a1 +q; + qz)wi1ta2t3 L sin (—(q1+q22+q3_1) T+ A1(q; + qz)w?*927 sin (—q1+22_1) m+
A2(q2+93)wq2+q3—1sin(q2+q3—1)n2+A3(ql+g3)wql+q3—1sin(ql+q3—1)n2+A4(ql+q2)wql+q2
—1(sin(ql+q2—1)n2—wt0)+
A4(ql+9g2)twql+q2(sin(ql+q2—1)n2—wt0)+A5qlwql—1sin(ql—1)n2+A6q2wq2—1sin(q2—1)m2+A
7q3wq3—1sin(q3—1)n2+A8qlwql—1(sin(ql—1)n2—wt0)+A8tqlwql(sinqln2—wt0)+A9q2wq2—1(s

in(q2—1)m2—wt0)+A21q2wq2(sing2n2—wt0)+A10tsinwt0

dr ajoa+B1B
Then  Re(Dle=v, w=uy =~ 25,7 * 0-

Hence (H;) states the transversality condition holds.

As the above mentioned Lemma 1 and Lemma 2, the following theorem can be as concluded.

Theorem 1:

If(Hy) - (H3)holds for system (C), the following

results can be determined.

(1) The zero equilibrium point is asymptotically
stable for T € [0, Ty).

(2) The system (C) undergoes a Hopf bifurcation
at the origin when t = T, i.e., system (C) has
a branch of periodic solution bifurcating from
the zero equilibrium point near T = T,

Remark 2.

It needs to be underlined that the impact of
time delay as bifurcation point on the stability,
bifurcation phenomenon of proposed predator-prey
system (C) was discussed in [14]. It is clear that the
control scheme applied on bifurcation did not be
introduced in fractional order delayed system. In
this work, a hybrid controller is designed to be an
effective stabilizer of the commencement of
delayed fractional order predator-prey model with
different orders.

Remark 3.

It is well-known that a linear controller
was introduced to control the Hopf bifurcation and
improve the stability for the fractional
incommensurate order of delayed predator prey
system [5]. The usage of hybrid controller to
postpone the onset of Hopf bifurcation for
fractional order delayed regulatory network [7] and
it is the first time the hybrid controller applied to
control the Hopf bifurcation in efficient manner of
fractional delayed predator-prey system with
incommensurate order.

Remark 4.

Compare with the existing integer order in
the effect of bifurcation control, the proposed
fractional order delayed predator-prey system are
more preferable.
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V. NUMERICAL SIMULATION

In this section, we provide a numerical
example to examine the efficiency and optimization
of our theoretical results using Adama-Bashforth-
Moulton predictor corrector method followed by
the formulation stated in a predictor-corrector
scheme for solving nonlinear delay differential
equations of fractional order by the authors
S.Bhalekor and D.Varsha and select the step length
h = 0.01. The parameters represented to the
following predator-prey model (C) with different
order mentioned as q;,q; and qs5.

Diix = x(t (15 1ex(t) — 22D )
x=x() T T v 01x(
_3x(Dz(t-1) _ 1 _
Dozx = 2D _ dyy) —y(o)
(10)
DUx =

(1 - @) [y®) - Q20| + @zt — 1) - 27

At first, the positive equilibrium point for
the system (C) can be calculated as
(x*, y*, z*) = (0.0471, 0.3578, 2.8627). In integer
order system, we are selectedat q; =q, = q3 =
1, then the system (C) has been computed for the
interval o € [—0.8,0).We exhibit the impact of a
on t in system (10) which is exposed in Table
2.The origin of bifurcation can be postponed when
the feedback gain a increases is displayed in Table
2. At integer order delayed predator-prey system,
we suggest at a = —0.8 in Table 2, we obtain the
critical frequency w = 2.582 then the bifurcation
point T = 0.2821. As stated in Theorem 1, the
positive equilibrium point (x*, y* z*) s
asymptotically stable when t=0.23<1,=
0.2821 is shown in the Fig 1. The Hopf
bifurcation occurs when t = 0.3 >ty = 0.2821
replicated in Fig 2. at integer order system.
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Table 2: The proportion values between feedback gain a = [—0.8,0) and Bifurcation point .

Fractional Feedback gain Critical frequency (wg) Bifurcation point ()
order (o)
(41, 92, 93)
-0.70 2.7495 0.4604
(1.1,1) -0.80 2.5820 0.2821
4.5
4 H |
35 N
3 .
)
T 25 i
5
3 2 |
o
o
15 B
l .
05 B
O0 2‘0 4‘0 6‘0 8‘0 1(;0 1‘20 11‘10 léO léO 200
Time scale
457

Matured Predator Z

0 1 1 |
0 0.5 1 15

Immatured Predator Y
Fig 1: State and Phase diagrams represent the stability concept of Predator-Prey system in integer order system
when control o=-0.8 at T = 0.23 < 1y = 0.2821
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100 120 140 160 180 200
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0 1
0 0.5

1 15

Immatured Predator X

Fig 2: State and Phase diagrams represent the Hopf
when control a=-0.8

Bifurcation analysis in incommensurate order

In fractional delayed predator-prey
system, we select incommensurate order such as
q; =092, g, =09 and q; = 1. As framed like
integer order system, we set the feedback gain o €
[—0.8,0). In Table 3 we exhibit the proportions of
the impact of o on T in system (10). Onset of
bifurcation should be postponed when the feedback
gain a increases is displayed in Table 3. In Table
3,it shows ata = —0.8, we obtain the bifurcation

Bifurcation of Predator-Prey system in integer order system
att = 0.295 > 15 = 0.2821

point T, = 0.4326 corresponding to the critical
value w = 1.5679. By Theorem 1, the positive
equilibrium point (x*, y*, z*) is asymptotically
stable whent = 0.395 < 1y = 0.4326 is shown in
the Fig 3. The Hopf bifurcation occurs when
T=0.44 > 15 = 0.4326 replicated in Fig 4. At
last Fig 5 and 6 represents the uncontrollable
Predator-Prey system with integer and fractional
order.

Table 3: The proportion values between feedback gain « = [—0.8, 0) and Bifurcation point t.

Fractional Feedback gain (o) | Critical frequency (w) Bifurcation point (1)
order
(91,92,93)
-0.70 1.5004 0.2871
(0.92,0.93,1) 0.80 14723 0.4326
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Fig 3: State and Phase diagrams represent the Stability analysis of controlled Predator-Prey system in Fractional
order system (0.92, 0.93, 1) when a=-0.8 at t = 0.395 < 1, = 0.4326
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Fig 4: State Phase diagrams represent the Hopf Bifurcation of Predator-Prey system in Fractional order system
(0.92,0.93, 1) when .= -0.8 at T = 0.44 > 15 = 0.4321
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Fig 5: State diagram represent the Hopf Bifurcation of uncontrolled Predator-Prey system in integer order when
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Fig 6: State diagram represent the Hopf Bifurcation of uncontrolled Predator-Prey system in Fractional order
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VI. CONCLUSION

We have developed a theoretical
framework that includes accurate description of the
dynamical contribution of multi-species interaction.
In fractional order delayed predator-prey system,
the Hopf bifurcation has been controlled applied by
active hybrid control. The conditions for
emergence of Hopf bifurcation have been derived
with the help of hybrid controller that control
bifurcation of uncontrolled system efficiently. The
stability concepts of predator-prey system with
active control in a delayed fractional order for both
commensurate and incommensurate order are
examined. It has established that feedback gain has
significant influence on dynamical behaviours. The
obtained constraints are crispy, accuracy and easy
to be validated simultaneously. Finally, some
numerical examples have been addressed to
validate the efficiency of our obtained theoretical
results.
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