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ABSTRACT:

Thecontinuousanddiscrete
timeLinearQuadraticRegulator(LQR)theoryhasbeenusedinthispaperforthedesignofoptimalanaloganddiscreteP 1D
controllersrespectively. The PID controller gains are formulated as the optimal state-feedback
gains,corresponding to the standard quadratic cost function involving the state variables and thecontroller effort.
A real coded Genetic Algorithm (GA) has been used next to optimallyfind out the weighting matrices,
associated with the respective optimal state-
feedbackregulatordesignwhileminimizinganothertimedomainintegralperformanceindex,comprisingofa weighted
sum of Integral of Time multiplied Squared Error (ITSE) andthe controller effort. The proposed methodology is
extended for a new kind of fractionalorder (FO) integral performance indices. The impact of fractional order (as
any arbitraryreal order) cost function on the LQR tuned PID control loops is highlighted in the presentwork,
alongwiththeachievable cost ofcontrol. Guidelines forthe choice
ofintegralorderoftheperformanceindexaregivendependingonthecharacteristicsoftheprocess,tobecontrolled.

Keywords: fractional calculus; integral performance index; Linear Quadratic Regulator(LQR); optimalcontrol,

PIDcontrollertuning

l. INTRODUCTION

Classical optimal control theory has
evolved over decades to formulate the
wellknownLinearQuadraticRegulatorswhichminimi
zestheexcursioninstatetrajectoriesofasystemwhilere
quiringminimumcontrollereffort[1]. Thistypicalbeha
viourofLQRhas motivated control designers to use
it for the tuning of PID controllers [2]-[3].
PIDcontrollersaremostcommoninprocessindustriesd
uetoitssimplicity,easeofimplementationandrobustne
ss.UsingtheLyapunov’smethod,theoptimalquadratic
regulatordesignproblemreducestotheAlgebraicRicc
atiEquation(ARE)whichissolved to calculate the
state feedback gains for a chosen set of weighting
matrices.
Theseweightingmatricesregulatethepenaltiesonthed
eviationinthetrajectoriesofthestate
variables( X )andcontrolsignal( u
).Indeed,withanarbitrarychoiceofweightingmatrices
,theclassicalstate-
feedbackoptimalregulatorsseldomshowgoodset-
pointtrackingperformanceduetotheabsenceofintegra
ItermunlikethePIDcontrollers. Thus,combiningthetu
ningphilosophyofPIDcontrollerswiththeconceptofL
QRallows the designer to enjoy both optimal set-
point tracking and optimal cost of controlwithin the
samedesignframework.
Optimal control theory has been extended to tune
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PID controllers in few
recentliteratures.InChoiandChung[4],aninverseopti
malPIDcontrollerisdesignedconsideringtheerrorand
itsintegro-
differentialasthestatevariables,similartotheapproach
, presented in this paper. In Arrudaet al. [5], a
custom cost function has
beenminimizedwithG Atodesignmulti-
loopPIDcontrollersastheweightedsumofI TSEand
variance of the manipulated variable and controlled
variable. PID  controller  tuningwithstate-
spaceapproachusingtheerroranditsfirstandsecondor
derderivativehasbeen investigated in [6]-[7]. The
method proposed LQR-PID of He et al. [2]-[3] has
beenextendedforfirstandsecondordersystemswithze
rosintheprocessmodelinGhartemanietal.[8].Ochiand
Kondo[9]haveshownthattheintegraltypeoptimalserv
o for second order system can be reduced to a LQR
problem and an optimal I-
PDcontrollercanbedesignedwiththistechnique.Sever
alclassicaloptimalandrobustcontrol approaches of
PID controller can be cast into a Linear Matrix
Inequality (LMI)problem as in Geet al. [10] which
consider the controlled variable, its rate and
integral oferror as the statevariables.
Geneticalgorithmandotherstochasticglobaloptimizat
iontechniqueshavealso
beenemployedforvariousoptimalcontrolproblems.W
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angetal.[11]usedGAtooptimallyfindouttheweightin
gmatricesofLQRi.e.QandRwithaspecifiedstructure.
The concept of GA based optimum selection of
weighting matrices has been extended forLQR as
well as pole placement problems in Poodehet al.
[12]. GA based optimal timedomain [13] and
frequency domain loop-shaping [14] based PID
tuning problems are
alsopopularinthecontemporaryresearchcommunity.
ThemixedH,/HoptimalPIDcontroller tuning of
Chen et al. [14] has been improved with GA as a
single objectivedisturbance rejection PID controller
in Krohling and Rey [15] and as multi-
objectiveloop-shaping based design in Lin et al.
[16]. A wide class of standard optimal
controlproblemshasbeensolvedusingevolutionaryan
dswarmintelligencebasedglobaloptimizationtechniq
uesinGhoshetal.[17],[18].

Fractional order systems and controllers are
becoming increasingly popular in theautomation
and process control community. A state of the art
survey on the design andapplication of fractional
order system and controllers can be found in [19].
For optimumset-
pointtrackingcontrolofPID/FOPIDcontrollers,timed
omainperformanceindexoptimizationbasedtuningte
chniquesaremorepopularandhavebeenappliedinCao
etal. [20], Das et al. [21] and Pan et al. [22], [23].
The impact of choosing the
weightingmatricesofLQRarediscussedbySaif[24]in
adetailedmanner. Thepresentmethodology  selects
the weighting matrices for the quadratic regulator
design similar tothat in [11], [12], using Genetic
Algorithm while minimizing a suitable time
domainperformanceindex. Thenanewarbitrary(fracti
onal)orderintegralperformanceindexhas been used
as the objective function of GA, as suggested by
Romero et al. [25] forsignal processing
applications. The impact of these new FO integral
indices based
PIDdesignontheclosedloopcontrolperformanceaswe
llasthecorrespondingoptimalityofthequadraticregula
thethreeparametersofaPIDcontroller(i.e.
Kp.Kij,Kg)islostthathasbeenaddressedin
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torsarealsohighlightedinthepresentwork.AnanalogP
IDcontroller and its discretized form a digital PID
both have been tuned with the
proposedoptimumweightselectionbasedcorrespondi
ngcontinuousanddiscretetimeLQRtechniques ~ for
second order systems with very low and high
damping as two illustrativeexamples.
Therestofthepaperisorganizedasfollows.Section2dis
cussesaboutthetheoretical framework for LQR
based optimal analog and digital PID controller
design.Section 3 proposes the GA based optimum
weight selection methodology for LQR tuningof
PID controllers. Section 4 validates the proposed
argument with two classes of
secondordersystemsastwoillustrativeexamples. Thep
aperendswiththeconclusionassection5,followed
bythereferences.

1. FormulationofLQRBasedOptimalPIDC
ontrollerforSecondOrderSystems
TuningofPIDControllersasContinuousTimeL.ine
arQuadraticRegulators

He et al. [2]-[3] has given a formulation for tuning
over-damped or critically-damped second order
systems having two real open loop process poles.
The concept hasbeen extended in this sub-section
for lightly damped processes as well. Also, in [2], it
hasbeen suggested that one of the real poles needs
to be cancelled out by placing one of
thecontrollerzerosatthesamepositiononthenegativer
ealaxisofcomplexs-

plane. Thusthesecondorderplanttobecontrolledwitha
PIDcontrollercanbereducedtoafirstorder
processtobe controlledbya Plcontroller. Indeed,
thisapproach of He et al.
[2]doesnotholdforlightlydampedprocesseshavingos
cillatoryopenloopdynamicsassuch reduction in not
possible in this case. With the approach of optimal
PID tuning
forsecondorderprocessesin[2],alsotheprovisionofsi
multaneouslyandoptimallyfinding
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this paper. Thepresent approach assumes the
error,its rate andintegral as thestatevariables and

| .\II!)

designs the optimal state-feedback controller gains
as the PID controllerparameters(Fig. 1).
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Fig.1.LQRFormulationofPIDcontrollerforsecondorderprocesses.

InFig.1,aP1Dcontrollerinparallelform(withproportio
nal,integralandderivativegainsasK p,Kj,Kq)hasbeen

consideredtocontrolasecondordersystemwith

knownopenloopdampingratioandnaturalfrequencyi.
e.
X[ e(t)dt,
X[ e(t),
de(t
o de®
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Inthecaseoffeedbackdesign,theexternalset-
pointdoesnotaffectthecontroller

designi.e.r(t)J

0.In(2),therelationy(t) 0 [ e(t)isvalidforstandardregu
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Using(1),equation(4)canbere-writtenas:

ol - ol ol 2
X1205° 07 x0g 50 X0 Ku,

(5)
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O OI, O OIrespectively. Ifthe

n
feedbackcontrolsystemisexcitedwithanexternalinpu
tr(t)togetacontrolsignalu(t)
andoutputy(t),thenletusdefinethestatevariablesas:

M)

FromtheblockdiagrampresentedinFig.1,itisclearthat
. [ E(s)

U(s)
@)

latorproblem
asinHeetal.[2],whentheformulationisdependentonth
esetpoint. Thus,equation(2)turns out tobe

©)

(4)
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Using(1)and(5)thestatespaceformulationbecomes:

1 1
0 0
me 0 1 0 X1 10
0 0
0 0 0 0 0
0
0
o L0 0 1
0
p*2pH g0
(6)
0
mp'al
oI2
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030
\H‘O
O00p0
DZ[Dn;uD
30 0 0

Comparing(6)withthestandardstate-
spacerepresentationi.e.

Xt) TAX(t) TBu(t)
wegetthesystemmatricesas:

(7)
o1 0 . 0]
0 O
0
0 O
A0 0 1 , B0
(8)
0
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D*DOLZ
0
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n2P'o O
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Inordertohaveal QRformulationwiththesystem(7),th
efollowingquadraticcostfunction(J)isminimized
0
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J0 - xXT(H)Qx() DuT(t) Ru(t) [ dt
0
9)

Ithasbeenshownin[26]thatminimizationofcostfuncti
on(9)givesthestatefeedbackcontrol law as:

u(t) 0 R 'BTPx(t)) [ Fx(t)
(10)

where,Pisthesymmetricpositivedefinitesolutionofth
eContinuousAlgebraicRiccatiEquation(CARE)
givenby(11)

AP PALIPBR'B'PLI QU0

(11

Here,theweightingmatrixQ
issymmetricpositivesemi-definiteandtheweighting
factorR is a positive number. It is a common
practice in optimal control
todesignregulatorswithvaryingQ,whilekeepingRfix
ed[24]andgenerallytheyare
designedwithuserspecifiedclosedloopperformances
pecifications[2].Here,Solution

oftheCARE(11)thePmatrixisgenerallysymmetrican
dweightingmatrixQischosentobeadiagonalonewhos
eelementsneedstobesetbythedesigner:

O P]_]_

P12
P NQ:
0 0

PO P P P, Q10 Q 0"

(12)

120 22 23, 2 0

P
P23
P33
00
QR

To impose high penalty on a specific state variables
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the elements of the matrix Q can bechosen

intuitively. Also, weighting factor R regulates the
penalty on the control signal
topreventactuatorsaturation. Inmostcases,theseweig
htsQ,Rarechosenwithdesigner’s

expertisefromtheunderstandingoftheprocessstates. T
heformulationcanbeeasilymade as optimal with the
use of some global optimization algorithm which

will search
fortheweightingmatrices. Theseoptimizedweightswi
[lproducetheoptimalregulatorwhich ~ will | also

produce an optimal time domain| perfor|mance
which is the main focus ofthis paper.

If it is now considered that the unique solution of
the CARE (11) be P, the statefeedback gain matrix
becomes (13), corresponding to the optimal control
signal
involvingthestatesasthelooperroranditsintegro-
differentials(1).

P11 P12 P130)

FOR'B"™POR''HO 0

KPP p-

12 22 23

OORKOP P P
PR3 PR3 REH B
(13)

K Kp Kd

Using(10),thecorrespondingexpressionforthestatefe
edbackcontrolsignalcanbederivedasthe
outputofPIDcontroller:

CozoUK
Kij
T
+ Kd
N0z
(15)
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u(t)J O Fx(t)

0 00 DK

- Kp

a0

TR X))

hxa(t)

(14)

0K e(t)dtd Ke() D K
de(t)

ir p d

dt
Theaboveformulationclearlyshowsthatwithjudiciou
schoiceofweightingmatrices 1Q,R DaPIDcontroller
caneasilybetunedwhichpreservestheachievable
performanceofanLQRi.e.minimumdeviationinthest
atetrajectorieswithminimum

controllereffort. The GAbased choiceofnext section.
Q,Randitsadvantagesarediscussedinthe

DiscreteTimeQuadraticRegulator TheoryApplie
dtoOptimalDigitalPIDController Design

It is well known that discrete time realization of
PID controllers are now morepreferred than their
continuous time counterpart [13], [27] since the
gains of a digital
PIDcontrollercanbechanged,switchedorscheduledo
nlinesoastocontrolcomplicatedtime

varying processes over the fixed gain, lossy analog
realization. In discrete time, the PIDcontroller
structure takes the following form and its
performance is heavily dependent onthesampling
time (Ts).
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Here, thediscretetimepolesandzerosofthecontroller(1
5)arerelatedwiththecontinuous time poles and zeros
by the following relation commonly known as
bilineartransformation:

o 2010 7'

z @ sl 00
(16)

Tol0 21

S
Now, in order to do design a discrete PID

controller controlling the same secondorder plant,
the augmented system matrices (8) needs to be
discretized with the specifiedsampling-time ( Tg).

Also, the digital PID controller should be delsigned
with the discreteversion of the optimal regulator
theory to achieve optimal performance with respect
to
aquadraticcostfunction.Infact,thecontinuoustimeLQ
RbasedanalogPIDmaynotremain  optimal  upon
discretization with arbitrary sampling time. For this
reason it is anecessity to design optimal discrete
PID controllerwith discrete version of the
LQRtechnique.
Thebasicsofdiscretetimeoptimalquadraticregulatori
sintroducedhere[27].For the continuous time
augmented system (8), the task is to design an
optimal
discretetimestatefeedbackcontrollerthatminimizesth
einfinitehorizonquadraticoptimalcost

0

Sy §XT] ko QxokoDuTokoRuo ko S
kOO
17

Minimizationof thequadraticcost givenin(17)leads
tothesolution oftheDiscrete
AlgebraicRiccatiEquation(DARE)givenby(18)

P Q[GTPG:GTPHjRDHTPHj‘ ‘lHTPG

(18)

In(18),Q,Rarethepositivesemi-
definiteweightingmatricesandPisthe
positivedefinitesolutionofthediscretetimeAlgebraic
Riccatiequation. Thediscretizedsystemmatricescanb
eobtainedfrom(8)usingthespecifiedsamplingtimeTg

as:

Gle”™s [
T

(19)

HifoedD?BD:e 0 LAB
SAD ATs 01 U

Matrix P in(18)producestheoptimaldiscretetime
state-feedback gainmatrix F
whichminimizesthediscretetimequadraticcostfuncti
on(17)usingthefollowingrelation,similartothecontin
uoustimetreatments(13):

FOp R:HTPH*DlHTPG
Thustheoptimaldiscretetimecontrollawisgivenby:
up ko O Fxikn

(20)

T ﬂl T
OOJROH'PHD  H'PGxOKOD
(21

Root locus with variation in sampling time (T=0.1 to T=1)
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Fig.2.Rootlocusofthediscretizedopenloopsystemwithincreasingsamplingtime.

www.ijera.com

DOI: 10.9790/9622-080803103123

108 |Page




Satya Prakash Das Int. Journal of Engineering Research and Application www.ijera.com
ISSN : 2248-9622, Vol. 8, Issue 8, ( Part —I11) August 2018, pp.103-123

Closed loop pole positions with variation in sampling time (T=0.1 tc T=1)

Imaginary Axis
: [=3

Real Axis

Fig.3.Shiftingofclosedlooppolelocationswithincreasingsamplingtime.

TodemonstratethenecessityofdiscreteL QRbaseddesi
gnofoptimaldiscretePIDcontroller,acontinuoustimes
econdordersystemofthestructure(2)hasbeenconsider
edwithspecifiedgain,dampingandfrequencyasK [ 1, n

1900.2,79 1 Forthe
continuoustimeregulatordesign
withCARE(11)theweightingmatriceshavebeen
it 0 00

consideredasQ [ D0 1 0 ,ROI.
Next,the control |system with the

resulting

(H0 0 10

continuous time PID controller (13) is discretized
with sampling time Ts00(10.1,1(]. Theopen loop
root locus and closed loop pole locations are shown
in Fig. 2 and Fig. 3respectively. It is clear that the
dominant complex poles and PID controller zeros
shifttowardshighfrequenciesthusloosingitsdominant
dynamicbehavior.Thus,foraspecific sampling time
Ts , the optimal controller needs to be derived
using the
discreteversionoftheLQRformulationi.e. DAREgive
nby(18).

2. LQRBasedPIDControllerDesignwithOp
timumSelectionofWeightingMatrices
EffectofWeightingMatricesontheControlSystem
Performance
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Fig.4.EffectofweightingmatricesQandRonthetimeresponse.

Fig.4showsthevariationintimedomainperformancesfortheexample,discussed in the previous section
with variation in the weighting matrices Q, R . With
thevariationinelementsofmatrixQ,theovershootslightlyincreaseswithgradualfallinrise
time. Forhigh value of R, the timeresponse becomes sluggish. Similar observationscould have been found from
control signal point of view. Therefore, a Genetic
AlgorithmbasedapproachhasbeenadoptedinthispaperforoptimumchoiceofweightingmatricesQ,R.

Optimum Selection of Weighting Matrices Using Genetic Algorithm MinimizingTime
DomainlntegralPerformancelndex
Itiswellknown[26],theaboveLQRbasedPIDcontrolleristhemostoptimalforaspecificchoiceoftheweightingmatrices
Q,R.Indeed,thetimedomainperformanceis

heavily affected for any arbitrary choice of the weighting matrices (Fig. 4) although
theoptimalityintermsofthetrade-offbetweenexcursionofthestatestrajectoriesandcontroller effort is preserved by
the LOR itself. Therefore, it is logical to choose
theweightingmatricesinanoptimumfashionwithrespecttoanothertimedomainperformance  index as  these
weighting matrices determine the state feedback gains (PIDcontroller gains in this case) while indirectly
monitoring the closed loop

performance. Thus,aGAbasedstochasticoptimizationisformedbyminimizingthecostfu nctiond (22)asaweightedsum
ofITSEandIntegralSquaredControllerOutput(ISCO)asin

[22]-[23]. Thistunestheelementsoftheweightingmatricesi.e. 1Q1,Q,,Q3,R [
producingtimedomainoptimalPID.

a

ofLQR

IO 0w tred(t) O wiu(t) dt
(22)
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Here,
wy,WoarethecorrespondingweightsofITSEandISCOa
ndareconsideredtobe

same, so as to put equal penalties on the loop error
index and control signal. The rationalefor using
both these parameters in the objective function is to
get a good time
domainresponseandatthesametimetolimitthecontroll
eroutputtoavoidactuatorsaturationand integral
wind-up. At a first glance this might seem as a
redundant repetition since
theLQRmethodologyalreadygivesoptimalvaluesoft
hecontrollergainswiththelowestcost. However, this
is actually obtained for a specified value of the
weighting
matrices.WhenQ,Rarevaried,foreachchoiceofweigh
tingmatricestheLQRwouldgivean
optimalgainwiththelowestpossiblecost,butthatdoesn
otnecessarilyimplyagoodtime domain performance.
Also, for an optimal choice of weighting matrices,
the
PIDtuningproblembecomesoptimalduetotheintrodu
ctionoftimedomainperformanceindex(22)aswellasth
econtinuous/discretetimeoptimalregulator(LQR)bas
edapproach(9)and(17)respectivelyinvolvingthestate
variables.

DetailsoftheGeneticAlgorithmforOptimalContro
llerDesign

Genetic  Algorithm is a stochastic
optimization algorithm  and has been
widelyemployed in the tuning of PID controllers,
subjected to the minimization of a certain
costfunction like in [13]-[16], [20]-[23]. Genetic
algorithm  has  certain  advantages  over
theclassicalgradientbasedoptimizationalgorithmssin
cetheyarestochasticinnatureandare less susceptible
to get trapped in the local minima within the search
space. Initially arandom population of genes
(which is essentially a vector comprising of the
decisionvariables)ischosenfromthesearchspace. The
yundergoreproduction,crossoverand

mutationtoyieldindividualswithbetterfitness(IowerJ~
valueinthiscase).Ascaling

function is converts the raw fitness scores in a form
that is suitable for the selectionfunction. Rank
fitness scaling is used which scales the raw scores
on the basis of
itspositioninthesortedscorelist. Thisremovestheeffec
tofthespreadoftherawscores. Theindividualswithhig
herfitnessvalueshavemoreprobabilityofcreatingtheir
copiesinthenextgeneration. Thisistermedasreproduct
ion. Twoparentindividualscando
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information interchange in a probabilistic fashion
to create a child in the next
generation.Thisprocessisknownascrossover.Inmutat
ionasmallpartoftheparentgeneisrandomly  changed
to yield a child. Another factor called the elite
count is used whichdictates the number of fittest
individuals that would definitely go to the next
generation.Thisisgenerallykeptsmallwithrespecttoth
eoverallpopulationsothatthedominanceoffitterindivi
dualsatthebeginningofthesimulationisreducedandpr
ematureconvergence is avoided. In this case, the
population size is considered to be 20 and
elitecount as 2.
Thecrossoverandmutationfractionsofthewholepopul
ationdeterminethenumber of individuals, other than
the elite, who evolve through crossover and the
numberwhich evolve through mutation
respectively. This can be pre-specified by the user.
Thechoice of these values depends on the type of
optimization. In the present simulation acrossover
fraction of 0.8 and a mutation fraction of 0.2 are
chosen which works well for awide variety of
problems [28]. A scattered crossover function is
used which creates
arandombinaryvectorandselectsthegeneswherethev
ectorhasavalueoflfromthefirst parent, and the genes
where the vector has a value of 0 from the second
parent, andcombines the genes to form the child.
For mutation the Gaussian function is used
whichaddsarandomnumbertoeachvectorentryofanin
dividual. Thisrandomnumberistaken from a
Gaussian distribution centered around zero. The
other parameters of GA
likepopulationsize,scalingfunction,selectionfunctio
n,elitecount,mutationfunction,crossoverfunction,wh
ichareusedinthesimulationstudies,arealsochoseninth
elinesof the previous argument. Also, a high
penalty is imposed when the choices of
controllergains give an unstable response. The
algorithm is terminated if the maximum number
ofiterations is reached or the change in the
objective  function is lower than a
specifiedtolerance level.
ThevariablesthatconstitutethesearchspaceforthePID
controllerare
[1Q1,Q2,Q3,R1.Theintervalsofthesearchspaceforthes
evariables are

1Q1, Q2 ,Q3, RII[10,100(]. The variables are
encoded as real wvalues in the algorithm.
Thealgorithmhasalsobeenrunseveraltimestoensuret
hatthetrueglobalminimaisfoundin the search space
and the best results having the lowest cost function
(along with
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thecorrespondingdecisionvariables)havebeenreport
edhere.

FractionalOrderintegralPerformancelndicesan
dTheirlmpactontheL QRBasedPIDDesign
Fractional calculus is a 300 year’s old subject and
has found wide application
inmanybranchesofengineeringandscience[29]-

[31]. Thefractionalorderintegralofany
arbitraryfunctionf(jtrjcanberepresentedbytheleftsid
edRferhann-Liouvilledefinition

as:
1 t 1

| fotoo foOpotDOp do,

tJo

(23)

Ot Lo

Opdo
Thetimevariable[ inequation(23)canbereplacedbya
scaletransformationg, [ 1(7,i.e.
[ O g100.Taking

1 : O
gnopo t°00t00n g

(24) ' I'(o+1)

gtoap
wehave,dgt ng

Hence,(23)canbewrittenintheform
t

(25)

I“fotoo

foOodg:
0oo
(26)

Keeping,tfixed, letusconsidera3Dcurveinthespace[ ]
[0 ,g,f1givenbythefollowing

expressionCy: (10 g1 00, fOO0 [

00 [0 [ t.Alongthecurve
Ciifa*“fence”isbuilt

perpendiculartotheplane( 17 ,gjofvaryingheight
foon
asinFig.3,thentheshadows

castonthewallsbythefencemaybeinterpretedasfollow
S.

Concept of R-L integration with its projection on different axes

shadow-Il

shadoie|

Fig.5.Geometricinterpretationoffractionalorderintegration.
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a) The area of theprojectionof thefence
ontheplane1 (1 ,f7is givenby
1 .
; ot o
foopdo
@7)
b) Theareaoftheprojectionofthefenceonthepla
ner1g,f1isgivenby
t
fotoOg
0
folndgoon
(28)
For(] [ 1,equation(24)reducesto
OO0 o
A
f(t)

andhenceboththeshadowsareequal.

Thustheintegerorderdefiniteintegrationisaspecialcas
eoftheleftsidedR-Lfractional

integration even from a geometric perspective.
When t is changing, the fence changes
inlengthandshape. Thecorrespondingchangesinthe
shadowonthewalls1g,fJ(asshown in Fig. 6) due to
the

change of the fence with time give a dynamical
geometricinterpretationofthefractionalintegralgiven
byequation(23)asafunctionofthevariablet.

tt &

Fig.6.Changingshadowonthewallastchanges.

Homogeneous time axis

Heterogeneous time axis

—t %

L
(|
01 2 3 4

- —

5

Fig.7.Theconceptofhomogeneousandheterogeneoustime.
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Thephysicalinterpretationof

i votoo

canbebbtainedbyintroducingthenotionofa Avooodo
. . 0 0

transformedtimescalewherethetimedoesnotflowho (29)

mogeneously.Considering (] as
thetime, thethirddimensiongy | | addedtothepair 1) .f whereastherealoractualdistancepassedisgivenby

[0 [ranbeconsideredas t

somekindofatransformedtimescale. Thustheconcept

oftwokindsoftimearisesasrepresented inFig7. I“vito o

a) © Themathematicaltime[] whichisassumedto ~vooodgnon

behomogeneousandequably 0

flowing. (30)

b) Thetransformedtimeg 1 Jwhosenotionca

nbeunderstoodfromthefollowing. Gutierrez et al. [30] and Podlubny [32] have given

Assumingaclockdisplaysthetime ] hcorrectlyandthe the

. ! eometric illustration
relationshipbetweenthe g

offractionalorderdifferentiationandintegrationinaluc

dtime . . . idmanner.Now,anewcostfunction is proposed here
measuredtimel] andtherealtimeT(i.e.thecorrectortra with the generalization of the order of integration

nsformedtime)isgivenbyTC g0 0. to be anyarbitrarynumber (11 )[25].
Hence,whenarealtimeintervalof
dT00 dg 0 elapses,thetimeintervalmeasuredusing A

J
dﬂ 0
thepotlonoiciqr,bematlcaltlmelsdD .Thusif 0 Wi £ @t
voud _ 0wt
isthemeasuredvelocityofabody, ]S
thenthewrongvalueofdistancecoveredisgivenbythei (31)
ntegral
t
: Change in the shape of integrand with variation of fractional order (A)
= ) R Ll bbb
08 | === TSE with A=t e - .
— = FO ITSE with A=075 /’
===FO [TSE with A=05 ,"
PEE | = FO ITSE with A=0.25 /,—-* 7
,I
07 - I —
I
4
!
s // - .
I A -
g ST T Y e
=05k / i e -
£ ! i T el
< OO A T -
naf [ /"\\ m
Time (sec)
Fig.8.Changingshapeofintegrand(errorindex)withvariationinFOofintegration.
This new concept of monitoring the order function perhaps in a
of cost function as an extra design toolhighlights newresolution. Itisthereforelogicaltogetsuperiorandi
the intricacies in the functional form of the cost nferiorcontrolperformancedependingontheorderofc
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ostfunction([J] )forhigherandlowerthanunity. InChapt
er50f[29],ithasbeenillustratedinadetailedmannerthat
fortheFOintegralslikethat

representedby(24), the integrand  changes
itsshapewith time unlike evaluationof thearea,
under a constant curve for integer order integrals.
The FO integral represents an
badlytunedPIDcontroIIersettinngD 2,K0 2Ky

1

coded GA based optimization process and the time
evolution of ITSE has been  shown
inFig.8.Fig.8alsoshowsthatthel TSEwhichisbasedon
afirstorderintegrationapproaches towards a steady
value monotonically as time increases whereas
with a loworder of fractional integration ( [ ) the
integration no longer remains  monotonic
functionwhichjustifiesthefactthattheintegrandin(31)
ischangingitsshapeovertime[29],
[32].Afewinterestingobservationscanbeinferredfro
mFig.8.Thet é(1t(curveis

always positive but has an oscillatory behavior and
it tends towards zero with increase intime. This
implies that the process settles down to a steady
state value after a
transitoryperiod.Nowfromourconceptofintegerorder
integration,whichinterpretsitsimplyasanareaunderac
urve,weknowthatitismonotonicallyincreasingifthear
eaispositiveasalsoshowninFig.8for 00
1.Butduetothecomplicatedcharacteristicsofthefracti
onal order integration, it can be seen that the
integrand curves are not monotonicallyincreasing
and shows some kind ﬁscillatory behavior which
Gf(s)s

1K Kk 0 N0 Dk

wherethepoles,zeros,andgainofthefiltercanbeevalua _
tedas:

ooo
OOp0

2N 1
000 o
O0p0

2N 1
Ko
(33)
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areaunderatransformedfunctionwhichisdependento
nthetimestepandfractionalorderwithchanging limits
[29].

Now,toshowtheflexibilityoffractionalorderintegrali
ntheerrorindexincontrollerdesignanoscillatorysyste

misconsideredwithK [ I,DOID 0.2,nDOID 1witha

(asaguesssolutioninthereal

is not possible with integerorder integrals. Also the
final value of the fractional order integrands vary
with time
andnoneofthemreachasteadystatevalueliketheintege
rorderintegral. Thustakingthefinal value of the
integral in a finite time horizon for the design of
the controller
orcomparingtwodesignsbasedonthepreceptoffinalva
luesmaynotbeappropriate.
Fornumericalsimulation,Riemann-
Liouvilledefinitioncannotbeapplieddirectly. Hence,
band limited realization of fractional order differ-

integrators needs to
beadopted.Inthepresentsimulationstudy,eachfractio
nalorderelementhasbeenrationalized with

Oustaloup’s recursive filter [33], given by the
following equation (32)-(22). If it be assumed that
the expected fitting range or frequency range of
controlleroperationis O, C'h0,thenthehigherorderf
ilterwhichapproximatestheFOelement

S canbewrittenas:

0 N s O

(32)

kONCAD o) koNf@ao )
2 2
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k bggL k buLu h

Obll [bO

In(32)and(34), ] istheminimappartoftheFOorderofth
ediffer-integrationand

2N [0 1gistheorderofthefilter.Presentstudyconside
rsaSthorderOustaloup’srationalapproximationfortheF
Oelementswithinthefrequencyrange  [1710" 210 ra
d/sec.

I1.  SIMULATIONSANDRESULTS
Toshowtheeffectivenessoftheproposedmethodology
aheavilyoscillatoryanda sluggish system has
functionor
Imin
ineachcasesofintegerorfractionalorderintegralislessf
based design than the DARE based one since the
tracking becomes slightly worse forconsideration
of the sampled data system which is much practical

been considered of the structure (2) with
parameters

KU1, 0

ol

110.2,57,01°

ngthetimedelay.GAbased
selectionofweightingmatricesyieldstheP1Dcontrolle
rgainsastheoptimalstate-feedback gains for the
continuous and discrete version of the LQR
formulation
hasbeenreportedinTablelandlirespectivelyalongwit
htheminimaoftheFOcostfunction(Jmin). Itisobserve

dfromtheTablesl-11thattheobtainedminimaofthecost

ortheCARE

from

[ 1respectively[34],excludi

and

implementationpointofview.Here,allsimulationshav
ebeenrunforafinitetimehorizonof100seconds.

Tablel:OptimumPIDControllerParameterswithCARE

Process FractionalOrderofPerformanc Jmin Kp Kj Ky
elndex(A)
0.5 14.163 1.366073 0.260574 1.776595
Oscillatory 1.0 96.855 2.291051 0.234846 3.793601
1.5 842.254 1.802627 0.246183 2.408207
0.5 16.366 1.641867 0.172061 0.168591
Sluggish 1.0 118.156 1.732432 0.16095 0.173052
15 999.961 1.892469 0.252889 0.198146
Tablell:OptimumPIDControllerParameterswithDARE
FractionalOrderof
Process Performancelndex(A) Jmin Kp K Ky
0.5 14.85861 0.098233 0.171755 0.198904
Oscillatory 1.0 103.9139 0.097949 0.170926 0.198634
15 940.4062 0.101853 0.175119 0.204367
05 16.65402 1.351018 0.16446 0.134639
Sluggish 1.0 120.8922 1.527714 0.14705 0.151819
15 1173.427 1.389176 0.150055 0.138047

Sincetheperformanceindexitselfisdifferentforthedesigns(duetochangeof
thefractionalorderA),hencenumericallycomparingthevaluesof
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JmininTablesland2

is not justified. Thus some other criteria must be
employed to determine which of theseperformance
indices actually gives a better design. This has been
done in the later part ofthis section by comparing
that,asthefractionalorderoftheintegrandincreases,the
numericalvalueof

increases. Thoughtheoriginalfunctionwithintheinteg
ral(t’] €t 1)mightbesame,

integrationofthefunctionwith] '1,wouldgivealowe
given by

[] [J lasshowninFig.8.For

by[107 1duetotheinherentnatureofthememoryeffectp
resentinthefractionalintegral

[29]-[32].

The time responses with the optimal PID
controllers to control the oscillatoryprocess have
been compared in Fig. 9 and the associated control
signals in Fig. 10. It isseen from Fig. 9 that the load
disturbance  rejection performance of the
continuous timeLQR based PID controllers are
better than their discrete versions since the
sensitivityreduction  issues have not been
considered in the optimization process. However,
the set-point tracking performances are satisfactory
for such a lightly damped open loop processwith
both types of controllers. Also, the discrete LQR
based PID controllers give low
andsmoothercontrolaction(Fig.10)comparedtotheco

the cost of control of the designed LQR controllers,
from
theobtainedRiccatisolutionsorPmatrices. Anotherob
servationfromtheTablesland2is

Imin
rfinalvalueof
Imin
thanthat

[] [ 1,thevalueswouldbehigherthanthatgiven

ntinuoustimeoptimalPIDcontrollers, Thisespeciallyi
mportanttomaketheactuatorjerkfree.

Similar observations can be made from
Fig. 11-12, showing the time response andcontrol
signals corresponding to the sluggish plant. It is
evident from Fig. 11 that
thediscreteLQRbasedPIDcontrollersgivedead-
beatset-
pointtrackingwhiletheloaddisturbanceperformances
arealsocomparablewiththecontinuoustimecounterpa
rtsunlikethatwiththeoscillatorysystem.Also,incorpo
ratingdigitalPIDcontrollerdesigned with discrete
LQR one can achieve small and smooth control
signals (Fig.
12)whichhelpstoreducesizeoftheactuatorandtheasso
ciatedcosts.

Time response of the LAR based PID controller handling the oscillatory process

Amplitude

——=Continuous LAR with A=0.5
Continuous LR with A=1

— = Continuous LOR with A=1.5
—=—=Discrete LQR with A=05
Discrete LAR with A=1

— —-Discrete LOR with A=15
I I

s i i
o

Bl
Time (sec)

a0 100 120

Fig.9.UnitSet-pointandloaddisturbanceresponsefortheoscillatoryplant.
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Control signals of the LAR based PID controller handling the oscillatory process

Amplitude

{| === Continuocus LQR with A=05
Continuous LQR with A=1 7
i| = = -Continuous LQR with A=15
)| ===Discrete LOR with A=05

: Discrete LQR with 4 =1

: : || = = -Discrete LQR with A=1.5
4IE| EIU BIEI WE‘IEI 120

Time (sec)

Fig.10.ControlsignalsoftheoptimalPIDcontrollersfortheoscillatoryplant.

Time response of the LAR based PID controller handling the sluggish process

[I=] S B

o
2]

Amplitude

0.4

——==Continuous LAR with 4=05
Continuous LAR with A=1
——-Continuous LOR with A=1.5 1
—==Discrete LOR with A=05
Discrete LAR with A=1
——-Discrete LQR with A=15

0 |
50 100 150
Time (sec)

Fig.11.UnitSet-pointandloaddisturbanceresponseforthesluggishplant.
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Control Signals of the LGR based PID controller handling the sluggish process

22 .

Amplitude

¢| = =~—Continuous LQR with A=05
: Continuous LQR with A=1  H
f| ==~ Continuous LOR with 4=1.5
o| ———Discrete LOR with A=05

Discrete LAR with A=1

1| =~ Discrete LOR with 4=15

08 L
i

Time {sec)

I
100

Fig.12.ControlsignalsoftheoptimalPIDcontrollersforthesluggishplant.

From the above figures it has been seen
the time responses and control signals
aresignificantly different for the continuous and
discrete time LQR based controllers but arealmost
same for variation with the order of fractional order
integral. The rationale ofincorporating the FO of
the time domain integral performance index as an
extra
designfreedomhasbeenillustratedhere.Since,thesolu
tionmethodologyistosearchforasetof weighting
matrices of LQR which produces good time
response in terms of low
errorindexandcontrollereffort,eachcontrollerstatefee
dbackgain(discretePIDparameters)in Table 1l is
associated with a unique set of weighting matrices
satisfying the discretealgebraic Riccati equation
(18). These GA based selection of weighting
matrices wouldproduce a unique Riccati solution
given be the matrix P which is also a measure of
theassociated cost of control for the LQR. The
DARE based Riccati solutions for controllingthe
lightly damped process has been reported in (34)-
(36) for wvarying level of FO of
costfunction([1 ),representingthesamecostfunctionin
differentresolutions.

138.3375 20.8896 34.8736]
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Poos

P10

Pois

[156.4828

[161.3195

(34)

(35)

(36)

30.7708 51.3929(]

33.6054 55.5945(]

20,8896
134.8736

~'30.7708
£151.3929

33,6054
/55,5945

17.4583 19.9732
19.9732 40.3691 4

25.9626 29.4921
29.4921 59.6989 [+

28.8308 32.3811
32.3811 64.8493(+

Also,RiccatisolutionsassociatedwiththeD AREbaseddiscretePIDcontrollergainshave been reportedin(37)-
(39)forvaryinglevelof] .

P e

247.25 1065.1 105.0964[]
1065.1 8733.6 863.2543

37)
1005

Pooto

Poois
0 0

1105.0964

[142.8740

[040.2110

(38)

(39)

863.2543 86.05391 7
172.0613 16.94870
170.5117 16.81890

1172.0613

17895 176.0818

11116.9487 176.0818 17.49461]

11705117 1578.077 155.6976
1168189 155.6976 154685/ -

Itisshownin[26]thattheinfinitetimeperformanceindex(17)canbecalculatedfromtheRiccatisolution(Pmatrix)usingth
einitialvaluesofthestatevariablesi.e.

g
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J
»OxXT(0)PX(0) 7 X"k Qx ok DU kORur ks

e

(40)

koo

ForaPIDcontrollerasinourcase, initialvaluesofthestat
evariables(i.e.error,itsrateandintegral)cannotbecalc
ulateddirectlytofindouttheoptimalcontrolcost
(23)since with astep-input excitation theinitialvalue
ofthe error rate will tend toinfinity and initial value
of integral error will tend to zero with the initial
value of errorsignal remaining one. To overcome
this problem the following methodology has
beenadopted. Here, eigen-values of the GA based
differential P matrices (with DARE)
areevaluated,correspondingtothegainsinTablell.For
theoscillatorysystemwith(] 7 0.2,

€igrP 1.0
€igrP (115
"Pios
SPot0

T
[1171.9362 2.9975 41.04577

T
0000.7795 0.904911.17107

(41)
Similarly,forthesluggishsystemwithJ 7 5,

eigiP 1105
eigriPr 1.0
“Prom10
P s

T
n0p6  88.17128.41

T
1100.0601 2.6516 213.41667

(42)

Clearly, the eigen-values in (41) and (42) are
positive which indicates that thedifferential
matrices in left hand side of (41) and (42) are
positive definite. Now, it is
wellknownthatforanytwoRiccatisolutionsP1,Powith
P10 B,consideringinitialvalueofthe
statevariablesasx(0),pre-
multiplicationwithx"(0)andpost-
multiplicationwithx(0)
yieldsthecomparisonoftheassociatedLQRcosts:

x"(0)Px(0)[ X (0)Px(0)
oJol

(43)

1 2 1 2

Here, the comparison of cost of control for LQR
based PID controller design

hasbeenadoptedfromotherfractionalorderapproache
sofguaranteeddominantpoleplacement [35]. From
(41)-(43) it is clear that while designing an
optimum discrete timeLQR based digital PID
controller to control an oscillatory system, the cost
of
controlincreasesforhighervaluesofthefractionalorde
rintegralperformanceindexwhereas,theconverseistru
efordiscretetimeLQR-
PIDcontrolofasluggishsystem.ltcanalso
beseenthatthefractionalorderisessentiallyanaddition
aldegreeoffreedominthedesignprocessandforbothth
ecasesthefractionalorderperformanceindexbasedapp
roachisbetterthantheintegerordercase.Fromequation
(41),wefindthatforthe
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costofcontrol

x"(0)P  x(0)[1 X(0)P
andfromequation(42),

x(0) X©O)P  x(0)

0ol1.s
0o1.0
100.5
wehave
x"(0)P  x(0)L1 X(0)P x(0)LI K (0)P
X(0).Thusitcanbeobservedthat
0ol1.s
1.0

00o0.5

inbothcasestheintegerordercaseliesinbetweenthefra
ctionalordercases.Forthe

sluggishprocesses,
015
givesthebestdesign(lowestcostofcontrol)andfor

oscillatory processes 10 0.5 , gives the best
design. Therefore, it is recommended to
setlowvaluesoftheFO( 1) forcontrollingoscillator

yprocessesandhighvaluesofFO(1 [ 1)forthecontrolo
fsluggishprocessesinthearbitraryordercostfunction(

31).

1. CONCLUSION

GA based optimum selection of weighting
matrices have been done for the designofa discrete
time LQR. Conventional PID controllerdesign has
been generalized as
aL QRproblemforthecontrolofsecondordersluggisha
ndoscillatorysystems.ThecostofcontrolfortheLQR-
PIDdesignhasbeenshowntobedependentontheproces
scharacteristics, also the damping and the fractional
order of the cost function. It is shownthat the effect
of inherent long memory behavior in the fractional
differ-integrals can giveinteresting results which
can be effectively harnessed to give better
controller designs.Recommendation for choice of
fractional order of cost function in LQR weight
selectionshowsthattheproblemcanbeappliedfortheco
ntrolofwidevarietyofindustrialprocesses. Future
scope of research can be directed towards extension
of the
proposedmethodologytoLinearQuadraticGaussian(
LQG)problemsconsideringnoisymeasurements
anddisturbances.
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