Selvam Avadayappan.et.al. Int. Journal of Engineering Research and Application

Www.ijera.com

ISSN : 2248-9622, Vol. 7, Issue 7, ( Part -6) July 2017, pp.14-21

RESEARCH ARTICLE OPEN ACCESS

Distance in Degree Splitting Graphs

“Selvam Avadayappan, M. Bhuvaneshwari and Rajeev Gandhi
Research Department of Mathematics, VHNSN College, Virudhunagar — 626001, India.

Corresponding Author: Selvam Avadayappan

ABSTRACT

For a graph G(V,E), if Videnote the set of all vertices of degree i, the degree splitting graph DS(G) is the graph
obtained from G by adding new vertices w; for each Viwith [V;] > 2, and joining w;with every vertex in V. In this
paper, we study the distance properties of degree splitting graphs. We classify the graphs into three families
based on the variation of diameter of a graph from that of its degree splitting graph and obtain few results on

them.
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I. INTRODUCTION

The graphs taken under consideration in this
paper are finite, simple and undirected. For notations
and terminology, we refer [7]. The degree of a vertex
v is denoted by d(v). A graph G is said to be r —
regular, if every vertex of G has degree r.

Let G(V,E) be any graph. For any vertex v e
V(G), the open neighbourhood N(v) of v is the set of
all vertices adjacent to v. That is, N(v) = {u € V(G) /
uv e E(G)}. The closed neighbourhood of v is
defined by N[v] = N(v) v {v}. Let V; ={v €V(G) /
d(v) = i}. Note that in anr — regular graph G, V, =
V(G) and V; = ¢ for any i # r. A vertex v in G is
called a distinguished vertex of G if v is the only
vertex in G with degree d(v).

A full vertex is a vertexv in G which is
adjacent to all other vertices in G, that is d(v) =
[V(G)| - 1.A vertex of degree one is called a pendant
vertex. A vertex v is said to be a k - regular
adjacency vertex (or simply a k - RA vertex) if d(u) =
k for all u e N(v). A vertex is called an RA vertex if it
is a k — RA vertex for some k£ > 1. A graph G in which
every vertex is an RA vertex is said to be an RA
graph. For example, any regular graph and the
complete bipartite graph K, ,, m #n are RA graphs.

Let G; and G, be any two graphs. The graph
Gy G, obtained from one copy of G; and |V(G,)|
copies of G, by joining each vertex in the i copy of
G, to the i"™ vertex of G, is called the corona of G,
and G,.The join of two graphs G; and G, is denoted
by G,v G,

For any two vertices u and v, let d(u,v)
denote the distance, that is, the length of a shortest
path between u and v. The eccentricity, e(u) of a
vertex u is the distance of a farthest vertex from u.
Radius, rad(G) of a graph G is the minimum
eccentricity of the graph whereas diameter diam(G)
is its maximum eccentricity. A graph with rad(G) =
diam(G) is called a self centered graph. For basic
definitions and elementary results on distance in
graphs one can refer [8]. Splitting graph of a graph is
a concept introduced by Sampath Kumar and Walikar
[10]. This concept resembles the method of taking
clone of every vertex in a graph. The definition of
splitting graph is given as follows: The graph S(G)
obtained from G, by taking a new vertex v’ for every
vertex v e V and joining v’ to all vertices of G
adjacent to v, is called a splitting graph of G. As an
illustration, a graph G with its splitting graph S(G) is
shown in Figure 1.

S(G)

Figure 1
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The properties of splitting graphs have been
studied and the necessary and sufficient conditions
for a graph to be a splitting graph have been
discussed in [10]. Distance properties of splitting
graphs have been studied in [5]. On a similar line,
recently instead of adding a clone for every vertex, a
method of adding complement to every vertex has
been introduced and studied for its properties [1].

Let G be a graph with vertex set {v;, vy, ...,
vp}. The cosplitting graph CS(G) is the graph
obtained from G, by adding a new vertex w; for each
vertex v; and joining w; to all vertices which are not
adjacent to v; in G.

For instance, a graph G and its cosplitting
graph CS(G) are shown in Figure 2.

CS(G)

Figure 2

In [1], a necessary and sufficient condition
for a graph to be a cosplitting graph has been given.
And the graphs for which the splitting graph and the
cosplitting graph are isomorphic have been
characterised. Further results on cosplitting graphs
can be referred in [1] and [5].

Recently on this sequence, the concept of y -
splitting graphs has been introduced and studied by
Selvam Avadayappan et al. [4]. In a graph G, a subset
S of V is called a dominating set of G if every vertex
in V — S is adjacent to at least one vertex in S. The
domination number of a graph denoted by v is the

Py

One such related concept namely B -
splitting graphs has been introduced and studied by

Selvam Avadayappan et al. [6]. Let S1,Sp,...,S,

be the maximum independent sets of G, where p is

the number of maximum independent sets in G. The
[ —splitting graph Slg (G) ofa graph G is a graph
obtained

from G by adding new vertices

WWW.ijera.com

DOI: 10.9790/9622-0707061421

number of vertices in a minimum dominating set and
any minimum dominating set is referred as y — set.
Let G be a graph and let 7 be the number of

y-setsin G. Let 51, 5,,...,S, be the y - sets in G.

The y - splitting graph, Sy(G), of a graph G is the

graph obtained from G by adding new vertices wy,
W, ..., w, and joining to each vertex in S; for

1<i <1 . For example, the graph P, and its y -
splitting graph Sy(F’4) are shown in Figure 3.
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Figure 3

Wy, Wp,...,W, such that each W; is adjacent to
each vertex in Si, for lSiSp. For example, a

graph G and its f—splitting graphSz(G) are
shown in Figure 4.
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One another type of splitting graph has
started its account with the introduction of degree
splitting graph by Ponraj and Somasundaram [9]. The
degree splitting graph DS(G) of a graph G can be
defined as follows: For a graph G(V, E), the degree

o

It is easy to note that, if G is regular, then
DS(G) is nothing but G v Kiand trivial graph is the
only graph for which the degree splitting graph is
isomorphic to itself. Every graph is an induced
subgraph of its own degree splitting graph. Note that
any newly added vertex w in DS(G) is an RA vertex.
As any graph G contains at least two vertices of same
degree, any degree splitting graph DS(G) contains at
least one RA vertex.

For further results on degree splitting
graphs, one can refer [2] and [3].

The necessary conditions for a graph to be a
degree splitting graph for some graph has been
discussed in [3] and an algorithm to check whether
the given graph is a degree splitting graph or not has
also been developed. In addition for any n > 2, the
existence of n non isomorphic graphs, G;, G,..., G,
having isomorphic degree splitting graph has been
proved in [3]. Some necessary conditions for the
existence of non-isomorphic graphs with isomorphic
degree splitting graph have been given in [3].

Thinking of the distance properties of degree
splitting graphs, we normally expect the diameter of a
degree splitting graph of a graph G to be less than
that of G, as the newly added vertices usually reduce
the distance between the non adjacent vertices of
same degree. But to our surprise there exist graphs
with diameter less than that of its degree splitting
graph. Based on this varied behaviour, we classify
the graphs into three families and discuss their
properties and structure in this paper.

DOI: 10.9790/9622-0707061421

S5(G)
Figure +
splitting graph DS(G) is obtained from G, by adding
a new vertex w; for each partition V; that contains at
least two vertices and joining w; to each vertex of V;.
For example, a graph G and its degree splitting graph
DS(G) are shown in Figure 5.

DS (G)

Figure 5
I1. DISTANCE IN DEGREE SPLITTING
GRAPHS
The following facts can be easily verified
while finding the diameter of degree splitting graphs
of some basic graphs.
Fact1 diam(DS(G)) =1 ifand only if G =K,
n—1ifn=234
Fact 2 diam(DS(P,)) =<3 ifn=50r6
4 ifn =7
Fact 3 diam(DS(C,)) = diam(DS(W,)) =
diam(DS(Ky 1)) =2, forall n >3.
Fact 4 diam(DS(Knn)) = 3 if m #n,
2 otherwise.
Proposition 2.1 For any regular
diam(DS(G)) <2.
Proof Let G be any regular graph. Then DS(G) = G
v Kj. Therefore diam(DS(G)) <2. =
Corollary 2.2 diam(DS(G)) = 2, for any non-
complete regular graph G. L]
Theorem 2.3 Let G be a graph with |V;| > 2 for at
least two positive integers i. Then diam(DS(G)) > 3.
Proof Let G be any graph in which |V;| > 2 and |V;| >
2 for some i and j, i #/. Then, DS(G) contains at least
two newly added vertices, say w; and wj;
corresponding to V; and V; respectively.
Since i # j, N(wi) » N(w;) = ¢ in DS(G).
Hence d(w;,w;) > 3. This forces that diam(DS(G)) > 3.
|
Theorem 2.4 Let G be a graph with exactly one full
vertex. Then 2 <diam(DS(G)) <4.
Proof Let G be any graph of order n with A(G) =n —
1 and let v be the full vertex in G. While considering

graph G,
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degree splitting graph DS(G) of G, the following two
cases arises.
Case 1 DS(G) contains exactly one newly added
vertex, say w.

Since v is a full vertex in G, e(u) = 2 for any
vertex u other than v in G. Since |Vp4| = 1, v g N(w),
for any newly added vertex w. Also it is obvious that
N(v) N Nw) # ¢. Let xe N(v) » N(w). Henced(v,w)
= 2 and so e(v) = 2. For any other vertex u, uvxw is a
(u,w) - path of length three. Hence e(u) <3 for every
vertex other than v in DS(G). This makes us conclude
that 2 <diam(DS(G)) <'3.
Case 2 DS(G) contains more than one newly added
vertices.

As in Case 1, we can easily note that e(v) =
2 in DS(G). Let w; and w, be any two newly added
vertices in DS(G). Then since w; and w, are RA
vertices, N(wy) » N(w;) = @ Now d(wy, wp) <4 as
W1ViVWoW5 iS @ (Wy, Wy) — path of length four in DS(G),
where vie N(wy), Vo€ N(W,). For any vertex u in G
other than v, d(u,w;) <3 and d(u,w,) <3. This forces
that e(u) < 3. Also by Theorem 2.3, we have
diam(DS(G)) > 3. Therefore 3 <diam(DS(G)) <4.

Figure 6

It is important to note here that when we
attach a single pendant vertex at any vertex of a
complete graph, we get a graph G of order n and
maximum degree n — 1 such that diam(DS(G)) = 3.

I11. CLASSIFICATION OF GRAPHS INTO
DIFFERENT FAMILIES

In any degree splitting graph, vertices of
same degree are at a distance at most two. Hence we
normally expect diameter of the degree splitting
graph DS(G)of a graph to be less than that of the
graph G itself. That is, we may think that the
diameter of DS(G) is always less than or equal to that
of G.

But while analysing distance properties of
degree splitting graphs we find that diameter property
is totally independent of degree splitting. In fact,
there are graphs whose diameter is less than or equal
to the diameter of its degree splitting graph. This
variation is studied in detail in this section.

Let us first classify graphs into three various
groups and discuss their properties.

A graph G is said to be a DS™ - graph if
diam(DS(G)) > diam(G) while it is said to be a DS™ -
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Combining both the cases, we note that 2 <
diam(DS(G)) <4. L]

Note that the above said inequalities
obtained in the above theorem are strict which have
been proved in following theorems.

Proposition 2.5 For any integer n > 3, there exists a
graph G of order n and maximum degree n — 1 such
that diam(DS(G)) = 2.

Proof Consider a graph G = K;,;. We know that
DS(G) = Ky n.1. Here diam(DS(G)) = 2. =

Theorem 2.6 For any integer n > 5, there exists a
graph G of order n and maximum degree n — 1 such
that diam(DS(G)) = 4.

Proof Construct a graph G with V(G) = {v, vy, vy, ...,
Voay and E(G) ={wi/1<i<n-1}u{vivj/ 1<, ]
<n-3,1#j}. Gis nothing but a graph obtained by
attaching two pendant vertices at any vertex of K.
One can easily check that G is a graph of order n with
a full vertex such that diam(DS(G)) = 4. Hence the
theorem.

The case when n =7 is illustrated in Figure 6.=

graph if diam(DS(G)) < diam(G) and G is called DS
- graph if diam(DS(G)) = diam(G).

It is easy to verify that K, and W, are DS -
graphs and P,and C,(n > 3) are DS’ - graphs. But the
complete bipartite graphs K., m# n, is a DS* -
graph.

Theorem 3.1 For any n > 4, there exists a self
centered DS’- graph G, such that DS(G,,) is also self
centered.

Proof Construct a graph G, with vertex set V(G,) =
{u, vi, Va,......, o1} and edge set E(G,) ={uvy, uvp.g, Vi
Vi, 2<ijsn-2, v, r=1,n-12<s<n-2} It
is clear that every vertex in G, has eccentricity two
and hence G, is a self centered graph of radius two.

Note that G, is nothing but a graph obtained
from K1 by subdividing only one edge. In G, u is a
vertex of degree two and all other vertices are of
degree n — 2. Hence DS(G,) contains one newly
added vertex adjacent to each v;, 1<i <n-—1.

One can easily check that DS(G,) contains
no full vertex and is also of diameter two and hence a
self centered graph. And also by definition, since
diam(G,)) = diam(DS(Gy,)), Giis a self centered DS* -
graph.”
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For example when n = 7, the constructed
self centered DS* - graph G- is shown in Figure7.

G;

Figure 7

Theorem 3.2 For any d > 3, there exists a DS"- graph
of diameter d.
Proof Letd > 3 be any given integer. When d is of
the form 3m — 1, construct a graph G with vertex set
V(G) ={vj, 1 i <m, 1<) <i+3, u;, 1 <i <2m} and
edge set E(G) = {vijvi, 1<i<m, 1<jk<i+3,j#k
Viju, 1 <0 <m, 1< <i+3, 2i — 1 <K <205 Upillgieg, 1<
<m-1}.

In the constructed graph G, the diametral
vertices are uj;and u,, which are at a distance 3m — 1.
Also in G, for every i,1<1 <m, Uyi.g, Upi and vij's, /<]

<i+3, are all of degree i + 3. Hence m new vertices
namely wy, W, ..., Wy, are newly added in DS(G).

It is easy to observe that w; is an isomorphic
image of any v;;, where 1<i < m. Hence again in
DS(G), u;and u,, are diametral vertices at a distance
3m — 1. Therefore G is a DS* - graph of diameter d.

If d =0 (mod 3), construct a graph H by
adding a pendant vertex Usm+; 10 Usy in G. Then H is
the required DS* - graph. When d = 3m + 1, attach a
pendant vertex to U,m+1 in H. The resultant graph is
the required DS* - graph.

For example, a DS* - graph of diameter 5 is
shown in Figure 8. =

Figure 8

Theorem 3.3 Any regular graph G isa DS” - graph if
and only if it is complete or self centered with radius
two.
Proof Let G be any regular graph. Then DS(G) =
G vKj. Then the diameter of DS(G) is at most two. If
diam(DS(G)) = 1, then by Fact 2.1, G is a complete
graph.

If diam(DS(G)) = 2, then rad(G) < 2. Since
G is regular, if rad(G) = 1, then G is complete which
is a contradiction to the fact that diam(G) = 2. Thus
we conclude that G is a self centered graph with
radius two. L]
Theorem 3.4 Let G be any non — complete graph
with a full vertex. Then G is a DS* - graph if and
only if G is a graph with vertex set V(G) =
Ui s V; satisfying the following conditions: (i)| V; | >
2 for some unique j, o<j <A and (ii) V(G)\V;c N(V)).
Proof Let G be any non complete graph with a full
vertex. Therefore diam(G) = 2. Consider the vertex
set partition of G, V(G) = UL sV; such that V,
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contains vertices of degree i. Suppose that G is a DS*
- graph. Then diam(DS(G)) = 2.

Suppose if possible assume that at least two
vertices say, u and v are newly added in DS(G). Then
as in the proof of Theorem 2.3, we have d(u,v) > 3,
which is a contradiction. Therefore | V; | > 2 for some
unique j, 6<j <A. Hence (i) holds.

Let w; be the corresponding unique newly
added vertex in DS(G) corresponding to v;.

Now if possible let w be a vertex of G with
degree not equal to j and not adjacent to any vertex of
degree j. That is, let w € V(G) \ V; and w ¢
N(V;).Then d(w,w;) > 2 in G which is a contradiction
to the fact that G is a DS*(G) graph of diameter 2.
Hence (ii) follows.

Conversely, Let G be any non-complete
graphwhich satisfies the given conditions. Since G
contains a full vertex,diam(G) = 2. Also by (i) only
one vertex, say w;, is newly added to DS(G). Again
by (ii), every vertex of degree not equal to j is a
neighbour of at least one vertex of degree j.
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Therefore d(w;,w) <2, for every vertex w

DS(G). This forces that diam(DS(G)) < 2. Since G is
not complete, we conclude that diam(DS(G)) = 2.
Hence G isa DS* - graph. =
Corollary 3.5 If G is a graph with at least one full
vertex, then G is a DS*- graph or DS™ - graph.
Proof Suppose Gis complete. Then G is a DS* -
graph. If G is not complete, then it is a DS* -
graphwhen it satisfies the conditions given in
Theorem 3.4.

If (i) fails, that is, if| V; | and |V, | > 2 for
some j#kwhere 0<j, k<4, then diam(DS(G))> 2. If
Vin N(Vi) #¢, then diam(DS(G))= 3. Otherwise
diam(DS(G)) = 4. Also if (i) holds and (ii) fails, then
diam(DS(G)) = 3.

In all the cases, G is a DS* - graph. =
Corollary 3.6 A DS* - graph G contains more than
one full vertex if and only if G =K.

Proof Let G be a DS* - graph of order n with at
least two full vertices. That is, | Vy..| =2 in G. Then
by Theorem 3.4, | V; | <1, for every i, 6<i <n - 2.

Let H be the graph obtained from G by
deleting all full vertices of G. Then in H, no two
vertices are of same degree. But it is well known that
no such graph H exists. Hence G = K,,.The converse
is obvious. L]

Figure 9

Theorem 3.9 Any regular graph other than complete
or self centered graph of radius two is a DS™ - graph.
Proof Let G be a regular graph which is neither a
complete graph nor a self centered graph of radius
two. Then G contains at least two vertices u and v
such that d(u,v) > 3. Hence diam(G)> 3. Now DS(G)
= G v K;. Then distance between any two vertices in
DS(G) is at most 2. Hence diam(DS(G)) = 2 which
implies G is a DS’ - graph. L]

Theorem 3.10 For any n > 6, there exists a self
centered DS’ - graph of order n.

Proof Consider the graph C,, n > 6. We know that

diam(C,) = BJ Also for every vertex u in C,, e(u) =

BJ Hence C, is a self centered graph of order n. Now
DS(C,) = K;v C,. And so diam(DS(C,) = 2.
Therefore C, is a DS - graph and hence the
theorem.m

Corollary 3.11 For any n > 3, there exists a DS -
graph with diameter equal to n.
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Corollary 3.7 For any non-completegraph G, G vK,,
where n>2 is a DS" - graph.
ProofThe result follows immediately from Corollary

3.5 and Corollary 3.6. L]
TheQrem 3.8 Every graph is an induced subgraph of
a DS’ - graph.

Proof If G itself is a DS™ - graph, then there is
nothing to prove. Assume that G is not a
DS" - graph. Then G is not complete. First we
construct a regular graph Reg(G) which contains G as
an induced subgraph.

If G is a regular graph, then takeReg(G) =
G. If not, let V(G) = {vy,Vy,...,V} be the vetex set of
G. Now construct the graph Reg(G) with vertex set
V(Reg(G)) = {uy, Uy, ..., Un, Wy, Wy, ..., Wy} and edge
set E(Reg(G)) = {Uin, WiW; / Vivje E(G), 1< i,j< I’l} (o4
{uw; / vivie E(G) and 1< i, j < n}. From our
construction, Reg(G) is a n - regular graph on 2n
vertices.

Take H = K;v Reg(G). Clearly H contains
G as an induced subgraph and diam(H) = 2. Also
DS(H) = Kyv H. Therefore diam(DS(H)) = 2. Hence
H is the required DS* - graph which contains G as an
induced subgraph. L]
For example, for the graph G, DS™ - graph H which
contains G as induced subgraph is shown in Figure 9.

Proof The graph C,, is an example for the existence
of DS’ - graph of diameter n. L]
Corollary 3.12 For any m> 1, there exists a DS’ -
graph such that diam(DS(G)) + m = diam(G).
Proof Consider G = Cypn.4. It is easy to note that
diam(G) = m+2. Obviously DS(G) is a graph with
full vertex and hence diam(DS(G)) = 2 which proves
the corollary. "
Theorem 3.13 Every graph of diameter at least 5 is
an induced subgraph of a DS - graph.
Proof Let G be any graph of diameter at least 5.
Consider H = G ° K;.Now diam(H) = diam(G) + 2.
Hence diam(H) > 7. Clearly G is an induced subgraph
of H. In H, every vertex other than pendant vertex is
a neighbour of a pendant vertex. Also DS(H) contains
a newly vertex adjacent to all the pendant vertices of
H. Therefore distance between any two vertices of H
in DS(H) is always less than or equal to 4.

In addition, it can be easily verified that the
distance between any two newly added vertices in
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DS(H) is at most 6. Then diam(DS(H)) <6 implying
that Hisa DS - graph.l

For example, a graph G and the
corresponding graph DS - graph H constructed with
its degree splitting graph are shown in Figure 10.

Note that for any graph G of diameter at least 3,
Reg(G) is a DS - graph which contains G as an
induced subgraph.

Theorem 3.14 Let G be a DS* - graph. Then the
diameter of G differs from that of its degree splitting
graph by at most 2. That is, diam(DS(G)) = diam(G)
+ 1 or diam(G) + 2.

Proof On contrary assume that there exists a DS™ -
graph G with diameter d such that diam(DS(G)) = t>
d + 3. Let P = vyvyv,...v be a diametral path of length
t in DS(G). Clearly P contains some newly added
vertices, since t > d. One can easily note that no
newly added vertex can be an internal vertex of P.
This forces that voor v; or both are the newly added

vertices in P.
G

Theorem 3.16 For any n > 5, there exists a DS™ -
graph G of order n such that diam(DS(G)) = diam(G)
+2.

Proof For any given n > 5, consider a graph G =
Kiv (K2 UKS) of order n. DS(G) is a graph of

-

DS (I
Figrere 1

Now let us consider a path Q=P — {v,, v¢} .
Then length of Q is t -2>d + 1. Also Q contains only
vertices of G. This means that diam(G) >d + 1 which
is a contradiction. Hence diam(DS(G)) = diam(G) +
1 or diam(G) + 2. m
Theorem 3.15 For any n > 4, there exists a DS” -
graph G of order n such that diam(DS(G)) = diam(G)
+ 1.
Proof Consider G = K; (K3 Kj), a graph of order
n. We know that diameter of G is 2. DS(G) contains
one newly added vertex forcing diam(DS(G)) to be 3.
Hence the theorem follows. n

For n = 5, the corresponding graph G and
DS(G) are shown in Figure 11.

N

DS (G)

Figure 11

diameter four which proves the theorem.
]

The graph G constructed for n = 6 with its
DS(G) is given in Figure 12.

N

DS (G)

Figure 12

Theorem 3.17 Every graph G of order at least three
is an induced subgraph of a DS™ - graph.

Proof If the given graph G itself is DS - graph, then
there is nothing to prove. If not, for G with vertex set

DOI: 10.9790/9622-0707061421

V(G) = {vy,Vs,...,Vn}, construct the graph Reg(G)as in
the proof of Theorem 3.8.1t is noteworthy here that if
G is a graph of order n, Reg(G) is an n — regular
graph on 2n vertices. Also it is given that n > 3.
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Now fix an arbitrary vertex u in Reg(G).
Delete two arbitrary edges incident with u in Reg(G),
say uv and uw. Let the resultant graph be denoted by
H;. Now construct a graph H from K;v H; by adding
two pendant verticesu;and u,at u, a new pendant
vertex x at v, a new pendant vertex y at w and a new
edge xy. Clearly H contains exactly two vertices of
degree one and two vertices of degree two. Now
diam(H) = 4 with u and x as diametral vertices.

Also DS(H) contains three newly added
vertices. And the newly added vertices corresponding
to vertices of degree one and two are the terminal
vertices of a diametral path of length. This implies
that H is a DS™- graph which contains G as an
induced subgraph. Hence the theorem follows.

|

For example, a graph G and the
corresponding graph DS™ - graph H constructed with
its degree splitting graph are shown in Figure 13.
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