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ABSTRACT 
In this paper the terms, fuzzy regular subsemigroup,λ-cut, fuzzy left regular subsemigroup, fuzzy right regular 

subsemigroup, fuzzy Intraregularsubsemigroup, fuzzy completely regular subsemigroup, ideal generated by the 

ordered fuzzy pointaλ ,  fuzzy semisimple, fuzzy left simple semigroup, fuzzy right simple semigroup, fuzzy 

simple semigroup, fuzzy globally idempotent, maximal fuzzy ideal in a posemigroup are introduced. It is proved 

that, if fis fuzzy regular subsemigroup of S thenfis fuzzy idempotent. It is proved that, if f is fuzzy completely 

regular then f is regular, left regular and right regular. It is proved that, If aλ  is fuzzy regular then  aλ  is fuzzy 

semisimple. It is proved that, If an ordered fuzzy point aλ  of S is left (right) regular semigroup then aλ  is fuzzy 

semisimple. It is proved that, If aλ  is fuzzy intra regular semigroup then aλ  is fuzzy semisimple. It is also proved 

that,f Sa   and f aS  is fuzzy left and fuzzy right ideals of S respectively. S is a fuzzy left (right) simple 

posemigroup if and only if f Sa  = fS = S (f aS  = fS = S) ∀a ∈ S. It is proved that for any semigroup S the 

following are equivalent.a)S is a left(right) simple posemigroup b) S is a fuzzy left( right) simple semigroup. 

Finally we proved that if S is a posemigroup with unity e then the union of all proper fuzzy 

idealsofSistheuniquefuzzymaximalidealofS. 
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I. INTRODUCTION 

The algebraic theory of semigroups was 

studied by CLIFFORD [1,2], PETRICH [3] and 

LJAPIN[4].The ideal theory of semigroups was 

developed by ANJANEYULUA[5]. 

Many researchers have been extending the 

concepts and results of abstract algebra.  

As we know, in paper[6],P.M.Padmalatha and 

A.Gangadhara Raointroduced the concept of 

partially ordered semigroups(posemigroups), in 

that define regular element in posemigroup, regular 

posemigroup, left(right) regular element, intra 

regular element, completely regular elements in 

posemigroup, next proved that completely regular 

element implies regular, left(right) regular element 

in a posemigroup. Also studiedsemisimple element 

further proved that regular element implies 

semisimple element, also left(right) regular element 

implies semisimple element and intraregular 

implies semisimple. Next studied left(right) simple 

posemigroup and prove that  Sa ( aS ) is po 

left(right) ideal and its related properties.Also 

define proper po ideal, maximal po ideal and 

proven that if S is a posemigroup with unity 1 then 

the union of all proper po ideals of S is a unique 

maximal po ideal of S. Next proved the equivalent 

conditions (a) Principal po ideals of S form a chain 

(b) po ideals of S form a chain. 

Also define simple posemigroup and proved that 

every left(right) simple posemigroup is simple 

posemigroup. Finally studied semisimple element 

inposemigroup, related properties 

andsemisimpleposemigroup. 

L A ZADEH[7] introduced the notion of 

fuzzy subset of a set in 1965.Since then, a series of 

research on fuzzy sets results fuzzy logic, fuzzy set 

theory, fuzzy algebra etc. A ROSENFELD [8] is 

the father of fuzzy abstract algebra. N Kuroki [9-

12] developed fuzzy ideal theory of semigroups.N 

Kehayopulu and M Tsingelis introduced the notion 

of fuzzy ideals in partially ordered 

semigroups(posemigroups). In[13-16] they define 

fuzzy left(right) ideal in ordered groupoid and its 

properties. Next they characterized left regular and 

intra-regular ordered semigroups interms of 

semiprime left ideals, also they characterized left 

regular and intra-regular poe-semigroups(partially 

ordered semigroups having greatest element e)in 
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terms of left ideal elements and fuzzy subsets. Also 

they characterized regular ordered semigroups in 

terms of fuzzy right(left) ideals and fuzzy quasi-

ideals.In the paper[17], JizhongShen defined F-

regular subsemigroup, F-weakly regular 

subsemigroup, F-completely regular 

subsemigroups and also proved that F-complete 

regularity implies F-weakly complete regularity. 

Also discussed image and inverse images of F-

completely regularity(F-weakly completely 

regular) under surjective mapping.In paper[18], 

Xiang-Yun Xie and Jian Tang defined fuzzy 

left(right) ideal, level subset ft  and ordered fuzzy 

point. They characterized the fuzzy left(right) 

ideals of ordered semigroups generated in terms of 

ordered fuzzy points. Also they discussed fuzzy 

radicals of ordered semigroups. 

The main aim of this paper is applying the concept 

of fuzziness to posemigroups (partially ordered 

semigroups) by defining fuzzy regular 

posubsemigroup, fuzzy left(right) regular 

posubsemigroup, fuzzy intra-regular 

posubsemigroup, fuzzy completely regular 

posubsemigroup and some of the results. Also 

fuzzy left(right) po ideal and fuzzy maximal ideal 

in a posemigroup are defined and some of the 

results on them. 

 

II. PRELIMINARIES 
Definition 2.1: [6] A semigroup(S,.) with an 

ordered relation ≤ is said to be posemigroupif S is a 

partially ordered set such that a ≤  b ⇒ ax ≤
 bx , xa ≤ xb  for all a, b, x ∈ S. 

Definition 2.2:[19] A function f from 

posemigroupS to the closed interval [0,1] is called 

a fuzzy subset of S.The posemigroup S itself is a 

fuzzy subset of S such thatS x = 1,∀x ∈ S. It is 

denoted by S or 1. 

Definition 2.3:[19] Let A be a non-empty subset of 

S. We denotefA , the characteristic mapping of A. 

i.e., The mapping of S into [0,1] defined by 

fA(x)= 
1    ifx ∈ A
0  ifx ∉ A

 .Then fA  is a fuzzy subset of S. 

Definition 2.4:[19] Let f and g be two fuzzy 

subsets of posemigroup S. Then the inclusion 

relationfg is defined by f(x)≤g(x), ∀ x∈S   and 

f∪g,f∩gare defined by  

(f ∪ g)(x)=max f x , g x  =f(x) ∨ g(x), 

(f ∩ g)(x) = min  f x , g x   = f x ∧ g x ,∀x ∈ S 

Definition 2.5:[18]Let (S, ≤) be a posemigroup and 

f,g be two fuzzy subsets of S. The product fogis 

defined by  

(fog)(x) =  
∨x≤yz f y ∧ g z ifx ≤ yz exists

0                                            otherwise
  

Definition 2.6:[18]Let S be a posemigroup. For 

H⊆S  

we define (H]={t∈S / t≤ h forsome h∈H}. For 

H={a} we write (a]= ({a}] = { t∈S / t ≤a} 

Definition 2.7: A fuzzy subset f of a posemigroup 

S is called fuzzy subsemigroupof S if  f(xy)  ≥
f(x) ∧ f(y), ∀x, y ∈ S .   
Proposition 2.8:[19]A fuzzy subset f of a 

posemigroup S is fuzzy subsemigroup of S 

⟺ fof ⊆ f. 

Definition 2.9: A fuzzy subset f of a posemigroup 

S is called fuzzy posubsemigroup of S if  

(i) x  ≤  y then f(x)  ≥  f(y) (ii) f(xy)  ≥  f(x) ∧f(y) , 

∀x, y ∈S. 

Definition 2.10:[18]Let S be a posemigroup. A 

fuzzy subset f of S is called a fuzzy left idealof S if 

(i) x ≤  y then f(x)  ≥  f(y) (ii) f(xy)  ≥  f(y), ∀ 

x,y∈S. 

Lemma 2.11: [18]Let S be a posemigroup and f be 

a fuzzy subset of S. Then f is a fuzzy left ideal of S 

if and only if f satisfies that (i) x ≤ y then f(x) ≥ f(y) 

∀ x,y∈S  (ii) Sof  f. 

Definition2.12:[18]Let S be a posemigroup. A 

fuzzy subset f of S is called a fuzzy right idealof Sif 

(i) x ≤  y then f(x)  ≥  f(y) (ii) f(xy)  ≥  f(x), ∀ 

x,y∈S. 

Lemma 2.13:[18]Let S be a posemigroup and f be 

a fuzzy subset of S. Then f is a fuzzy right ideal  

of S if and only if f satisfies that (i) x ≤ y then f(x) 

≥ f(y) ∀ x,y∈S  (ii) foS f. 

Definition 2.14:[18]Let S be a posemigroup. A 

fuzzy subset f of S is called a fuzzy idealof S if  

(i) x ≤  y then f(x)  ≥  f(y) (ii) f(xy)  ≥  f(y) and 

f(xy)  ≥  f(x), ∀ x,y∈S. 

Lemma 2.15:[18]Let S be a posemigroup and f be 

a fuzzy subset of S. Then f is a fuzzy ideal of S if 

and only if f satisfies that (i) x ≤ y then f(x) ≥ f(y) 

∀ x,y∈S  (ii) foS f and Sof f. 

Definition 2.16: Let S be a posemigroup. A fuzzy 

ideal f of S is called idempotentif 

f 2 = f ∘ f = f.  
 

III. FUZZY REGULAR SUBSEMIGROUP 

OF A PO SEMIGROUP 
Definition 3.1:[6]An element a of a posemigroup S 

is said to be regularif there exist x ∈ Ssuch 

thata ≤ axa 

Definition 3.2:[6]A posemigroup S is said to be 

regular semigroupprovided every element is 

regular. 

Definition 3.3: Let S be a posemigroupandx ∈ S. 

DefineRx =  x′ x′ ∈ s, x ≤ xx′x . Let f be a fuzzy 

subsemigroup of S if ∀x ∈ S there exist x′ ∈ Rx  

such that f x ≤ f x′   provided f x ≠ 0 then f is 

called fuzzy regular subsemigroup of S. 

Theorem 3.4:[17]Let A be a non-empty subset of a 

posemigroup S . A is regular subsemigroup of S if 

and only if fA , the characteristic function of A is a 

fuzzy regular subsemigroup of S. 

Proof: Suppose A is regular subsemigroup of S 

and x, y ∈ A ⇒ xy ∈ A 
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ThereforefA xy ≥ fA x ∧ fA y . 
Letx ∈ A ⇒ fA x = 1. Then from the regularity of 

A there exists x′ ∈ Rx  such that x′ ∈ A 

and  fA x′ = 1. ⇒ fA x ≤ fA x′ . Therefore fA  is 

a fuzzy regular subsemigroup of S. 

Conversely suppose that fA  is a fuzzy regular 

subsemigroup of S. 

Let x,y∈A ⇒ fA x = fA y = 1 and fA  is fuzzy 

subsemigroup of S. 

⇒ fA xy ≥ fA x ∧ fA y = 1 ⇒ fA xy = 1 

⇒ xy ∈ A ⇒A is a subsemigroup of S. 

Let 𝑥 ∈ A ⇒ fA x = 1.Since fA  is a fuzzy regular, 

there exists x′ ∈ Rx  such that 

fA x ≤ fA x′ . ⇒ fA x′ ≥ 1 ⇒ x′ ∈ A 

Therefore A is regular subsemigroup of S. 

Definition 3.5:[18]Let f be a fuzzy subset of a 

posemigroup S. Let λ ∈  0,1 . Define 

fλ =  x ∈ S f x  ≥ λ  is the λ-cut of  f. 

Theorem 3.6:[17]Let S be a posemigroup. f is 

fuzzy subsemigroup of S if and only if  ∀λ ∈  0,1 , 
fλ  is a subsemigroup of  S. 

Proof: Assume that f is a fuzzy subsemigroup of S. 

Let a, b ∈ fλ ⇒ f a ≥ λ, f b ≥ λ 

Since f ab ≥ f a ∧ f b ≥ λ ∧ λ = λ ⇒ f ab =
λ ⇒ ab ∈ fλ  

⇒ fλ issubsemigroupofS.Conversely suppose that fλ  

is a subsemigroup of S. Suppose there exists one 

x1, y1such thatf(x1y1) < f x1 ∧ f y1 < f x1 ⇒
f(x1y1) < f x1  

Define λ =
1

2
 f x1 − f x1y1   then λ ∈  0,1 and  

0 ≤ f x1y1 < λ ≤ 1, 0 < λ < f x1 ≤ 1 

sothatx1 ∈ fλ ,similarlyy1 ∈ fλ ⇒ x1y1 ∈ fλ ⇒
f x1y1 ≥ λ 

Butf x1y1 < λwhichisacontradiction. 

Therefore f xy ≥ f x ∧ f y ,∀x, y ∈ S ⇒ fλ  is 

subsemigroup of S. 

Theorem 3.7: Let f be a fuzzy subset of a 

posemigroup S. If f is a fuzzy regular 

subsemigroup of S if and only if ∀λ ∈  0,1 , fλ  is a 

regular subsemigroup of  S provided fλ ≠ ∅. 

Proof: Assume that f is fuzzy regular 

subsemigroup of S. From theorem 3.6, fλ  is 

subsemigroup of S. Let x ∈ fλ  since f is fuzzy 

regular ∃x′ ∈ Rx  such that f x ≤ f x′ ⇒ f x′ ≥ λ 

⇒ x′ ∈ fλ .Therefore ∀x ∈ fλ∃x′ ∈ fλ   such that 

x ≤ xx′x ⇒ fλ  is a regular subsemigroup of S. 

Conversely, suppose that  fλ  is a regular 

subsemigroup of  S provided fλ ≠ ∅ 

Assume that  f is not fuzzy regular ⇒there exists 

x ∈ Ssuch that f(x)≠ 0 and ∀x′ ∈ Rx , 

f x > f x′ . Setλ = f x , clearly x ∈ fλ  and 

∀x′ ∈ Rx ⇒ λ = f x > f x′ ⇒ x′ ∉ fλ  

which is acontradiction.Sincefλ  is regular. 

Therefore f is fuzzy regular subsemigroup of S. 

Theorem 3.8: Let S be a posemigroup. If f is fuzzy 

regular subsemigroup of S then fof = f 
Proof:Let f be a fuzzy subset of  S. From [5] If f is 

a fuzzy subsemigroup of S if and only if fof ⊆ f. 
Let x ∈ S if f(x)=0 then  fof  x ≤ f x ⇒
 fof  x = f x = 0 

if f x ≠ 0 then ∃x′ ∈ Rx  such that f x ≤ f x′  
,since f is fuzzy regular 

Now fof  x =
 f y ∧ f z  x≤yz

∨ =  f xx′ ∧ f x  
x≤xx ′x

∨  

≥ f xx′ ∧ f x  
≥ f x ∧ f x′ ∧ f x = f x ,∀x ∈ S 

⇒ f ⊆ fof. Therefore fof = f  if f is fuzzy regular. 

Corollary 3.9: Let S be a posemigroup and f is 

fuzzy ideal of S. If f is fuzzy regular subsemigroup 

of S then f is fuzzy idempotent. 

Definition 3.10:[18] Let f be a fuzzy subset of a 

posemigroup S. We define  f by 

 f  x = f y x≤y
∨ ,∀x ∈ S. 

Note 3.11: Clearlyf ⊆  f . 
Definition 3.12: [13]Let S be a posemigroup, a ∈ S 

and λ ∈  0,1 . An ordered fuzzy pointaλ ,aλ : S →

 0,1  defined by aλ x =  
λifx ∈  a 

0 ifx ∉  a 
  

 

clearlyaλ  is a fuzzy subset of S. 

Lemma 3.13:[18]If aλ  is an ordered fuzzy point of 

S then aλ=(aλ]. 
Note 3.14: Let f be a fuzzy subset of an 

posemigroup S then  f = yλ𝐲𝛌∈ 𝐟 
∪ . 

Definition 3.15: Let f be a fuzzy subset of a 

posemigroup S. Then∀x ∈ S, the fuzzy subsetxfx of 

S is defined by∀y ∈ S,  

(xfx) y =  if∃y ≤ xsxy≤xsx
 f s 

0  otherwise
  

Theorem 3.16: If f is a fuzzy subsemigroup of a 

posemigroup S. Then f is fuzzy regular if and only 

if∀x ∈ S,(xfx)(x) ≥ f(x)providedf x ≠ 0 

Proof:Suppose f is fuzzy regular.Consider 

(xfx) x = f s x≤xsx
∨ = f x′ 

x≤xx ′x
∨ ≥ f x′ ≥ f x , 

since f is fuzzy regular ⇒  xfx  x ≥ f x ∀x ∈
S.conversely assume that∀x ∈ S, (xfx)(x) ≥ f(x). 

Since 

f x ≤(xfx) x =
f x′ = f x′ provided

x≤xx ′x
max

x≤xx ′x
∨ f x ≠ 0That is 

∀x ∈ S∃ at least one x′ such that x≤ xx′xandf x ≤
f x′ sincef x ≠ 0 

⇒ f is fuzzy regular. 

Corollary 3.17: If an ordered fuzzy point aλ  of a 

po semigroup S is regular if and only if∀x ∈ S, 

(xaλx)(x) ≥ aλ(x)providedaλ x ≠ 0. 

Proof: Proof follows from Theorem 3.14. 

Definition 3.18: Let S be a posemigroupand x ∈ S, 

define LRx =  x′ ∈ S x ≤ x2x′ . Let f be a fuzzy 

subsemigroup of S. For every x ∈ S∃x′ ∈ LRx ∋
f x ≤ f x′   provided f(x)≠ 0 then f is called fuzzy 

left regular subsemigroupof S. 

Definition 3.19: Let S be a posemigroupand x ∈ S, 

define RRx =  x′ ∈ S x ≤ x′x2 . Let f 
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be a fuzzy subsemigroup of S. For every x ∈
S∃x′ ∈ RRx ∋ f x ≤ f x′   provided f(x)≠ 0 then f 

is called fuzzy right regular subsemigroupof S. 

Definition 3.20: Let S be a posemigroupand x ∈ S, 

define IRx =  (𝑥1 , 𝑥2) ∈ S × S x ≤ x1x2x2 . Let 

f  be a fuzzy subsemigroup of S. For every 

x ∈ S∃ x1 , x2 ∈ IRx ∋ f x ≤ f x1 ∧ f x2    
provided f(x)≠ 0 then f is called fuzzy 

Intraregularsubsemigroupof S. 

Definition 3.21: Let S be a posemigroupand x ∈ S, 

define Rx =  x′ ∈ S x ≤ xx′x  and Cx =
 x′ ∈ S xx′ = x′x .Let f be a fuzzy subsemigroup 

of S and for every x ∈ S∃x′ ∈ Rx ∩ Cx  
∋ f x ≤ f x′   provided f(x)≠ 0 then f is 

calledfuzzy completely regular subsemigroupof S. 

Theorem3.22: Let S be a posemigroupand f is a 

fuzzy subsemigroup of S. If  f is fuzzy completely 

regular then f is regular, left regular and right 

regular. 

Proof: Suppose that f is completely regular. Then 

for every x ∈ S∃x′ ∈ Rx ∩ Cx ∋ f x ≤ f x′   
provided f(x)≠ 0 . Since x′ ∈ Rx ⇒ x ≤
xx′xand x ≤ f x′  , f(x)≠ 0 ⇒ f is fuzzy regular. 

Now for every x ∈ S∃x′ ∈ Rx ∩ Cx ∋ f x ≤ f x′   
provided f(x)≠ 0 

⇒ x ≤ xx′xandxx′ = x′x. Consider x ≤ xx′x =
xxx′ = x2x′ ⇒ x ≤ x2x′and f x ≤ f x′ ⇒ f is 

fuzzy left regular.  

Alsox ≤ xx′x = x′xx = x′x2. Therefore f is fuzzy 

right regular. 

Definition 3.23: Leta ∈ S, λ ∈  0,1 . Define ideal 

generated by the ordered fuzzy point aλ  of Sby 

< a𝛌 >  𝐱 =

 λifx ∈  a =  a ∪ aS ∪ Sa ∪ SaS =  s′as′ 

0                                                                 otherwise
  

Definition 3.24: An ordered fuzzy element aλof a 

po semigroup S is said to be fuzzy semisimpleif 

aλ ⊆< aλ >2. 

Note 3.25: Clearly aλ ⊆< aλ > 

Theorem 3.26: Let S be a po Semi group and  aλ  is 

a fuzzy subsemigroup of S. If aλ  is fuzzy regular 

then  aλ  is fuzzy semisimple. 

Proof:Suppose aλ  isfuzzy regular. Consider 

< aλ >2(x) =  < aλ >  y ∧< aλ >  z  x≤yz
∨  

≥< aλ >  y ∧< aλ >  z  
≥< aλ >  xx′ ∧< aλ >  x  
≥ aλ xx′ ∧ aλ x ≥ aλ x ∧ aλ x′ ∧ aλ x  

 ≥ aλ x ∧ aλ x ∧ aλ x = aλ x ∀x ∈ S ⇒
aλ ⊆< aλ >2 . Therefore aλ  is fuzzy semisimple. 

Theorem 3.27: Let S be a po Semi group. If an 

ordered fuzzy point 𝑎𝜆of S is left(right) regular 

semigroup then 𝑎𝜆  is fuzzy semisimple. 

Proof: Suppose 𝑎𝜆 is fuzzy left regular. Then ∀ x∈S 

∃𝑥 ′ ∈ 𝐿𝑅𝑥  such that 

𝑎𝜆(𝑥) ≤ 𝑎𝜆(𝑥 ′) provided 𝑎𝜆 𝑥 ≠ 0.Consider 

< 𝑎𝜆 >2  𝑥 =  < 𝑎𝜆 >  𝑦 ∧< 𝑎𝜆 >  𝑧  𝑥≤𝑦𝑧
∨

  ≥< 𝑎𝜆 >  𝑦 ∧< 𝑎𝜆 >  𝑧  

≥< 𝑎𝜆 >  𝑥2 ∧< 𝑎𝜆 >  𝑥 ′  
 ≥ 𝑎𝜆 𝑥

2 ∧ 𝑎𝜆 𝑥
′  

≥ 𝑎𝜆 𝑥 ∧ 𝑎𝜆 𝑥 ∧ 𝑎𝜆 𝑥
′  

 ≥ 𝑎𝜆 𝑥 ∧ 𝑎𝜆 𝑥 = 𝑎𝜆 𝑥  
⇒ 𝑎𝜆 ⊆< 𝑎𝜆 >2 

Therefore 𝑎𝜆  is fuzzy semisimple.Similarly if 𝑎𝜆  is 

fuzzy right regular semigroup then 𝑎𝜆  is fuzzy 

semisimple. 

Theorem 3.28: Let 𝑎𝜆  be an ordered fuzzy point of 

a posemigroup S. If 𝑎𝜆  is fuzzy intra regular 

semigroup then 𝑎𝜆  is fuzzy semisimple. 

Proof: Let 𝑎𝜆 is fuzzy intra regular. 

⇒ ∀ x∈S  ∃ (𝑥1, 𝑥2)∈ I𝑅𝑥 ∋ 𝑎𝜆 𝑥 ≤ 𝑎𝜆 𝑥1 ∧
𝑎𝜆 𝑥2  provided 𝑎𝜆 𝑥 ≠ 0. 
Consider< 𝑎𝜆 >2(x)=(< 𝑎𝜆 > 𝑜 < 𝑎𝜆 >)(𝑥) 

  =  < 𝑎𝜆 >  𝑦 ∧< 𝑎𝜆 >  𝑧  𝑥≤𝑦𝑧
∨  

  ≥< 𝑎𝜆 >  𝑦 ∧< 𝑎𝜆 >  𝑧  
 ≥< 𝑎𝜆 >  𝑥1𝑥

2 ∧< 𝑎𝜆 >  𝑥2  
  ≥ 𝑎𝜆 𝑥1𝑥

2 ∧ 𝑎𝜆 𝑥2  
  ≥ 𝑎𝜆 𝑥1 ∧ 𝑎𝜆 𝑥

2 ∧ 𝑎𝜆 𝑥2  
  ≥ 𝑎𝜆 𝑥 ∧ 𝑎𝜆 𝑥

2  
  ≥ 𝑎𝜆 𝑥 ∧ 𝑎𝜆 𝑥 ∧ 𝑎𝜆 𝑥  
                              =𝑎𝜆 𝑥 ,∀x∈S  

⇒ 𝑎𝜆 ⊆< 𝑎𝜆 >2Therefore 𝑎𝜆  is fuzzy semisimple. 

 

IV. FUZZY SIMPLE PARTIALLY 

ORDERED SEMIGROUPS: 
Definition4.1: A posemigroup S is said to be a left 

simple posemigroupif  S is its only poleft ideal. 

Definition4.2: Let S be a posemigroup. S is called 

fuzzy left simple semigroupif every fuzzy left ideal 

of S is a constant function. 

Definition 4.3: Let S be a posemigroup and f be a 

fuzzy subset of S. Define  

𝑓 𝑆𝑎  𝑥 =  
1 𝑖𝑓𝑥 ∈  𝑆𝑎 

0 𝑜𝑡𝑒𝑟𝑤𝑖𝑠𝑒
  

Theorem 4.4: Let S be a posemigroup. Then 𝑓 𝑆𝑎  

is a fuzzy left ideal of S, for every 𝑎 ∈ 𝑆 

Proof: (i) Let 𝑥, 𝑦 ∈ 𝑆 and 𝑥 ≤ 𝑦 

If  𝑦 ∈  𝑆𝑎  since 𝑥 ≤ 𝑦 ⇒ 𝑥 ∈  𝑆𝑎  then 

𝑓 𝑆𝑎  𝑥 = 1 = 𝑓 𝑆𝑎  𝑦  

If 𝑦 ∉  𝑆𝑎 then 𝑓 𝑆𝑎  𝑦 = 0 ≤ 𝑓 𝑆𝑎  𝑥 . 

By summarizing the above 𝑓 𝑆𝑎  𝑥 ≥ 𝑓 𝑆𝑎  𝑦  

(ii) If  𝑦 ∉  𝑆𝑎 then 𝑓 𝑆𝑎  𝑦 = 0 ≤ 𝑓 𝑆𝑎  𝑥𝑦 . 

If  𝑦 ∈  𝑆𝑎  then 𝑓 𝑆𝑎  𝑦 = 1 

Since 𝑦 ∈  𝑆𝑎  and (Sa] is a left ideal of S from 

[18]  

then𝑥𝑦 ∈  𝑆𝑎 , ∀𝑥 ∈ 𝑆. 

⇒ 𝑓 𝑆𝑎  𝑥𝑦 = 1 =  𝑓 𝑆𝑎  𝑦 Therefore𝑓 𝑆𝑎  𝑥𝑦 ≥

𝑓 𝑆𝑎  𝑦 . 

From (i) and (ii) 𝑓 𝑆𝑎  is a fuzzy left ideal of S. 

Theorem 4.5: For a posemigroup S, the following 

are equivalent. 

a) S is a left simple posemigroup 

b) S is a fuzzy left simple semigroup. 
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Proof:(a)⇒(b): 

Suppose S is a left simple posemigroup. 

Let f be any fuzzy left ideal of S. Then it follows 

from [5] that there exist elements 𝑥, 𝑦 ∈ 𝑆 

such that b=xa and a=yb. 

Since f is a fuzzy left ideal of S, 𝑓 𝑎 = 𝑓 𝑦𝑏 ≥
𝑓 𝑏 = 𝑓 𝑥𝑎 ≥ 𝑓 𝑎  
⇒f(a) = f(b)  ∀𝑎, 𝑏 ∈ S ⇒ f is a constant fuzzy 

ideal. 

Therefore S is a fuzzy left simple po semigroup. 

(b)⇒(a): 

Assume that S is a fuzzy left simple posemigroup. 

Let A be any po left ideal of S. Then from [9] 𝐶𝐴  is 

a fuzzy left ideal of S. 

⇒ 𝐶𝐴is a constant function. 

Let𝑥 ∈ 𝑆Since𝐴 ≠ ∅, 

𝐶𝐴 𝑥 = 1 ⇒ 𝑥 ∈ 𝐴 ⇒ 𝑆 ⊆ 𝐴 

Therefore𝐴 = 𝑆. 

Hence S is a left simple posemigroup. 

Theorem 4.6: Let S be a posemigroup. S is a fuzzy 

left simple semigroup if and only if  

𝑓 𝑆𝑎 = 𝑓𝑆 = 𝑆, ∀𝑎 ∈ 𝑆 
Proof: Assume that S is a fuzzy left simple 

posemigroup. By Theorem 4.5 S is a left simple 

posemigroup. Then by [18],  (Sa]=S. 

Therefore𝑓 𝑆𝑎 = 𝑓𝑆 = 𝑆. 

Conversly assume that𝑓 𝑆𝑎 = 𝑓𝑆 = 𝑆 ⇒ 𝑓 𝑆𝑎  𝑥 =

𝑓𝑆 𝑥  
⇒(Sa]=S. Then from [18] S is a left simple 

posemigroup. Then by Theorem 4.5 S is a fuzzy 

left simple posemigroup. 

Definition4.7: A posemigroup S is said to be a 

right simple posemigroupif  S is its only po right 

ideal. 

Definition4.8: Let S be a posemigroup. S is called 

fuzzy right simple Semigroupif every fuzzy right 

ideal of S is a constant function. 

Definition4.9: Let S be a posemigroup and f be a 

fuzzy subset of S. Define  

𝑓 𝑎𝑆  𝑥 =  
1 𝑖𝑓𝑥 ∈  𝑎𝑆 

0 𝑜𝑡𝑒𝑟𝑤𝑖𝑠𝑒
  

Definition4.10: A posemigroup S is said to be a 

fuzzy simple semigroupif every fuzzy ideal of S is 

a constant function. 

Theorem 4.11: Let S be a posemigroup.Then 𝑓 𝑎𝑆  

is a fuzzy right ideal of S for every 𝑎 ∈ 𝑆 

Proof: (i) Let 𝑥, 𝑦 ∈ 𝑆 and 𝑥 ≤ 𝑦 

If  𝑦 ∈  𝑎𝑆  since 𝑥 ≤ 𝑦 ⇒ 𝑥 ∈  𝑎𝑆  then 

𝑓 𝑎𝑆  𝑥 = 1 = 𝑓 𝑎𝑆  𝑦  

If 𝑦 ∉  𝑎𝑆 then 𝑓 𝑎𝑆  𝑦 = 0 ≤ 𝑓 𝑎𝑆  𝑥 . 

By summarizing the above 𝑓 𝑎𝑆  𝑥 ≥ 𝑓 𝑎𝑆  𝑦  

(ii) If  𝑥 ∉  𝑎𝑆 then 𝑓 𝑎𝑆  𝑥 = 0 ≤ 𝑓 𝑎𝑆  𝑥𝑦 . 

If  𝑥 ∈  𝑎𝑆  then 𝑓 𝑎𝑆  𝑥 = 1 

Since 𝑥 ∈  𝑎𝑆  and (aS] is a po right ideal of S, 

from Theorem [18]  

Then 𝑥𝑦 ∈  𝑎𝑆 , ∀𝑦 ∈ 𝑆.⇒ 𝑓 𝑎𝑆  𝑥𝑦 = 1 =

 𝑓 𝑎𝑆  𝑥  

Therefore𝑓 𝑎𝑆  𝑥𝑦 ≥ 𝑓 𝑎𝑆  𝑥 . 

From (i) and (ii),𝑓 𝑎𝑆  is a fuzzy right ideal of S. 

Theorem 4.12: For a posemigroup S, the following 

are equivalent. 

a) S is a right simple posemigroup 

b) S is a fuzzy right simple semigroup. 

Proof:(a)⇒(b): 

Suppose S is a right simple posemigroup. 

Let f be any fuzzy right ideal of S. Then it follows 

from[5] that there exist elements 𝑥, 𝑦 ∈ 𝑆 

such that ax=b and a=by. 

Since f is a fuzzy right ideal of S, 𝑓 𝑎 = 𝑓 𝑏𝑦 ≥
𝑓 𝑏 = 𝑓 𝑎𝑥 ≥ 𝑓 𝑎  
⇒f(a) = f(b)  ∀𝑎, 𝑏 ∈ S ⇒ f is a constant fuzzy 

ideal. 

Therefore S is a fuzzy right simple po semigroup. 

(b)⇒(a): 

Assume that S is a fuzzy right simple posemigroup. 

Let A be any po right ideal of S. Then from [22] 𝐶𝐴  

is a fuzzy right ideal of S. 

⇒ 𝐶𝐴is a constant function. 

Let 𝑥 ∈ 𝑆Since 𝐴 ≠ ∅,  

𝐶𝐴 𝑥 = 1 ⇒ 𝑥 ∈ 𝐴 ⇒ 𝑆 ⊆ 𝐴 
ThereforeA=S. 

Hence S is a right simple posemigroup. 

Theorem4.13: Let S be a posemigroup. S is a 

fuzzy right simplesemigroup if and only if 𝑓 𝑎𝑆 =

𝑓𝑆 = 𝑆, ∀𝑎 ∈ 𝑆 

Proof: Assume that S is a fuzzy right 

simplesemigroup. By Theorem 4.12, S is a right 

simple posemigroup. Then from [6],  (aS]=S. 

Therefore𝑓 𝑎𝑆 = 𝑓𝑆 = 𝑆. 

Conversly assume that𝑓 𝑎𝑆 = 𝑓𝑆 = 𝑆 ⇒ 𝑓 𝑎𝑆  𝑥 =

𝑓𝑆 𝑥  
⇒(aS]=S. Then from [6],  S is a right simple 

posemigroup. Then by Theorem 4.12, S is a fuzzy 

right simple semigroup. 

Definition4.14: Let f,g be two fuzzy subsets of S, 

(fog]is defined by  

  𝑓𝑜𝑔  𝑥 =  𝑓𝑜𝑔  𝑦𝑧 𝑥≤𝑦𝑧
∨ , ∀𝑥, 𝑦, 𝑧 ∈ 𝑆 

Definition 4.15: A fuzzy ideal f of a posemigroup 

S is said to befuzzyglobally idempotentif  

 𝑓𝑛 =  𝑓  , ∀n 

Definition 4.16: Let S be a posemigroup. S is said 

to be fuzzy globally idempotentif 

 𝑆𝑛 = 𝑆 , ∀n 

Theorem 4.17: Let S be a posemigroup with unity 

e and f be a fuzzy ideal of S with𝑓 𝑒 = 1 then 

𝑓 = 𝑆 = 𝑓𝑆 

Proof:Let 𝑥 ∈ 𝑆. Consider𝑓 𝑥 = 𝑓 𝑥𝑒 ≥f(e)=1 

 

⇒ 𝑓 𝑥 ≥ 1 ⇒ 𝑓 𝑥 = 1,∀ x∈S. Therefore𝑓 =
𝑓𝑆 = 𝑆. 

Definition 4.18: A non-zero fuzzy ideal f of a 

posemigroup S is called a proper fuzzy idealif 

𝑓 ≠ 𝐶𝑆 = 𝑆. 

Definition 4.19: A fuzzy ideal f of a posemigroup 
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S is called maximalif there doesn’t exist any proper 

fuzzy ideal g of S ∋ 𝑓 ⊂ 𝑔. 

Theorem 4.20: If  𝑓𝑖  is a fuzzy ideals of a po 

semigroup S then the arbitrary union of fuzzy 

ideals is fuzzy ideal of S. 

Proof:let  𝑓𝑖  is a fuzzy ideals of a po semigroup S. 

Let 𝑥, 𝑦 ∈ 𝑆 such that 𝑥 ≤ 𝑦. 

Consider∪ 𝑓𝑖 𝑥 =
𝑚𝑎𝑥 𝑓1 𝑥 , 𝑓2 𝑥 , 𝑓3 𝑥 ,………… .   
    =𝑓1 𝑥 ∨ 𝑓2 𝑥 ∨ 𝑓3 𝑥 ∨ …… 

     ≥  𝑓1 𝑦 ∨ 𝑓2 𝑦 ∨ 𝑓3 𝑦 ……… 

since each 𝑓𝑖  is a fuzzy ideal. 

  =max 𝑓1 𝑦 , 𝑓2 𝑦 ……  =∪ 𝑓𝑖 𝑦  
Therefore ∪ fi x ≥∪ fi y  if x ≤ y 

Consider∪ fi xy = f1 xy ∨ f2 xy ∨ f3 xy ∨.. 
  ≥ f1 y ∨ f2 y ∨ f3 y ∨ ………   

since each fi  is a fuzzy left ideal. 

  =∪ fi y   
Therefore ∪ fi xy ≥∪ fi y , Similarly ∪ fi xy ≥∪
fi x . 
Thus the arbitrary union of fuzzy ideals is a fuzzy 

ideal of S. 

Theorem4.21: Let S be a posemigroup with unity e 

then the union of all proper fuzzy ideals of S is the 

unique fuzzy maximal ideal of S. 

Proof: Let fM be the union of all proper fuzzy ideals 

of S. 

⇒ fM is a fuzzy ideal of S by theorem 4.20. 

If fM  is not proper then fM = CS ⇒ fM x = 1,∀x ∈
S 

⇒ fi x = 1 for some fuzzy ideal fi  since ∪ fi = fM  

⇒ fi = fS  but fi  is proper. 

Therefore fM  is a proper fuzzy ideal of S. 

Since fM  contains all proper fuzzy ideals of S. 

⇒ fM is maximal fuzzy ideal of S. 

If gM is any other maximal fuzzy ideals of S 

thengM ⊆ fM ⊆ CS . 

ThereforefM = gM . Hence fM is the unique fuzzy 

maximal ideal of S. 

Theorem 4.22: If S is a fuzzy left(right) simple 

semigroup then S is a fuzzy simple semigroup. 

Proof: Suppose S is a fuzzy left(right) simple 

semigroup. 

Let f be a fuzzy ideal of S ⇒ f is a fuzzy left and 

fuzzy right ideal  of S. 

⇒f is a constant function ⇒S is a fuzzy simple 

semigroup. 

Theorem 4.23: Let aλ  be a fuzzy ordered element 

of a posemigroup S. If aλ  is semisimple and 

idempotent thenaλ ⊆< aλ >n , ∀n. 

Proof: If aλ  is semisimple and idempotent . 

Let a ∈ S and n is a natural number. 

⇒ 𝐚𝛌 ⊆< 𝐚𝛌 >𝟐is true for n=2 since 𝐚𝛌is fuzzy 

semisimple. 

Assume that the statement is true for n-1. That is 

𝐚𝛌 ⊆< 𝐚𝛌 >𝐧−𝟏 

Consider < aλ >n=< aλ >n−1 o < 𝑎λ > 

  ⊇ aλoaλ = aλ
2 = aλsince aλ  is 

idempotent. 

Therefore < aλ >n  ⊇ aλ  , ∀n 

 

V. CONCLUSION 
The purpose of this paper ischaracterize 

fuzzy completely regular and fuzzy regular, 

establish the relation between fuzzy regular and 

fuzzy idempotent. Also fuzzy left (right) simple 

semigroup 

left(right)simpleposemigroup. 
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