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I.  Introduction

S.Sabu and T.V.Ramakrishnan [5] proposed
the theory of multi-fuzzy sets in terms of multi-
dimensional membership functions and investigated
some properties of multi-level fuzziness. L.A.Zadeh
[8] introduced the theory of multi-fuzzy set is an
extension of theories of fuzzy sets. R.Muthuraj and
S.Balamurugan [2] proposed multi-fuzzy group and its
level subgroups. In this paper we define a new
algebraic structure of multi-anti fuzzy subgroups and
study some of their related properties.

I1. PRELIMINARIES
In this section, we site the fundamental
definitions that will be used in the sequel.

2.1 Definition
Let X be any non-empty set. A fuzzy subset p
of Xisp: X — [0,1].

2.2 Definition

Let X be a non-empty set. A multi-fuzzy set
Ain X is defined as a set of ordered sequences:

A =L (X X)), ), .., uKx), ...): xex?},
where ; : X — [0, 1] for all i.

Remark
i. If the sequences of the membership functions
have only k-terms (finite number of terms), k
is called the dimension of A.
ii. The set of all multi-fuzzy sets in X of

dimension k is denoted by M*FS(X).
iii. The multi-fuzzy membership function p, is a
function from X to [0, 1] “such that for all x

in X, pa(X) = (ua(X), p2(X), -..r pi(X)).
iv. For the sake of simplicity, we denote the
multi-fuzzy set

A= { (Xv p'l(x)v H'Z(X)v i Hk(X) ) : XEX}
as A= (1, Mz -y M)

2.3 Definition
Let k be a positive integer and let A and B in
M¥ES(X), where A= (u, L, ..., ) and B = (vq, va...,
vk), then we have the following relations and
operations:
i. AcB ifandonlyif y<v; foralli=1,2,
o K
ii. A=B ifandonlyif p=v,foralli=1,2,
o K
iii. AUB = ((uvy, ..y o) ={(x, max(py(x),
vi(X)), ..., max(u(X), vi(x)) ) : xe X};
iv. ANB = (uiNvy, .., Nvi) = {(X, min(pa(x),
vi(X)), ..., min(p(x), vi(X)) ) : xe X};
V. A+B = (b, o pictvi) = £ (X pa(X)+va(x)
“(vi(X), s ) V)X Vil(X) )
xeX}.

2.4 Definition

Let A= (ug, Mo, ---, i) be a multi-fuzzy set of
dimension k and let ;' be the fuzzy complement of
the ordinary fuzzy set ; for i =1, 2, ..., k. The Multi-
fuzzy Complement of the multi-fuzzy set A is a multi-
fuzzy set (uy', ..., w) and it is denoted by C(A) or A'
or A,
That is, C(A) = {( X, c(u(X)), -, C((X)) ) : XxeX} =
{01 (%), ... J1-wl(X) ) @ xeX}, where c is the
fuzzy complement operation.

2.5 Definition
Let A be a fuzzy set on a group G. Then A is
said to be a fuzzy subgroup of G if forall X, yeG,

min { A(X) , A(y)}
A(X).

i Axy)
i. AT

v
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2.6 Definition
A multi-fuzzy set A of a group G is called a
multi-fuzzy subgroup of G if for all X, yeG,
i.  AXxy) = min{AX), A(Y)}
i. AXT)=A®X

2.7 Definition

Let A bea fuzzy set onagroup G. Then A
is called an anti fuzzy subgroup of G if forall x,yeG,
i. A(xy) < max {A(X),A(y)}
i. AT = AKX)

2.8 Definition
A multi-fuzzy set A of a group G is called a multi-
anti fuzzy subgroup of G if for all x,yeG,
i. A(xy) < max {A(X), A(y)}
i. AXTH=A()

2.9 Definition
Let A and B be any two multi-fuzzy sets of a
non-empty set X. Then for all xe X,
i. A c B iff AX)<B(x),
ii. A=B iff A(x)=B(x),
iii. AUB (x) = max{A(x), B(X)},
iv. AnB (x) = min{A(X), B(X)}.

2.10 Definition
Let A and B be any two multi-fuzzy sets of

a non-empty set X. Then

i. AUA=A ANA=A,

ii. AcAUB, BcAUB, ArB c A and

AnB c B,
iii. A c B iff AUB=B,
iv. A c B iff AnB=A.

I11.  Properties of multi-anti fuzzy
subgroups
In this section, we discuss some of the
properties of multi-anti fuzzy subgroups.
3.1 Theorem
Let ‘A’ be a multi-anti fuzzy subgroup of a
group G and ‘e’ is the identity element of G. Then
i. AKX > A(e)forallx eG.
ii. The subset H={xeG / A(X) = A(e)}
isa subgroup of G.
Proof
i. LetxeG.
AX) = max{AX),AX}
max { A (X), A (x)}
A (xxh
A (e).
Therefore, A(X) > A (e), forall xeG.
ii. LetH ={xeG/AX)=A(e)}
Clearly H is non-empty as ecH.
Let x,yeH. Then, A(X) = A(y) = A(e)
Ay < max {A(x), A(y")}
= max {A(x), A(y)}
= max {A(e), A(e)}
= A(e)

v

Thatis, A(xy") < A(e) and obviously A(xy™)
> A(e) by i.
Hence, A(xy™) = A(e) and xy™eH.
Clearly, H is a subgroup of G.
3.2 Theorem
A is a multi-fuzzy subgroup of G iff A®isa
multi-anti fuzzy subgroup of G.
Proof
Suppose A is a multi-fuzzy subgroup of G.
Then for all x,yeG,
A(xy) = min{A(x), A(y)}
< 1-A'xy) = min{(1-A%(x)), (1-A%(y))}
< A'xy) < 1-min{ (1-A%(x)), (1-A%(y))}
< A% (xy) < max{A%(x), A°(Y)}.
We have, A(x)=A(x") forallxin G
o 1-AX) = 1-Ax)
Therefore Ax) = A(x).
Hence A°isa multi-anti fuzzy subgroup of G.
3.3 Theorem
Let ‘A’ be any multi-anti fuzzy subgroup of a
group G with identity ‘e’. Then
Axy™) = Ale) = AX) =A(y) forall x,yinG.
Proof
Given A is a multi-anti fuzzy subgroup of G
and A (xy™) = A(e).
Then forall x,yinG,
A(X) = AKXy 'Y))
=A(xy )y)
< max{A(xy ), A(Y)}
=max {A(e), A()}
=A(y).
That is, A(X) < A(y).
Now, A(y) = A(y "), since A is a multi-anti fuzzy
subgroup of G.
= Ay )
=A((x Xy )
=AX'(xy)
< max{A(x"), A(xy )}
= max{A(x), A(e)}
=A(X).
That is, A(y) < A(x).
Hence, A(X) = A(y).
3.4 Theorem
A is a multi-anti fuzzy subgroup of a group G
< Axy ") < max{A(x), A(y)}, forall x,y in G .

Proof
Let A be a multi-anti fuzzy subgroup of a group G.
Then for all x,y in G,
Alxy) = max{A(x), A(y)}
and  AX) = AX).
Now, A(xy )< max{A(x),A(y )}
= max{A(x), A(Y)}
< A(xy™) < max{A(x), A(y)}.

IV.  Properties of Multi-lower level subsets
of a multi-anti fuzzy subgroup
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In this section, we introduce the concept of
multi-lower level subset of a multi-anti fuzzy
subgroup and discuss some of its properties.

4.1 Definition

Let A be a multi-anti fuzzy subgroup of a
group G. Forany t = (t,t,, ..., t, ...) where t;€[0,1],
for all i, we define the multi-lower level subset of A is
the set, L(A;t) ={xeG/A(x)<t}.

4.1 Theorem

Let A be a multi-anti fuzzy subgroup of a
group G. Then for any t = (t1,t5, ..., tx, ...), Where tje
[0,1] for all i such that t > A(e), where ‘e’ is the
identity element of G, L (A ;t) is a subgroup of G.

Proof
Forall x,y € L(A; t), we have,
AX) < t; Aly) <t

Now, A(xy) < max {A(X), A(y)}.
< max {t,t}=t
Thatis, A(xy ') < t

Therefore, xy' e L(A;t).
Hence L(A ;1) isasubgroup of G.

4.2 Theorem
Let G be a group and A be a multi-fuzzy
subset of G such that L(A ; t) is a subgroup of G. Then
fort=(ty,t,, ..., t, ...), where t; € [0,1] for all i such
that t >A(e) where ‘e’ is the identity element of G, A is
a multi-anti fuzzy subgroup of G.
Proof
Let x,yeG and A(X)=r and A(y)= s, where r = (ry,r,,
wes Ny o) S = (51,8, oy Sk -o) 4 1i,Si€[0,1] for all i.
Suppose r < s.
Now A(y) = s which implies y € L(A; s).
And now A(x) =r < s which implies xeL(A; s).
Therefore x,yeL(A ; 3).
As L(A:s)isasubgroupof G, xy 'eL(A:;s).
Hence, A(xy ") < s=max{r, s}
< max{A(x), A(y)}
Thatis, Axy ) < max{A(x), A(y)}.
Hence A is a multi-anti fuzzy subgroup of G.
4.2 Definition
Let A be a multi-anti fuzzy subgroup of a
group G. The subgroups L(A ; t) fort= (t,t,, ..., t«,
...) where t;€[0,1] for all i and t >A(e) where ‘e’ is the
identity element of G, are called multi-lower level
subgroups of A.

4.3 Theorem

Let A be a multi-anti fuzzy subgroup of a
group G and ‘e’ is the identity element of G. If two
multi-lower level subgroups L(A ; r), L(A ; s), forr =
(ri,foy ooy My o)y S = (S1,S2y «ov y Sk -o0)y iy Si €]0,1] for
alliand r, s >A(e) with r < s of A are equal, then
there is no x in G such that r < A(x) <s.

Proof

LetL(A;r) = L(A;S).
Suppose there existsa X € G such that r < A(x) < s,
Then L(A; r)c L(A; 3).
That is, x e L(A ; s), but x ¢ L(A ; r), which
contradicts the assumption that, L(A;r) = L(A;5s).
Hence there is no x in G such that r < A(x) <s.
Conversely, Suppose that there is no x in G such that
r <Ax)<s.
Then, by definition, L(A;r) < L(A;5s).
Let x € L(A;s) and there isno x in G such that r <
AX) < s.
Hence x e L(A;r) and
Hence L(A;r) = L(A;S).

L(A;s)c L(A;r).

4.4 Theorem
A multi-fuzzy subset A of G is a multi-anti
fuzzy subgroup of a group G if and only if the multi-
lower level subsets L(A ; t), for t = (ty,t, ..., t, ...)
where t;[0,1] for all i and t >A(e), are subgroups of
G.
Proof Itis clear.
4.5 Theorem
Any subgroup H of a group G can be realized
as a multi-lower level subgroup of some multi-anti
fuzzy subgroup of G.
Proof
Let A be a multi-fuzzy subset and xeG.
Define,
0 if xeH
Alx) =
t ifxeH, fort= (>t ..., %, ...)

where t; €[0,1] for all i and t >A(e).
we shall prove that A is a multi-anti fuzzy subgroup of
G. Letx,yeG.
i. Suppose x,yeH. Then xyeH and xy*eH.
A(X) =0, A(y) =0, A(xy) = 0 and A(xy™) = 0.
Hence A(xy™) < max{A(x), A(y)}.
ii. Suppose xeH and yeH. Then xyeH and xy*¢H.
A(X) =0, A(y) =tand A(xy™?) = t.
Hence A(xy™) < max{A(x), A(y).
iii. Suppose x,ygH. Then xyeH or xy™'¢H.
A(X)=t, A(y) =tand A(xy") =0 or t.
Hence A(xy™) < max{A(x), A(y)}.
Thus in all cases, A is a multi-anti fuzzy subgroup of
G. For this multi-anti fuzzy subgroup A, L(A;t) =H.

Remark

As a consequence of the Theorem 4.3, the
multi-lower level subgroups of a multi-anti fuzzy
subgroup A of a group G form a chain. Since A(e) <
A(x) for all x in G where ‘e’ is the identity element of
G, therefore L(A; to) , where A(e) =ty is the smallest
and we have the chain :
{e}cL(A;t) c LA;t) < LA t) < ....
L(A;t) =G, wheretp< t; < t, <...... < t,.
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