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ABSTRACT 

In this paper, we obtain the general solution of equations of motion of axisymmetric problem of micro-isotropic, 

micro-elastic solid in static case. The equations of motion of axisymmetric problem are converted into vector 

matrix differential equations using the Hankel transform. Applying the technique of solving the eigen value 

problem, the general solution of the said problem is obtained. The results of the corresponding problem in linear 

micropolar elasticity are obtained as a particular case of this paper.   
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I. INTRODUCTION 
The classical theory of elasticity describes well the behavior of construction materials provided the stresses 

do not exceed the elastic limit and no stress concentration occurs. The discrepancy between the results of the 

classical theory of elasticity and the experiments [1] appears in all the cases when the microstructure of the body 

is significant. The materials having microstructure are metals, polymers, rocks and concrete. The influence of 

microstructure is particularly evident in the case of elastic vibrations of high frequency and/or small wave 

length. To remove the short comings of the classical theory of elasticity, Eringen [2] introduced the theory of 

micromorphic materials which includes the micromotion. This theory was simplified by Koh [3] extending the 

concept of coincidence of principal directions of stresses and strain of classical elasticity and named it as the 

theory of micro-isotropic, micro-elastic materials. Nowacki [4] has shown that the equations of motion of 

axisymmetric problem of micropolar solid can be decomposed into two mutually independent sets of three 

equations. Das et al. [5, 6] have obtained general solution of equations of motion in thermoelasticity and 

magnetothermo-elasticity using eigen value approach to solve vector matrix differential equation. 

In the present paper, we apply the technique of solving an eigen value problem to obtain the general 

solution of the axisymmetric problem of micro-isotropic, micro-elastic solid. The results of the corresponding 

problem in micropolar theory [7] are obtained as a particular case of it. 

 

II. BASIC EQUATIONS 
The equations of motion and the constitute equations of micro-isotropic, micro-elastic solid under the 

absence of body forces and body couples are given by Parameshwaran and Koh [8]                                           

The displacement equations of motion are  

    uAuAAuAAA   3

2
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The stress, couple-stress and stress moment are as follows. 
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where  
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.                                                                    (9) 

subject to the conditions 

,023 21  AA
    

,02 A
    

,03 A  

,023 54  AA
    

,05 A
 

,023 21  BB       
,02 B
 

,03 B    ,343 BBB       .0543  BBB                                                (10) 

where 
 
is the average mass density, j is the micro-inertia. The macro displacement in the micro elastic 

continuum is denoted by ku and the micro deformation by ,)(mn for the linear theory we have the macro-strain

),( mkkm ee  , the macro rotation vector
mnkmnk ur ,

2

1
 , the micro-strain )(mn  and micro-rotation

kmpkmp 
2

1
 . The stress measures are the asymmetric stress (macro-stress) mnt , the relative stress (micro-

stress) km and the stress moment  kmnt  and also the couple stress tensor kmnpnmkp tm  . The symbol ( ) 

appeared in suffix of a quantity indicate that the quantity is symmetric and [ ] shows the quantity is skew-

symmetric. ,, 1, 2, 5, 3, 4, 7, 9  and 10 are the ten elastic moduli. Further, pkm  is the permutation 

symbol and km is the Kronecker delta. The ( . ) denotes the derivatives with respect to time. 

 

III. FORMULATION AND SOLUTION OF THE PROBLEM 
The problem is to find the general solutions of axisymmetric equations of static micro-isotropic, micro-

elastic material under the absence of body forces and body couples, we take 0 u and the cylindrical 

coordinates ,r  and z  are introduced. 

The equations of motion (1) and (2) for the static case are as follows. 
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where 
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In case of the vectors of macro-displacement u  and micro-rotation   depend only on the coordinates r and z , 

the equations (11) to (16) reduce to  

    02 33212

2

32 



























z
A

r

e
AAA

r

u
uAA r

r


                                                             (17) 

  02 32

2

32 



























rz
A

r

u
uAA zr 
                                                                                    (18) 

       0
1

2 3321

2

32 
















 r

rr
A

z

e
AAAuAA z                                                              (19) 

  022242 35432

2

3 



























z

u
A

r

e
BBA

r
B r

r
r




                                                            (20) 

0242 332

2

3 



























r

u

z

u
AA

r
B zr




 


                                                                                 (21) 

      0
1

22242 3543

2

3 
















  ru

rr
A

z

e
BBAB zz                                                            (22) 

where 

 
z

u
ru

rr
e z

r










1
 

 
z

r
rr

e z
r














1
 

2

2

2

2
2 1

zrrr 












  

Equations given by (17) to (22) can be split into two sets of equations. One of these is coupled in  

,, zr uu
 
and other set is coupled in .,,  ur  

These two sets are given by the equations (23) to (25) and 

(26) to (28). 
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The equations (23), (24) and (25) are three mutually independent functions zr uu , and  involved. Multiplying 

(24) by  rrJ 0 and (23), (25) by  rrJ 1 and integrating between the limits 0 to ∞ we find that the system of 

partial differential equations (23) to  (25) reduces to the following system of ordinary differential equations. 
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where zr uu , and  are the Hankel transforms of the functions zr uu  ,
 
and   

respectively and are given 

by  
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We represent the equations (29) to (31) as a matrix differential equation  
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Now the equation (32) can be expressed as  

 

0 RXXQXP                                                                                                                                     (34) 

Multiplying the equation (34) by 
1P we have 

 

XLXLX 21                                                                                                                                            (35) 

where 
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We express equations (33) and (35) as a single matrix differential equation 
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where I  and O  are unit and zero matrices of order 3 respectively. 
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In view of equation (37) the equation (36) can be written as  

EYY
dz

d
                                                                                                                                                         (38) 

where  

 

 
66xijeE   

Assume 
szWeY   be a solution of equation (38) then we have sWEW                                                   (39) 

 
 32

321

12
AA

AAA
e







, 

 32

3

13

2

AA

A
e




  , 

 
 32

2

21
14

2

AA

AA
e







 

 
 21

321

21
2AA

AAA
e







 ,  

 
 21

2

32

25
2AA

AA
e







 , 

 21

3

26
2

2

AA

A
e





 

3

3

31
B

A
e


  ,  ,

3

3

35
B

A
e




 3

3

2

3

36

2

B

AB
e





. 

 

Hence, s  is an eigen value of the matrix E  and W  is the corresponding eigen vector. 

 

The eigen values of the matrix E  are the roots of the equation  
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Expanding the determinant of equation (41) we get the characteristic equation as  
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The eigen values of the matrix E  are the roots of the equation (42) and they are    ,,
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The four eigen vectors corresponding to four distinct eigen values 4321 ,,, ssss of the matrix E are obtained by 

solving the following homogeneous equations. 
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for .4321 ,,, sssss   

If we denote the cofactors of the elements of the first row of the coefficient matrix of the equation (43) by 
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are the solutions of the equation (43) and hence they are eigen vectors corresponding to the eigen values 
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Thus, the solution of the differential equation (38) is given by Das et al. [5] 
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where 654321 ,,,,, cccccc  are arbitrary constants which are to be determined from the boundary conditions. 

 

The equation (45) can be expressed as  
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where ( ‘ ) represents the differentiation with respect to z . 

For the half space ,0z the equation (46) reduces to the form  
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Equating the corresponding elements of matrices of equation (47), we obtain 
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The equations (26), (27) and (28) three mutually independent functions zr uu ,
 

and   
are involved. 

Multiplying (27) by  rrJ 0  
and (26), (28) by  rrJ 1  

and integrating between the limits 0  to ∞. We find 

that the system of partial differential equations (26) to (28) reduces to the following system of ordinary 

differential equations. 
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as vector matrix differential equation. 

FYY
dz

d
                                                                                                                                                         (54) 

where 
T

zrzr uuY 






 
    and  ijfF                                                                                  (55) 



R. Srinivas et al Int. Journal of Engineering Research and Applications                    www.ijera.com 

ISSN : 2248-9622, Vol. 4, Issue 7( Version 1), July 2014, pp.80-90 

 www.ijera.com                                                                                                                                87 | P a g e  

The elements of the matrix F  are given by 
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Again, if g is an eigen value of the matrix F  then )exp(gzUY 
 
is a solution of equation (54). Hence, U  

is the corresponding eigen vector. 

The eigen values of F are the roots of the characteristic equation  

0 gIF                                                                                                                                                       (57) 

0

00100

00010

00001

00

00

00

363531

262521

141312















g

g

g

ffgf

ffgf

fffg

                                                                                                     (58) 

Now simplifying equation (58) and using equation (56) therein we obtain the characteristic equation as  

    02

2

2

1

22

2

2

1

2

2

22

1

222

2

2

1

246   ggg                                                       (59) 

where 

2

1

22

1 k  , 
2

2

22

2 k  , 
 543

32

1
BBB

A
k


 , 

 
 

.
22

332

3232

2
BAA

AAA
k




  

The roots are 21 ,,  
 
which are the distinct eigen values of the matrix F . 

The corresponding eigen vectors are obtained by solving the following homogeneous equation. 
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for .6,5,4,3,2,1,  igg i  

here .,,,,, 2625141321   gggggg  

We denote the cofactors of the elements of the first row of the coefficient matrix in equation (60) by 

.6,5,4,3,2,1),( igFi  then 

 TgFgFgFgFgFgFgU )()()()()()()( 654321 are the solutions of the equation (60) and 

hence they are eigen vectors corresponding to the eigen values 6,5,4,3,2,1, ig i of the matrix .F  
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The expressions of 6,5,4,3,2,1),( igFi  are 

 
 

   
   



























32354

323

2

3322

354

3354

2

35

1

2222
)(

AABBB

AAABAA
g

BBB

ABBB
gggF





 

 
 

  
   



















32354

2

3

2

32542

354

544

2

2
)(

AABBB

AAABB
g

BBB

BB
ggF


  

 
 

   
















32354

2

3435

2

32

32

34

3

222
)(

AABBB

ABBBA
g

AA

A
ggF


 

 
 

   
   



























32354

323

2

3232

354

3

2

43524

4

2222
)(

AABBB

AAAAAB

BBB

ABBB
gggF






 

 
 

 
    




















32354

2

3

354

3

54

354

543

5

2
)(

AABBB

A

BBB

BB
g

BBB

BB
ggF




 

 
 

 
   

















32354

2

3435

2

3

32

33

6

222
)(

AABBB

ABBBA
g

AA

A
ggF



 

Since g1, g2, g3, g4, g5, g6 are the distinct roots of characteristic equation (59). 

The general solution of the differential equation (55) is given by  
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Now, we consider the equations of motion corresponding to micro-strains. 

The equations of motion under the absence of body forces and couples the equation (3) involving micro-strains 

can be expressed as  
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where 

2

2

2

2
2 1

zrrr 












   and  zzrrpp     

Adding equations (65), (66) and (67) we have 

    02323 54

2

21  pppp AABB                                                                                                   (71) 

Subtract equation (66) from equation (65) and subtract equation (67) from equation (66) we get 

    022 5

2

2    rrrr AB                                                                                                      (72) 

    022 5

2

2  zzzz AB                                                                                                        (73) 

From equation (68) we have 

    02

1

2    rr m                                                                                                                                      (74) 

where  

2

52

1
B

A
m   

The general solution of equation (74) is given by  

     )sin()cos()()(, 21102101 nzbnzbrmKarmIazrr                                                             (75) 

As the equations (69) and (70) are similar to equation (68). Hence the solutions of  rz and  z are given by  

     )sin()cos()()(, 43104103 nzbnzbrmKarmIazrrz                                                             (76) 

     )sin()cos()()(, 65106105 nzbnzbrmKarmIazrz                                                             (77) 

where  rmI 10  
and  rmK 10  

are modified Bessel function of the first and second kinds respectively. 

From equation (72) we have  

    02

1

2    rrrr m                                                                                                               (78) 

The general solution of equation (78) is given by  

    )sin()cos()()(),( 87108107 nzbnzbrmKarmIazrrr                                                   (79) 

Similarly, the general solution of equation (73) is given by    

    )sin()cos()()(),( 1091010109 nzbnzbrmKarmIazrzz                                               (80) 

From equation (71) we have 

02

2

2  pppp m                                                                                                                                          (81) 

where 

 
 
 21

542

2
23

23

BB

AA
m




  

 

The general solution of equation (81) is given by 

  )sin()cos()()(),( 121120122011 nzbnzbrmKarmIazrpp                                                         (82) 

Now, solving equations (79), (80) and (82) we get 

    )()()sin()cos()()(),( 101010987108107 rmKarmIanzbnzbrmKarmIazrrr             

  )sin()cos()()()]sin()cos([ 121120122011109 nzbnzbrmKarmIanzbnzb                            (83) 

  )sin()cos()()(),( 87108107 nzbnzbrmKarmIazr                                                               (84) 
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    )()()sin()cos()()(),( 101010987108107 rmKarmIanzbnzbrmKarmIazrzz              

 )sin()cos( 109 nzbnzb                                                                                                                                  (85) 

here 0a  to 12a  and 0b  to 12b  are arbitrary constants.  

The arbitrary constants involved in equations (48), (49), (50), (62), (63), (64), (83), (84), (85), (75), (76) 

and (77) can be determined using specified boundary conditions of a particular problem. Once, these constants 

are found, it is possible to find displacements, micro-rotation, stress and mirco-streses. The results of micropolar 

theory Mahalanabis and Manna [7] are obtained as particular case of this paper when 

,2,2,2 354   BBB 32A , ,2 31  AA   32 AA  and .0,,, 5421 AABB  
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