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ABSTRACT

The iterative learning control and the robust control are presented in this paper for the trajectory tracking
control. An H infinity norm is used to find the initial robust control law applied to the plant then an iterative
learning control is deduced which guaranteed the monotonic convergence of the system. A LMI (Linear Matrix
Inequalities) technique is also used to analyses and synthesizes this control system.
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l. INTRODUCTION

The iterative learning control “ILC” is a
concept that has been introduced in the literature by
several research works. It is an important approach
which is categorized in the methodology of intelligent
control. This approach is a simple and effective
method for controlling systems that execute the same
task repetitively, such as a motion stage for wire
bonding [1], a robotic manipulator in a manufacturing
environment [2], a chemical reactor in a batch
processing application [3] and nanopositioning
systems [4]. Then ILC concept means the capability
to improving the control input using the data of
previous iteration [5]. The goal of this approach is to
generate a simple algorithm repetitively for an
unknown process, until perfect tracking is realized

[6].

To achieve this objective, different approach
used ILC algorithms have been derived from the
classical Arimoto-type ILC algorithm [7], such as the
PID-type [8], the D-type [5] [6] [8] [9], the P-type [3],
the PD-type and the PI-type [10] and the Newton-type
[11]. These algorithms have been used to decreasing
the system error from iteration to another until the
convergence be realized but they cannot eliminate the
uncertainty from the system. On the other hand, we
need a robust control to guarantee the monotonic
convergence.

To design a robust iterative learning control
for uncertain system, several approaches have been
used in discrete time and continuous time, such as the
W synthesis [2][12], the youla parameterization [2],
the min-max method using the quadratic performance
criterion [13] and the H.. approach [14][15]. This next
one is an important approach used to improving the
monotonic convergence of uncertain system with
feed-back state.

A robust iterative learning control and a
robust monotonic convergence are studied in this

paper. We use the LMI technique to solve the robust
monotonic convergence problem of uncertain linear
continuous time system. The H.. norm is also used to
ensure the system convergence.

We show in section 2 of this paper the
problem formulation and the preliminary results. We
present in this first, the system description and the
control design objective. In section 3, the control
design is studied, we divided this section into two
parts, the first one represent the H infinity state
feedback design and the next part illustrate the D type
robust ILC design. A simulation example is showed
in section 4 and we finished by a conclusion in
section 5.

1. PROBLEM FORMULATION AND
PRELIMINARY RESULT
First, our objective is to determine an initial
robust control applied during the first iteration to
eliminate the external uncertainty in the system. We

use the H_ approach to calculate the control input
with state feedback. Secondly, we want to determine
the control input that cancels the error after a number

of iterations.
We considered the following uncertain linear system:

{)’(k = AX, + Bu, +Hw, "
1
Yy = CXk
The reference model is described as follows:
Xy = AXy + Bu,
{ 2
Yo = CXd

With x,, Wi, Uy, Vi Xg, Ug, @and n represent respectively
the system state, the disturbance input, the control
input, the output, the desired state, the desired control
and the system order, at iteration number k, with
appropriate dimension.

WWW.ijera.com 1756 |Page




Olfa Kouki et al Int. Journal of Engineering Research and Applications

WWWw.ijera.com

ISSN : 2248-9622, Vol. 3, Issue 6, Nov-Dec 2013, pp.1756-1763

We need in this work, an iterative learning
control capable to controlling the system (1) to follow
the model (2).

We defined the error model as follows:

{ & =X, — % -
€Y = Ya — Yk

From (1) and (2), the error model becomes:

&, = Ae +B(uy —u,)—Hw, @
ey, =Ce,
Our work is based on a set of lemmas:
Lemma. 1.

For a giveny >0, there exists a control law

K € R""such that:
e The closed loop system is asymptotically
stable.

e TheH_ norm of the transfer function in a
closed loop between the input w and the

output y is less than ¥.

Lemma. 2. (bounded real lemma)

Let considers a  stationary linear
multivariable stable system written by the following
minimal state representation:

X =Ax+Bw
®)
y =Cx+Dw
Where X is the system state, w is the input and vy is the
output. Then ||H ||w <v if and only if there exists a
symmetric matrix P such that:

P>0
A'TP+PA+C'C PB+C'D <0 (6)
B'P+D'C D'D-7%|

Lemma. 3. (Schur lemma)
Consider a block symmetric matrix [16]:

A B' @
B C
Where A and C are square matrices, with C being

negative definite. This matrix is negative definite if
and only if:

A-B'C'B (8)
is negative semi-definite.

Property 1:

Let considers an invertible matrix T:

TeR™ S<0&T'ST<0 9)

1. CONTROL DESIGN
We would applying to the system a robust and
iterative learning control at the same time to reduce
the repetitive error in the plant that execute the same

task repetitively. Then, our control is composed from
two parts, the first is a robust control and the second
is an iterative learning control witch guaranteed a
robust monotonic convergence.

Let consider the following control expression:

U =V + V5
Vi = Uy +Ke, (10)
Voka = Vax +I'ey,

Where V, , = 0 and K and T are the learning gains
matrix.
The controls Vv, and V,, represent respectively the

robust control and the iterative learning control.
By integrating this control law in the error model, we
obtain the following system:

{ék =(A-BK)e, —Bv,, —Hw,

11
ey, =Ce, o

I1l. 1. HINFINITY STATE FEEDBACK DESIGN
We are looking for a control law with state
feedback which stabilizes the system and minimizes

the H_ norm. To achieve this objective, the learning

gains matrix K and I" must be determined.

To solve this problem, such an approach is based on
solving a convex optimization problem under
constraints of linear matrix inequalities (LMIs) is
proposed.

At the first iteration the iterative learning control is
zero, then:

Uy =Vig
The error model becomes:
{ek = (A-BK)e, —Hw,

12
ey, =Ce, 4

I1l. 2. DTYPE ROBUST ILC DESIGN

The objective of the ILC is to refine the
input signal from iteration to another until we obtain
an output signal which approximates the desired
signal.

Consider an input signal is applied to a
system in an initial state. After applying the complete
input the system returns to its initial state. The system
output will be compared to a desired signal. The error
is used to construct a new input signal (the same
length) to be applied in the next iteration.

In the classical ILC the following standard

assumptions are required [3]:

e Each test period ends in a fixed time.

e Repeat initial setting is satisfied. Then, the initial
system state x,(0) can be set at the same point at
the beginning of each iteration.

e The system dynamics invariance is ensured
throughout the repetition (dynamic stability).
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e The output is measured in a deterministic V. = P
manner. 1 77kT+1 e 22)
e The system dynamics are deterministic. V, =€Y,..P.&Y
To give an idea of the results of the ILC, we consider We denote the fo"owing expression:
the proposed ILC in 1984 by Arimoto [3]: ;
prop ! y [3] AV =V, +AV, (23)
Vagor = Vo +T€Y (13) We will determine:
Now we derive the learning rule. Consider: ;
: Lo V, =71 (A'R +RA-K'B'P, ~RBK)r, +7,,  PBIey,
Mhen = .[ X0t = .[ X, dt (14) +eYkT I'B’ P + 77|<+1T RBL W, + Wk+1T BnT P
. 0 0 (24)
Then: _ Now with the help of equality (20), we determine the
M1 = X — X following expression:
; AV, = ey:—+1 P8y, — ey; Pey, (25)

t
= [(AX,s + Buy,; + Hwg )t — [ (Ax, + Bu, + Hu )t
0 0

= (77k+1T C™- 77k+1T KT'D" + eykT '’ + Wk+1T BlzT

: ‘ +ey, D,")P,(C7,.,+Du, , + Dey, +B,W, . ,) —ey, P.e
=I[(A_ BK)(Xk+1_Xk)+H5Wk+1]dt+BJ'l—\eykdt yk 0 ) 2( 77k+l k+1 0 yk 12 k+l) yk 2 yk
0 0

_ [(CTRC |
= (A=BK)n + HW,, + Bl'ey, CTRDK
= A, + B(=Kn,, +Tey, ) + HW, KT I;T pC (*) (*)
~ ~ - 2
Where:
t - I'D'P,DI
Wiig = .[(Wk+l — W, )dt (15) f||FPRC +I'D'PD
T THT 270 T
0 -I'D'R,DK D 7PDr (¥
~ =|e + * e
e,y =—K7n, +T€Y, (16) ~yk +D,'R,C B ~yk
We will determine the deference between the error at oot _DPDK +D, BD, ot
. . i 02
iterations number k and k+1: -P,
Hiea = =6 =8, BP0 | (B0 e
= ~Crlea (17) BJPDK) (+BJPD,| | 2 2%
Then, the error at the last iteration becomes:
&1 = €Y —Cny
= _CAnkH - CBGkJrl + eyk - CHWk+1 (18) ) ) (26)
. . The Hamilton Jacobi Bellman equality is described as
Then, we consider the following system: follows:
Mea = Ay + Bl + HW, (19) H = AV +eyyey, — 7" W, W, @7)
ey,, =—CAn,,—CB0,, +ey, —CHW, , We can set the equality (27) in the following form:
We can set the system (19) in the following form Q, * ™
17]:
[ .] - H=1Q, Q, (29)
M = Atley + Bug, +Beey, + ByW, QO O 0O
~ (20) 31 32 33
&Yy = C1 1 tDU + Doey, +B, W,
with: The system is stable if and only if the Jacobi
A=A B=B,B;=0,B,=H,C=-CA, Bellman equality is definite negative.
D=-CB, D, =1 and B,, =—CH To determine this matrix we will determine the
We define the followina | function: components of the correspondent matrix.
e define the following lyapunov function: Q, - ATPl FPA- KTRT P, - PBK
V=V, +V, (21)
+K'D' P,DK
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Q, =T"B'P,+I"D'R,C-T"D'P,DK
+D,'P,C-D, R,DK
Q,, =I"D'R,DI+I'"'D'R,D,

(31)
+D,"P,Dr +D, P,D, - P, + |
Q, = BllT P+ BlzT P,C- BlzT P,DK (32)
Q,, = BlzT P,DI' + BlzT P,D, (33)
Q,, =B, PB, -7l (34)

Now we will set the equality (28) in the following
form:

Q, (] |
QZl Q 22 (*)

(35)
[Q0 Q] [Qy]
Next, we will identify each part of the (35):
][5 ol
Q. =—y1+
BlZ 0 PZ BlZ
=—*1+D'SD, (36)

)
[Qsl Qsz]=|:851:| |:F(;1 8}
o] [5 2Jle o o,v0r

B,||0 P|C-DK D,+DI

—B'P+DSA
Q, ] [A-BK B,+BI'|[P 0

|:Q21 Q22:|=|: O 0 j| |:O 0i|

P OHMBK BO+BF}

00/ O 0

@37)

+
+' 0 o T[p 0] o0 0
C-DK D,+DI'| | 0 P, ||C-DK D,+DI
0 0] [0 0
_l_ —_
0 1] [0 P
—A"P+PA+A'SA +['L-R (38)
_[r 0] » [O] . [B
with: S =| ° . D, = B = M,
0 P B, 0

B 0] . 0 0
P= A = ,
00 C-DK D,+DI

@ A :{

|

A-BK B,+BI' 0 O
, R= and
0 0 0 PR

H

Then, the Hamilton equality becomes:

|

(ATP+PAY |
- B,
+A, SA, AT
®= +L'L-R AZ ! (39)
(LSJP J [[”)JS‘]]
+E31TS_A2 —°1 |
ATP+PA+LCL-R PB
B'P 1
{AJ@AZ A;stz}
D,'SA, D,SD,
+PA+LL- 3
|A'P+PA+L'L-R PB
B'P 7
(40)

A o rer o
—[%] (-SM)[SA, SD,]

Appling the bounded real lemma, the equality (40)
becomes as follow:

-S SA, SD,
©=|SA" A'P+PA+LL-R PB
SO, B, P 1
-S SA, SD,
=|SA” A'P+PA-R PB
SD, BP 7
0 0 0
+0 L'L 0
0 0 0
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5 SA, 5D, - IO
~|A’S AP+PA -R PB 0 P, (*) ™ & ®
A — N T
DS BP 7 AR
C'P, +PA
07 2 1 ¢
CliTo T o o +K'D’ P, —KTBTF‘1
+ =
0 [ ] -PBK
With the help of the lemma (2), we obtain: DoT P, BoT P P® ®
-5 SA, SD, 0 DR (+TB'R)
. (AP . 0 B, P B, P 0 -1 0
as |7 PB, L o o o 0 0 -
0= +PA -R @4y L e
o . (42)
DS B'P -7’1 0 We define the following expression:
0 C - R* 0 0 0 00
Replace the variable with theirs appropriates 0 RBR* O 0 0O
expressions in the equality (41), it becomes as follow: 0 0 P 1 0 00
T= L (43)
0 0 0 P~ 00
0 0 0 0O I O
0 0 0 0 0 I
) With the help of property 1, we will determine:
- (*) (*) ™
0 -B* (*) ™
er| O RICT+RIK'D’ RIAT+ART-RIKTB'-BKRT () (9 (9
0 Pz_lDOT + P2_1FT D' Pz’lBoT + Pz’ll“T B’ —Pz_l * &
0 BlzT BllT 0 —7/2I 0
L 0 0 0 PZ"1 0 -1
Wherew, =P, w, =P, %, w, =P, ', N,=KP"and N, =TP,™
After applying the modification, we can set that:
—W *) (*) ™ ¢
0 —W, () ™ ™ ©
TTOT - 0 WlCT + NlT D' WlAT +Aw, — NlT BT - BN, (*) * ™ @)
0 wD,+N,’D' w,B," + N, B’ -w, *) (*
0 B, B, 0 -1 0
0 0 0 W, 0o -l

The matrix (44) doesn’t depend from ws then we can eliminate the first row and the first column from this

matrix, we obtain the following expression:
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w,C" +N,"D’

WlAT + AWl - NlT BT - BN1 (*) (*) (*)

*) ™ ) O]

IM={w,D,” +N,’D’ w,B," +N,'B’ -w, ) | @5
B, = 0 -1 0
i 0 0 W, O
Now, we replace the variables with theirs appropriate expression, we obtain:
I —W, *) ™ & O]
—WlATCT - NlT B'CT WlAT + Aw, — NlT B — BN, (* * ™
M=| w,—N,’B'C’ N,"BT W () )|
—H'CT HT 0 —°1 0
i 0 0 W, —
By the LMIs techniques, to determine the unknown
variables P4, P,, K and I', we assume the sufficient desired and output trajectory
conditions: ! T
w,>~0,w, >0, K>=0,T>0and IT<0 (47) o8l
061 |

V. SIMULATION EXAMPLE

To illustrate the efficiency of the robust
iterative learning control law presented in this paper,
considers the system (1):

. -0-8 -0-22 0-5 1
X, = L 0 X, + L uk+1wk

Yo =[1 0-5]x
(48)
Our objective is to track the reference model given
by:
. -0-8 -0-22 0-5
Xy = Xy + Uy
1 0 1 (49
Yy = [1 0-5] Xq
The disturbance applied to the system is assumed as:
w, (t) =sin(2* 7 *t) (50)
The desired control is a sinusoidal signal of
frequency 1 Hz:
Uy (t) =2*sin(2* 7 *t) (60)

We assume zero initial conditions.

We present in the next section the
simulation results during the iterations number 1, 10,
20 and 50. The fig.1, fig.2, fig.3 and fig.4 show the
simulation result, for our proposed scheme, of the
output and the desired trajectory. The fig.5, fig.6,
fig.7 and fig.8 illustrate the error trajectory. The next
figure shows the H infinity and gamma trajectory.

0.4

0.2

yd red, y blue

-0.21

-0.4
0
time(s)
Fig. 1. The Output and the desired trajectory in the
first iteration.

desired and output trajectory
0.6 T T T T T

0.51
0.4
0.3r
0.2

0.1

yd red, y blue

-0.1r

-0.21

04 I I I I I I I I I
0 1 2 3 4 5 6 7 8 9 10
time(s)

Fig. 2. The Output and the desired trajectory in the
iteration number 10.
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-0.21 N

-0.31
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Fig. 3. The Output and the desired trajectory in the
iteration number 20.

desired and output trajectory
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0.5F
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0.31
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yd red, y blue
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-0.2F

-0.31
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0 1 2 3 4 5 6 7 8 9 10
time(s)

Fig. 4. The Output and the desired trajectory in the
iteration number 50.

Error trajectory
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Fig. 5. The error trajectory in the first iteration.
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Fig. 6. The error trajectory in the iteration
number 10.

10

Error trajectory
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time(s)
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Fig 7. The error trajectory in the iteration number 20.
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Fig. 8. The error trajectory in the iteration number 50.
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Fig. 9. H infinity and gamma trajectory.

We can conclude that our system is

monotonically convergent. The error trajectory tends
to zero. We respected the H infinity norm which is
les then gamma during the iteration of the system.

V. CONCLUSION
A robust monotonic convergence for linear

uncertain continuous time system is presented in this
paper. A robust and an iterative learning control are
studied to achieve this convergence. The updating
law is physically based in an H infinity setting where
the required conditions are LMI based witch can
directly determine the learning gains.
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