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ABSTRACT

The Walsh and Haar spectral transforms play a crucial part in the analysis, design, and testing of digital devices.
They are most suitable for analysis and synthesis of switching or Boolean functions (BFs). It is well known that,
the connection between the two spectral domains is given in terms of the Walsh-Paley transform. This paper
derives an alternative expression of the Walsh-Paley transform in terms of the Haar transform. The work
demonstrates the possibility of obtaining both the Haar spectrum and the Walsh-Paley spectrum using only the
Haar transform domain. The paper introduces a new Haar-based transform algorithm (Haar-Paley-Recursive
Transform, HPRT) in the form of a recursive function along with its fast transform version. The new algorithm
is then explored in its interpretation of the Walsh-Paley transform and its connection to the Autocorrelation
function (ACF) of a BF. The connection is given analogously in terms of the Haar-Paley power spectrum via the
Wiener-Khintchine theorem. The paper then presents the simulation results on the execution times of both
derived algorithms in comparison to the existing Walsh benchmark. The work shows the advantages of using the
Haar transform domain in computing the Walsh-Paley spectrum and in effect the ACF.
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. INTRODUCTION computational complexity [7,13]. In this paper we

The Walsh and Haar spectral transforms are
significant in their use for various engineering
applications [1-6]. They are considered suitable for
representation of switching functions and have been
applied not only in logic synthesis but as well in
their related analysis including the design and testing
of digital devices. Each one has its own advantages
over the other when it comes to different area of
applications [7]. The Walsh transform is global in
nature while its Haar counterpart is characterized
locally [1-7]. Their connection has been well studied
and presented within existing research works
including their respective hybrid transforms and
underlying benefits [7-12]. The Walsh-Paley
transform, in particular, is of more interest to this
work as it is directly linked with the Haar transform.
The link between the two is through their spectral
zones and the transformation between the two
domains can be induced via the Walsh-Paley
transform [7-12]. In other words, the transformation
from one spectral domain to another can simply be
done through the Walsh-Paley transformation. On
the other hand, the connection between the
Autocorrelation function (ACF) of a BF and the
Walsh transform domain is given by the well-known
Wiener-Khintchine theorem [1,2,7,13]. The theorem
states that the Walsh transform of the power
spectrum gives the ACF of the respective BF. This
connection coupled with the fast Walsh-Hadamard
transform (FWHT) makes it easier and affordable to
compute the ACF from the perspective of the

focus on the transformation between the Walsh-
Paley and Haar transform spectral domains. In this
case, we introduce a new algorithm in form of a
recursive function. This algorithm utilizes the Haar
transform in its processing and answers the
following posed question, “what happens when the
Haar transform is applied to a given vector and then
repeatedly being applied to the zones within the
transformed  vector and  their  sub-zones
recursively?” We refer to this transformation process
as the Haar-Recursive Transform (HRT).

In the process of answering the posed
question, we deduce the consequence of the HRT
and derive a new algorithm that we refer to as the
Haar-Paley-Recursive Transform (HPRT). This
algorithm is given in terms of the Haar recursive
function and/or the HRT. We also present the HRT
and HPRT from the matrix point of views and based
on the related matrix structures, we then deduce the
fast transform version of the HPRT algorithm (called
here the Fast-Haar-Paley-Recursive Transform -
FHPRT). It is also shown that the result of the HPRT
is nothing other than the Walsh-Paley spectrum. The
consequence of this interpretational point of view is
the connection between the HPRT and the
Autocorrelation function (ACF) of a BF. In this
sense, we deduce the connection between the HPRT
and the ACF by exploiting the well known Wiener-
Khintchine theorem. In the process, we derive the
expression of the ACF in terms of the Haar-Paley
power spectrum. We then proceed to compare the
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average execution times of the two derived
algorithms (HPRT and FHPRT) with the existing
Walsh benchmark (FWHT) and discuss the
advantages of the new transform algorithm. The
paper is organized as follows. Section 2 presents an
overview of Boolean functions including the spectral
transform methods and some of the known results to
be employed in the later sections. In section 3, the
HPRT is presented where the section is divided into
three sub-sections each of which representing the
HRT along with the related matrix representations,
the HPRT, and the FHPRT respectively. The section
also reviews the complexity of the FHPRT and
compares it to that of the fast Walsh-Hadamard
Transform (FWHT). Additionally, the HPRT
connection to the ACF is presented in the same
section as well. The derived algorithms have been
simulated in terms of their average execution times
and in comparison to the existing Walsh-Hadamard
benchmark. The results of the simulation
experiments are then presented in section 4 and
including the discussion on the advantages and
benefits of the HPRT and FHPRT. Finally, in section
5, we present the conclusion of the paper and
discussion on future work.

1. PRELIMINARIES
1.1 Boolean Functions
An n-variable Boolean function f, is a mapping of n
binary inputs to a single binary output. It can
formally be defined as [1,2,3]: f:F; - F, Maps
(x1, 0, x,) EF3 > f(x) €T,
The input is an n-dimensional binary vector x =
(x1, %3, .., x,) €EF} (x; € F,), while the output of
the function is given by f(x) € F,. The set of all
Boolean functions is denoted by B,. Any f € B,
has a unique representation in each of the following
forms [2]:
The binary truth table of f — Ordered tuple given
by Tr=(f(x@),f(xD), ..., f(x# D)) which
lists the output of the function for all 2™ input
combinations, where x©@ = (0, ...,0) and x@" -1 =
(1, ..,1) (x® is the binary vector representation of
the integerk, for0<k<2"-1 with the
relationship k = Y1, 2""ix;).
The polarity truth table of f — This is the real
valued representation of the function referred to as
the sign function f (f € {—1,1}), which is defined
as f(x) = (=)™ =1 - 2f(x),vx € F}. Its truth
table is called the sequence of f. This representation
is considered more advantageous in some of
engineering applications.
The Algebraic Normal Form (ANF) — The
polynomial representation expressed uniquely as a
sum (XOR) of products (AND): f(x) =ay @
a1x1 @ - D appxyx; @ - D Az XX Xy
where a;,x; € F,.

1.2 Spectral Transforms

In this section we look at the Haar and
Walsh spectral transforms of Boolean functions. The
focus of this work is on the Paley ordering of the
Walsh transform. That is, all the considerations will
be done with regards to the Walsh-Paley transform
and its connection to the Haar transform. We also
present some of the existing results that will be
employed in the subsequent sections of the paper.
Throughout this paper the following notations and
abbreviations will be assumed: WH and WP are the
Walsh-Hadamard and  Woalsh-Paley  orderings
respectively; y; is the j-th row (Y function) in the
respective transform matrix; 7, is a row-vector

whose elements are all ones (T) with size 1 x 2%;
7y, is a balanced row-vector whose first half
elements are all ones and the second half elements
are all negative-ones with size 1 x 2°%; I, as the
2! x 2! identity matrix; and Y - f is the inner dot
product between the elements of Y and f.

Walsh-Hadamard Transform (WHT) of a function

f on F} is denoted by £, and given by [1, 2]:

Fyy (W) = Tyuery (1)@ = WH, (x) - f(x)
1

Where WH, (x) = (-1)** defines the WH
function, and the transform can be given
equivalently in matrix form as [12]:

By = W1 [F] @

Where [W,] = [W] is a 2" x 2" Walsh transform
matrix whose rows (0 <j < 2") constitutes the
Walsh functions (w;), and [f]" is a column vector
of f.
Generator Matrix: the Walsh transform matrices
can be generated recursively depending on which
ordering is being considered. In the context of this
paper, we will consider the generator for the Walsh
matrices in Paley ordering as it will be employed
later in the derivations. The following is the
recursive generation of the Walsh matrices in Paley
ordering [9,10,11]:

WE,] = [[} _}]@r—p’in_l].vie[o.z"-l) ®

Where [WP,] = [1], ® is the Kronecker product
and 7p; ,'s are the rows of the previous lower
order matrix ([WP,_,]). Note that each row in the
(n — 1)*"-order produces two rows in the (n)t"-
order, i.e. the i-row in (n— 1) -order produces
rows 2i and 2i+4+1 in the (n)"-order.
Consequently, the rows in the interval [2¢,21+1) (in
(n — 1)"-order) will produce the rows in the
interval [2!*1,2142) (in the (n)!"-order).

Autocorrelation Function (ACF): denoted as
(fr(@)), the ACF of a BF f can be defined simply
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based on equation (4) [1,2,13]. The expression
f(x) - f(x @ a) is referred to as the directional
derivative of the respective BF.

(@) = Tyery f(0) f(x D @) (4)
Haar Functions: The set of Haar functions H/
(resp. H;) forms a complete set of orthogonal
rectangular basis functions [7,9]. They are defined
on the interval [0,2™) as un-normalized taking the
values of 0 and +1 as follows:

H® = Hy(x) = 1,vx € [0,2")

1, ug-2""l<x<uy, 20t
Flj(x) ={-1, w 2" 1<x<u, 201 (5

0, else in [0,2™)
Where u; = 2q + i; | and g are degree and order of
the Haar functions respectively. With j=2!+gq
and for each value of [=0,1,..,n—1, we
have ¢ = 0,1, ...,2" — 1.
Haar Transform: The Haar transform (Fy) of f is
defined by equation (6) [7,9,14] and its equivalent
matrix representation is given by equation (7)
respectively [7,8,9,14].
Fy() =S58 TH ) fO) =2 H - f(0) (6)
By = [H,]- [f]' @)

Where [H,] = [171]-] isa 2" x 2" Haar transform
matrix whose rows consist of Haar functions (H; 's),
and with the following generator:

[H,] [[11 ®7 ]] (Forl € [0,n)) (8)

The calculation of the Haar Spectrum in terms of
fast transforms is based on a simple algorithm that
involves  s-recursive  construction  of  the
sequence a,(x) (s = 1,2,..,m;x = 0,1, ...,2" =51,
This algorithm is a result of the foIIowmg theorem
which was first introduced by Karpovsky [7].
Theorem 1: let f be a step function representing a
system of Boolean function of n arguments
and Fy(x), its Haar  spectrum.Where: [ €
[0,n);q € [0,2Y); s € [1,n] . Set

ag(x) =fx),x=01,..,2"-1)

a;(x) =a,_1(2x) + a,_1(2x + 1), x € [0,2"7%)
a,(2"  +x) =a,_1(2x) —a,_1(2x + 1)

Then, F,@ =27a, (2" +q) 9)
Lemma 1: Relationship between the Haar functions
qu(x) and the Walsh-Paley (WP) functions[7] is
based on equation (10), VI € [0,n);q = 0,1, ..., 2! —

1as:
l
HY (x) = { WP,(x), x€ Sq
0, otherwise
Let [SWP;.| be the Walsh-Paley sub-matrix and
[SHy»] be the Haar sub-matrix, then the two

respective sub-matrices are of dimension 2! x 2",
and can be defined based on the spectral zones
(degrees I € [0,n)) as follows [10, 12];

(10)

—

[ sz ] [ Hzl ]

WP, Fil
[sweh]=| 7 |iseh]=] AT @

lw21+1—lj lﬁ2l+1_1J

The sub-matrices are simply obtained by dividing
the respective transform matrices based on the sub-
intervals [2!,2'%1) defined by the degrees [ and
including the global functions. Which are equivalent
to the structure of [I, @ 74,] as given in equation
8).

I(_gmma 2: The Relationship between the Haar and
the Walsh-Paley (WP) sub-matrices is defined by
[10, 12]:

[SwWPy.] = WP]- [SH],1=0,...,n—1 (12
Where [SWP..] is a 2! x2" Walsh-Paley sub-
matrix, [SHjn | is the Haar sub-matrix (2! x 2") and
[WP,] is the Walsh-Paley transform matrix of order
l.

Lemma 3: Relationship between the Haar (Fy(x))
and the Walsh-Paley (Fyp (x)) spectral coefficients
vl € [1,n) [7, 10]:

Fyp () { Fi () 0w
X) = a

" WP]- [y, x € [24,21*1)

Theorem 2: A relation between the Walsh transform

and the Autocorrelation function is given by (based

on Wiener-Khintchine theorem) [1, 2]:

Rw() =F,"(x) VXEF} (14)

111,  THE HAAR-PALEY RECURSIVE
TRANSFORM (HPRT)

In this section, we present the Haar-Paley
Recursive Transform (HPRT). The section is divided
into three parts. The first part examines the Haar-
Recursive transform (HRT) as a recursion algorithm.
This idea is then extended in the second part to
introduce the related spectral transform (called here
HPRT). The third part on the other hand, considers
the fast transform version of the HPRT from the
algorithmic point of view and fast signal flow. The
resulting fast transform in this sense, is referred to as
the FHPRT.

1.3 Haar-Recursive Transform (HRT)

In this part, we introduce and define the

notion of the Haar-Recursive Transform (HRT)
which will be deployed further in the next sub-
section. We define this notion in terms of a recursive
function and demonstrate its interpretation with
relevant examples.
Definition 3.1: Let V be a vector with dyadic length
(2™ elements) then define dyadic partitioning of V
by its partition into sub-vectors of dyadic lengths
vl € [0,n) as

[Vvl=1[v(0),v(Q),.., V(" —-1)]
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= [V(0), [V]] (15)
Where [V,] = [V(2), V(2L + 1), ..., V(2" — 1]
It should be noted that if V from Definition 3.1
represents the Haar spectrum, then it is obvious that
[V;] represents nothing other than the Haar spectral
zones defined by the respective degrees [.
Definition 3.2: Let V be a vector with dyadic
partitioning (lengt/Z = 2",n = 1), then define the
Haar-Recursive Transform (HRT) of V (HRT,(n) =
W) by the following recursion steps:
1. Base-Case: lengt/ (V) =2

W = HRT,(n) = FHT (V)
2. Recursion-step:
i. W =HRT,(n) = FHT(V)
ii. VIe[1,n) A vx e [2}2H4):
W(x) = HRTy, (1) = FHT (W (x)) (16)
Note: the recursion algorithm can also take a sub-
matrix as its input. An alternative definition of the
HRT’s recursion-step (Definition 2) can be given in
matrix representation as follows.
Definition 3.3: Let a 2™ x 2™ matrix be denoted by
[HR, ] and represents the HRT matrix, then it can
simply be defined as a product of a recursive matrix
and the respective Haar transform matrix ([H,,]). The
recursive matrix is a diagonal matrix with the lower

v (0) 7
v (1)
V(0)
V(1) [V(l] 2
y 3

v(2) Haar ; .
: Transform v ()

|74 (1) (5)
|74 (1) (b)
vl

VE?)

HRT matrices ([HR;],i € [0,n)) as the sub-blocks

down the diagonal. Its definition is given as follows:

[1] 0
[HRy]

0

Where [HR,] = [H,y] = [1]

Definition 3.4: Let V be as defined in the
Definition 3.2, then an equivalent definition of HRT
of V in terms of the transform matrix [HR,,] can be
given by:

W = HRTy(n) = [HR,] - [V] (18)
Remark: What the HRT does is as follows: it takes
a vector and then apply Haar transform to it
recursively first by dealing with the entire vector.
Then it divides the resulting transformed vector into
sub-vectors (with dyadic length) and then for each of
them, it repeats the same procedure until it gets to a
sub-vector of length 2 only when it quits (see Fig. 1
below). The arrows in Figure 1 represents recursive
process of applying the Haar transform to the
original vector then followed by the same procedure
to the zones and their sub-zones.

The following example (Example 1) demonstrates
the idea behind Definitions 3.3 and 3.4 with the
matrix interpretation of the HRT.

[HR,] = [H.] (A7)

[HRn—l]

y@ (0) 7 V(ﬂ(o) ]
V(ﬂ(l) V(ﬂ(l)
[V(ZJ (2) V(Z)(Z)
y@ (3) V(Z)(g)
@ (4) V(Z) (4)
v (5) V@ (s)
[vfﬂ &)l Haar LUVE)(6)
v @7y [ Transform {172 (7) |

Fig. 1: Visual Aspect of HRT for n = 3 (lengt/ (V) = 23)

Example 1: Consider the case of n = 1,2,3 then
based on Definition 3.3 we have the HRT matrices
as follows ([HR,] = [1]):

n=1= tR1= [ ] = )
[1] 0

n=2 = [HR,] = [HRo] " [He]
0 [HR]

n=3:

[1]
S (HR,) TS
0 [HR,]

The following proposition (Proposition 1) entails the
consequence of the HRT matrix in its connection to
the Walsh-Paley transform matrix by summarizing
the relationship between the two transform matrices.

Proposition 1: Given an n-variable domain, then the
HRT matrix is equal to the Walsh-Paley transform
matrix. That is, forn > 1

Proof: we prove this proposition using induction on
the HRT matrix as follows

Base case: Let n =1, then the HRT matrix is

[HR,] = [H,] = [} _ﬂ — [WP,]. Which is true

for the proposition.
Induction step: Let n > 1 be given and suppose
that the proposition is true for n = k. This means
that the proposition holds for n <k, then by
induction hypothesis and deploying Lemma 1, 2 with
equation (17) we have

[1] 0

[HR, ] [Hyga]
0 [HR;]

Now, with the induction hypothesis followed by the
use of Lemma 1 and Lemma 2 we then get

[HRk+1] =
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H,
1] . [SHye]
_ [HR,] A[SH]
0 [HRy] [5H§,;11
|[SHyii].
H, 1 [ WP ]
[1] - [SHei] [SWPSii]
_ [WPl]-:[SH;kH] _ [5W1?21H1] = WP,.]
WP_i]- [SHEZ] | ([SWPch
| WP - [SHY 1] | L[SWPa]]

Thus, the proposition holds for n = k + 1 and this
completes the proof of the induction step. Hence by
using the principle of induction, the proposition
holds for all n > 1. O
Now, the proposition can naturally be extended to
the relationship between the Haar and Walsh-Paley
sub-matrices. This is done simply by modifying the
relationship given in Lemma 2 and use the HRT in
place of the Walsh-Paley transform matrix.
Proposition  2: Consider the Haar sub-
matrix [SHy.], 1€ [1,n), q €[0,2"), and dyadic
intervals  [2!,2!*1), then the Haar recursive
transform of this sub-matrix
(denoted by HRTgy (1)) results into the Walsh-
Paley sub-matrix [SWP,.]:
HRTgy (1) = [SWP;] (20)
Proof: The proof follows directly from definition of
the HRT, the use of Lemma 2 and the proposition 1
as follows:
= HRTgy (1) = [HR,] - [SHx | (Definition 3.4)
= [WP] - [SHix] (Proposition 1)
= [SWP}.] (Lemma2) D
The next example demonstrates the results given by
proposition 2.
Example 2: Consider a given Haar matrix of order
3 ([Hs]) and its Haar sub-matrices ([SHs], [SHZ]),
then the steps (with respect to the degrees 1)
involved in the execution of the HRT are given by:

/
Prunned Wolsh-Paley Transform (
\

/ u\
) Walsh-Paley Transform
A\

Haar-Paley-Recursive Transform ¢

l=1= [HR][SH}:] =

[1 1]_[1 1’ =1 -1 0 0 0 0]
1 -tdlo o o 01 1 -1 -1
_[1 1—1—111—1—]
b1 -1 -1 -1 -1 11
=2 = [HR,] - [SHA]

-[1 11 1]

o | RELN

_[1 —1]'[11®r11]

= [WP,] - [SHZ] = [SWP3]

1 -1 1 -1 1 -1 1 -1
1 -1 1 -1 -1 1 -1 1
1 -1 -1 1 1 -1 -1 1

'l - -1 1 -1 1 1 -1
(End of Example)

1.4 Haar-Paley Recursive Transform (HPRT)

The HRT presented in the previous section
gives the connection between the Haar and the
Walsh-Paley sub-matrices. The consequence is that,
the Walsh-Paley transform matrix can be given
alternatively based on the proposition 1. This is true
since, the first two global coefficients for both the
Haar and the Walsh-Paley spectra are the same and
the rest are connected via the spectral zones. The
zones from the two spectra can be connected in this
sense through the HRT relationship.Additionally,
performing the HRT transform on a given vector
only once, gives the Haar spectrum of the respective
vector. On the other hand, performing it repeatedly
on a given vector gives the Walsh-Paley spectrum of
the same vector. For the case of the transformed
vector being a Boolean function, then we refer to the
HRT process in this work as the “HPRT ”. In turn,
the effect of applying the HPRT to a given vector is
nothing other than the Haar-Paley-Recursive-
Spectrum (HPRS). In essence, the HPRS is simply
the Walsh-Paley spectrum obtained through the use
of the Haar transform. A summary of the
relationship between the Haar and Walsh-Paley
transforms is given in the following figure (see Fig.
2 below).

\/ Hoar-Paley Transform

Fig. 2: Relationship between the Haar and Walsh-Paley Transforms

In the figure below (Fig. 3), we give the algorithm
for the steps involved in the computation of the

HPRS. The algorithm in this case, depicts the
recursion steps defined in the HPRT. The input to
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the algorithm is an arbitrary Boolean function f,
which is transformed using the HPRT to get the
respective HPRS as an output vector. The first two
steps of the algorithm determine the length of f and
its corresponding number of variables respectively.
The third step represents the base case for the
recursive algorithm, while steps 4 and 5 gives the
respective recursion step defining the HRT process.

The HPRS is given as the output
vector current,e.,- in the final step of the
algorithm.

Remark: The HPRT is given here as a recursion
algorithm in terms of the Haar-recursive function. In
the next sub-section we will consider it from a fast
transform perspective with the related computational
complexity.

1.5 Fast Haar-Paley Recursive Transform

(FHPRT)

The Haar transform as given in the preliminary
section involves a sequence of transforms denoted
asa;s (i € [0,n)). Itis carried out as follows:

Algorithm: Haar_Paley_Recursive_Transform(f)

Input: A Boolean function truth table, f

Output: Haar-Paley Recursive Spectrum

Steps:

Step 1: Determine the length of the input vector, size

size = length(f)

Step 2: Determine the number of variables, 11;,.4;

Noca = 10g,(size)

Step 3: If NMygpe = 1 (size = 2), then Do
i current,,.., = Haar_Transform(f)
ii. Go to Step 6
Else Go to Step 4
Step 4: Case Nygpq > 1 (Size > 2)
current ., = Haar_Transform(f)
Step 5: Recursion step, ¥ [ € [1, np00;) Do
i temp= current .. (x), vx € [2,2141)

. current,,.o(x) = Haar Recursive Transform(temp)

Step 6: Output CuUrrent . tor

Fig. 3: The HPRT Algorithm

The original signal to be transformed is
taken first as a, and then recursively transformed n
times in a sequential order (n is the number of
variables). The resulting vector in this case is the
Haar spectrum given by a,,. During the sequence of
transforms, the length of the transformed signal for

any two successive sequences a; and a;.q IS
reduced by a factor of 2. That is, the length of a; is
twice as much that of a; ;. The signal-flow example
of the Haar transform of a 3-variable Boolean
function is depicted in Fig. 4(a) below.

ay(0) a,(0) a,(0) a;(0)

a,(1) X a3 (1)

Ray(2)

ag(1) , ax(1) &

ay(2) a4(2) a3(2)

i
ay(3) 22N a,(3)

@) ¢ a3(3)

ag(#) N ay(4) —————————— 0@

ag(s) Vo) 4@

ay(6) X a(6) ————————— a,(6)

ag e a (7)) ——mm —————— a;(N

(a)

2,(0) a3(0)

a az(u}g as(1)
: nz(Z)X a3(2)
= ay(3) €= =N a3(3)

az(4) X as(4)

ay(5) € = =™ a,(5)

<

a;(6) X as(6)
==Y ay(7) € ==" a;(7)

(b)

'Fig. 4: Signal Flows for n = 3 - (a) The FHT (b) The FHPRT

On the other hand, the Haar transform
process is applied repeatedly to the zones of the
Haar spectrum and recursively to their subzones for
the case of the HPRT algorithm. At any given
sequence of transforma;, the HPRT basically
process the entire sequence by simply repeating the
same procedure of the Haar transform for the entire
sequence and not just a portion of it. This fills up the
entire current processed sequence and therefore not
having the processing reduction of a factor of 2. In
turn, the number of processing for each sequence of
the transform is the same. The signal flow of the

Fast Haar-Paley-Recursive Transform (FHPRT) for
the case of a 3-variable function is depicted in Fig.
4(b). The HRT over the Haar transform in this case,
is portrayed by the blue colour highlight in the signal
flow. That is, the added recursion or the repetitions
of the Haar transform procedure for the entire
processed signal. We define the fast Haar-Paley-
Recursive transform as according to the following
definition.

Definition 3.4 Let f(x) be an n-variable Boolean
function and Fypp(x) its Haar-Paley recursive
spectrum (HPRS), set
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ag(x) =f(x), x€[0,2")

For se[1,n], ke[1,25 ], xe[(k—1)-8,k-
g and d=2n—s
a;(x+k—-1)-6) =a,_1(2x) + a,_1(2x + 1),

a;(x+k-8) =a,_12x) —a,_1(2x + 1),

Then, Fypg (x) = a5 (x) (21)
This definition is an extension of Theorem 1 given
in preliminary section. It can simply be pictured
through the butterfly pair as:

a._q(2x) alx+ (k—1)-8)
a,_;(2x+ 1jj ——————— i a(x+ k-§)

Note that, the parameter § represents the
step for the butterfly output pair (how far apart) of
coefficients. The parameter k on the other hand,
defines the Haar-recursive transform over the
processed signal sequence. If k is only restricted to
one (k=1 only) then the algorithm becomes
nothing other than the Haar transform. A summary
of the steps describing this algorithm is given in the
figure below (Fig. 5), as well as the flow chart
depicting the algorithm’s steps (Fig. 6).

Input: n-variable Boolean function f(x)

Output: HPRS (F ypg)
Step 1: seta, (x) = f(x)

Step 2: Vs € [1,n] Do the following
1. Compute &
2. vke[1,2571] Do
a. Compute sub-interval: x € [(k—1)-6, k- &)
b. vxe[(k—1)-8, k-&§) Compute the pairs:

a(x+(k—1)-8) A alx+k-8)

Step 3: Output a,

Fig. 5: The FHPRT Algorithm

Fig. 5 depicts the steps involved in the
FHPRT algorithm. Step 1 involves assigning the
Boolean function f, as the initial sequence to be
processed during  transformation. The
transformation is carried out through n steps (n is the
number of variables for the Boolean function)
defined by the parameter s where each step involves
computing the current sequence (a,) using the
previous one (a,_;) (step 2 of the algorithm). For
each of the current processed step s, two parameters
are used (6 and k) in step 2 of the algorithm. These
two parameters were defined along with the

definition of FHPRT in the previous paragraphs.The
Flow chart given in Fig. 6 provides a better view of
the steps of the algorithm. There are three main
loops in the algorithm, the first one determined by
the parameter s, the second one by the parameter Kk,
and the last one with the variable x. The first one
decides the transform steps, the second decides how
many Haar transform repetitions to be carried out for
the current step, and the last one does the butterfly
operation for each repeated Haar transform. The
algorithm stops when s > n, giving out the HPRS
asa,.

alx +(k—1)-8)r=a. ,(2x)+a, ;(Zx+ 1)
afx+ k-85 s=a, ,(2x) —a,_,{2x+ 1)
x = x + 1:

Fig. 6: Flow Chart for the FHPRT Algorithm

Remark: As the HPRT coincides with the Walsh-
Paley transform then it is obvious that the HPRT
matrix ([HR,]) is also a self inverse matrix with

appropriate normalizing weight factor, that is the
inverse matrix is simply [HR,]™! = 27" [HR,].
Consequently, the HPRT is a self inverse transform
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meaning that the fast algorithm can be applied for
both forward and inverse (with the respective weight
factor) transforms.

FHPRT Time Complexity: Operations considered
are Additions and Subtractions during the process of
sequence of transforms from the initial sequence to
the final sequence. For each butterfly pair, there are
two operations involved which are: 1 addition and 1
subtraction. In turn, the number of processing for
each sequence of the transform is the same. Each
sequence of transforms now has 2"~ butterfly pairs
to be processed, each of which involves two
operations of addition and subtraction. This gives a
total number of operations within a step of transform
as 2 x 2"~1 = 2" which consequently makes a total
of n - 2™ number of operations for the completion of
all the n steps of the transform. This coincides with
the complexity of the fast Walsh-Hadamard
transform [7].The presented algorithms in this
section were implemented using MATLAB software
and their performances on a PC machine were
compared along with the Walsh-Hadamard
algorithm as a benchmark. The last but one section
(see Section 4 below) presents the results of this
experiment. The following sub-section (Section 3.4)
explores the connection between the HPRT and the
ACF.

1.6 The FHPRT and Its Consequence to the
Autocorrelation Function of a BF

As the FHPRT gives directly the Walsh-
Paley spectrum, it is natural to connect this
interpretation to the Wiener-Khintchine theorem for
expressing the Autocorrelation function in terms of
the HPRT. The following proposition summarizes
this relationship
Proposition 3: Let f(x) be an n-variable Boolean
function, Fypg (x) its Haar-Paley recursive spectrum
(HPRS), and ;(a) its Autocorrelation function.
Then the Autocorrelation function can be expressed
in terms of the Haar-Paley power spectrum as
follows:

B =2 (P’ @) vxer @
HPR

Proof: we utilize theorem 2 and the fact that the
HPRT coincides with the Walsh-Paley transform
(WPT). From theorem 2 we have, the Walsh-Paley
transform of the Autocorrelation function is the
Power spectrum in Paley ordering which is given
by Ryp(x) = Fyp’(x) Vx € FL. The Walsh-Paley
inverse transform of the Power spectrum in turn
gives the Autocorrelation function as 7 (x) =
we,]-!- [ﬁwpz]t =27 [WPR,]- [ﬁwpz]t. Since
the HPRT s equivalent to the WPT and their
transform matrices are self inverses with appropriate
weight factors then it follows that 7¢(x) =27"-
t
[HR,]" [ﬁwpz] =27 (ﬁHPRZ(x)> : 0
HPR

The next example demonstrates the relationship
portrayed by the Proposition 3. In this case the
consideration is done for three 4-variable BFs
including a Bent function, a nonlinear balanced BF,
and a Linear BF. Bent functions are considered as
the class of BFs farthest from being linear and
comprise of all zero ACF coefficients except the
global element [1,2,3,14].

Example 3: Consider the following 4-variable
BFs fi, f, and f5. The first function is a Bent BF,
the second one is a nonlinear balanced BF, and the
third is a lincar BF. The functions’ Haar-Paley-
Recursive spectra (HPRS, Fy;pg), including the Haar-

Paley power spectra (F"HPRZ) and their HPRTSs
(hfp=27"- (ﬁHPRZ) ) are given in the Table 1
HPR

below. Their polarity truth-tables
respectively as follows:
fl = [1;111; _1;111; _1;11 _1; _1; _111;1;11 _1;1]1

fz =

[1111 _1; _1I1I _1; _1I1I1) _111; _1; _11 _111;1];
f3

=[1111,-1,-1,-1,-1,-1,-1,-1,-1,1,1,1,1]

are given

Table 1: HPRSs, Haar-Paley Power Spectra and their HPRTSs for BFs given in Example 3

* | Buen | Pourn | Bouen | Ben | Fonps | Fonpn | "h =7h | PP =7g | Wip =7p
[i] 4 0 i 16 0 [i] 16 16 16
1 4 ] ] 16 0 o 0 ] 16
2 -4 ] ] 16 0 0 0 & 16
3 4 0 16 16 0 236 0 -& 16
4 4 0 0 16 0 0 0 0 -16
5 4 g 0 16 64 o 0 0 -16
6 4 g 0 16 64 o 0 0 -16
7 4 ] ] 16 0 o 0 ] -16
2 -4 4 ] 16 16 o 0 ] -16
o 4 -4 ] 16 16 o 0 ] -16
10 4 4 0 16 16 0 0 0 -16
11 4 4 0 16 16 0 0 0 -16
12 4 4 0 16 16 0 0 -8 16
13 -4 4 ] 16 16 o 0 & 16
14 -4 -4 ] 16 16 o 0 g 16
15 4 4 0 16 16 0 0 g 16

IV. SIMULATION RESULTS
The algorithms for the HPRT and FHPRT
were implemented using the MATLAB software,

and the experiments on performance comparisons
between these two algorithms and the Walsh-
Hadamard algorithm were conducted. The
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experiments were carried out on laptop computer
with the following specifications; Dell-Vostro-3450,
Intel Core i5-2410M, CPU @ 2.30GHz, and 4.0GB
RAM. The focal point of the experiments was on
execution time (using the tic-toc MATLAB
function). The fast Walsh-Hadamard transform
(FWHT) provided as a built-in MATLAB function
was used as the benchmark.The execution of each
algorithm was conducted in the following manner:
number of iterations on which the same algorithm

executed was picked as 200 (ignoring the first time
execution for the fetch delay), at the end of each run
the average execution time was computed for the
number of variables between 3 and 20 inclusive.
The following tables (Table 2 and Table 3) show the
results of the experiment, for the average execution
times of the algorithms. The execution times during
the different iterations for the given number of
variables are presented in the figures below (see Fig.
7, Fig.8 and Fig. 9).

Table 2: Algorithms’ Average Execution Times (sec) for n € [3,11]

n HPRT FHPRT FWHT

3 0.00008 0.00001 0.00021

4 0.00017 0.00002 0.00023

5 0.00039 0.00005 0.00028

6 0.00073 0.00009 0.00040

7 0.00154 0.00019 0.00065

8 0.00320 0.00043 0.00122

9 0.00671 0.00091 0.00246

10 0.01337 0.00212 0.00539

11 0.02636 0.00460 0.01222

Table 3: Algorithms’ Average Execution Times (sec) for n € [12,20]

n HPRT FHPRT FWHT
12 0.05944 0.01042 0.03036
13 0.11640 0.02488 0.05678
14 0.23005 0.04871 0.12858
15 0.47885 0.10482 0.26154
16 0.98741 0.27912 0.68846
17 2.49517 0.57414 1.45983
18 4.96914 1.20209 3.09637
19 9.92213 2.46331 6.29882
20 18.73959 4.10494 12.05639

As it can be seen from both tables (Table 2
and Table 3) and the figures (Fig. 7, 8 and 9), on
average execution times and with low number of
variables the algorithms are performing at almost the
same level (n € [3,5]). At the beginning of the
experiment (first iteration), the execution time is
somewhat high, but as the number of iterations
change then the execution time for the algorithms
tend to stabilize to a certain level. On the other hand,
as the number of variables increases, the

performance of the fast algorithms is almost same
(see Fig. 9 below) but for the recursion function
(HPRT), the execution time increases relative to the
other two. Even though the two fast algorithms
perform way better than the one based on recursion,
yet the FHPRT outperforms the MATLAB built-in
FWHT by a factor of almost three. Note that, the
average execution time given in Fig. 9 is computed
in common logarithm.

003

T
—F—HPAT |
|| ——Fwpat|
M —o-pwnr |

Aserage Execution Time for 3 <n <11 : HPRT Vs FHPRT Vs FWHT
T T T

&
e

Humber of Variables ()

Fig. 7: Algorithms’ Average Execution times (sec) for 200 Iterations and n € [3,11]
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Average Execution Time for 12 £ n 220 - HPRT Vs FHPRT Vs FWHT

—¥—HPRT
—A— FHPRT
161 —& = FWHT

Average Exec. Time. (5)

Nurnber of Yariables ()

Fig. 8: Algorithms’ Average Execution times (sec) for 200 Iterations and n € [12,20]

—#—HPRT
I FHPRT
O FWHT

N Average Exec. Time in Common Log: HPRT ws FHPRT vs FWHT
v T T T 2 : T

Awerage Exec. Time (Lugmtsecj)

i
0

I i i
12 14 18 18 20

Mumber of ariables (n)

Fig. 9: Algorithms’ Average Execution times (log(sec)) for 200 Iterations and n € [3,20]

The advantage of the HRT is simply that, it
gives one the freedom of determining how far they
would want to go recursively and in turn flexibility
in computations and complexity. The following
considerations can be taken with regard to the HRT
advantages:

1. Local Property Flexibility and Linear
Correlation: Since the recursive transform can
be applied locally then there is a computational
flexibility. This transform is applied to each
zones (defined by the degreel) of the Haar
spectrum independently. Each zone is related to
a correlation between the given Boolean
function and a specific set of Linear Boolean
functions (related to the degree [). This gives the
flexibility of restricting computations locally
depending on one’s interest on finding the
respective linear correlations.

2. Local Property Flexibility and Testing:
Consider a case where the resulting Walsh-
Paley spectrum is required to have a flat
spectrum, where all the spectral coefficients
have to be with the same absolute magnitude.
The testing for such case-scenario becomes
easier and computationally efficient since it can
be conducted zone-wise and if the requirement
is violated in one zone then there is a prevention
of further unnecessary computations with the
rest of the zones. The worst case scenario is

when the violation is within the last zone of the
spectrum. This advantage does not count only
for flat-based spectrum, but rather the testing
can be conducted by computing the spectrum
partially and avoiding computing the entire
spectrum first and then conduct the testing
afterwards.

3. Local Property Flexibility and the Possibility
of Parallel Processing: Since each zone of the
Haar-spectrum is processed independent of the
other zone, then this gives rise to the possibility
of parallel processing being applied on each
individual zone independently.

The following section presents the conclusion of
the paper.

V. CONCLUSION

Spectral transforms play a crucial part in
the analysis, design, and testing of digital devices.
Such transforms based on the Walsh and Haar basis
are the two most suitable for analysis and synthesis
of switching or Boolean functions. The main
contribution of this work is related to the Walsh-
Paley transform from the Haar domain point of
view.The paper has reviewed the connection
between the Walsh-Paley and the Haar transforms.
The work has introduced another alternative view on
the connection between the two spectra. The paper
derived the expression of the Walsh-Paley transform
in terms of the Haar transform. In the process, the

Www.ijera.com 55|Page



H. M. Rafig. Int. Journal of Engineering Research and Application

WwWw.ijera.com

ISSN : 2248-9622, Vol. 6, Issue 11, ( Part -5) November 2016, pp.46-58

work has demonstrated the possibility of obtaining
both the Haar spectrum and the Walsh-Paley
spectrum using only the Haar transform domain. In
turn, the paper introduced a new Haar-based
transform algorithm (Haar-Paley-Recursive
Transform, HPRT) in the form of a recursive
function along with its fast transform version called
the fast-Haar-Paley-Recursive transform (FHPRT).
The proposed algorithm coincides with the Walsh-
Paley transform in terms of its interpretation. The
consequence of this interpretation was then exploited
in the work to derive the relationship between the
Autocorrelation function (ACF) of a BF and the
HPRT. This relationship has been given based on the
Wiener-Khintchine theorem, and analogously the
ACF has been expressed in terms of the Haar-Paley
power spectrum. The paper then presented the
simulation results on the average execution times of
both derived algorithms in comparison to the
existing Walsh benchmark. The work has shown the
advantages of using the Haar transform domain in
computing the Walsh-Paley spectrum.
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