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Abstract

In this paper we introduce a new concept,
Intuitionistic fuzzy € Semi -boundary using the
arbitrary complement function namely €: [0,1]—
[0,1] which is introduced by klir[10]. Further we
investigate some of the properties of this
boundary
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I.  Introduction

Athar and Ahmad[2] defined the notion of
fuzzy boundary in FTS and studied the properties of
fuzzy  semi  boundary.  K.Bageerathi  and
T.Thangavelu were introduced fuzzy €-semi closed
sets in fuzzy topological spaces, where C:
[0,1] »[0,1] is an arbitrary complement function
which satisfies the monotonic and involutive
condition.

After the introduction of fuzzy sets by
Zadeh [13], there has been a number of
generalizations of this fundamental concept. The
notion of intuitionistic fuzzy sets was introduced by
Atanassov [1] Using this idea Coker[9] introduced
the concept of intuitionistic fuzzy topological spaces.
For the past few years many concepts in fuzzy
topology were extended to IFTS.

In this paper, we are extending the concept
of intuitionistic fuzzy semi boundary by using the
complement function € instead of the usual
complement function. Further we discuss about the
basic properties and some of the characterizations of
this intuitionistic fuzzy €-semi boundary.

Il.  Preliminaries
Throughout this paper (X, 7) denotes a
intuitionistic  topological space in which no
separation axioms are assumed unless otherwise
mentioned.

Definition 2.1[1]

Let X be a non-empty fixed set. An
intuitionistic fuzzy set (IFS, for short), A is an object
having the form
A={<X, pa(x),ya(x)> 1 x€ X}

Where the mapping puy:X -1 and y,:X -1
denotes respectively the degree of membership
(namely p4(x)) and the non-membership

(namelyy, (x) ) of each element x €X to a set A, and
0< py(x)+ y4(x) <1 foreach xeX.
A= {<Xl ,uA(x)! VA(x)> XEX

Definition 2.2[1]
Let X be a non-empty set and let the IFS’s A
and B in the form
A= A={<X pu(x),y,(x)>:xeX};B=
A ={<x, up(x),yp(x)>:x € X}.
Let {4; : j € J} be an arbitray family of IFS’s in (X,
7). Then,
i) A< B if and only if Vvx €X, p,(x) <
up(x) and y,(x) = yp(x)
(i) A={<x, ya(x), pa(x) >:x € X}
(ii) n 4 ={<x, oy (x),v ¥a; (x) >:x € X}
(ivyud ={<x, VuAj(x), A ij(x) > x €
X} >}
(v) 1={<x1,0>x €X}and 0 ={<x,0,1>:
X € X}
(vijA=A, 1= 0and

= 1.

(=]}

Definition 2.3[9]

Let X and Y be two non-empty sets and
f:X1) > (X, 0) be a mapping. If B= {< vy,
ug),vg(y)>:y e Y}isan IFS in Y, then the pre-
image of B under f is denoted and defined by
fB) =< xf (s, f (rp(x) >: x €

X} since ug,yg are fuzzy sets, we explain that

FHup) ) = pup(f(x))

Definition 2.4[9]

An instuitionistic fuzzy topology (IFT, for
short) on a non-empty set X is a family 7 of IFS’s in
X satisfying the following axioms:

(i 1,0 et

(i) Ay n A, € tforsome 4;,4;, € 1

(ii)u 4 € v forany {4;:j €]} € 1

In this case, the ordered pair (X, t) is called
intuitionistic fuzzy topological space(IFTS, for short)
and each IFS in t is known as intuitionistic fuzzy
open set(IFOS, for short) in X. The complement of an
intuitionistic fuzzy open set is called intuitionistic
fuzzy closed set(IFCS, for short).

Definition 2.5[9]

Let (X, 7) be an IFTS and let A = {<Xx,
Ua(x),v4(x)> : x € X} be oa IFS in X. Then
intuitionistic fuzzy interior and intuitionistic fuzzy
closure of A are defined by

intA=U{G:GisanlFOSinXand G S A}
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clA=n{K:KisanlFCSinXand A € K}

Remark 2.6
For any IFS A in (X, 7), we have cl(A) = int A and
int (A) = clA.

Definition 2.7[5]

Let €:[0,1] »[0,1] be a complement
function. If A is a fuzzy subset of (X, t) then the
complement €A of a fuzzy subset A is defined by
GA(x) = € (A(X) for all x € X. A complement
function € is said to satisfy
(i) The boundary condition if

(1) = 0,
(if) Monotonic condition if
€ (y) forall x, y €[0,1]
(iii) Involutive condition if €( € (x)) =x for all x
€ [0,1].

€(0) =1 and

x<y = Ekx) =

Lemma 2.8[5]

Let G:[0,1] - [0,1] be a complement
function that satisfies the monotonic and involutive
condition. Then for any family {1,: « € A} of fuzzy
subsets of X, we have
(i) C(supfA,(x):a € A}) = inf{ (] (ka(x)): a €

A=inf{ Eror: @€ A}and
(ii) C(inf{A,(x):a € A}) =sup{ € (X, (X):a €
A=sup{ Ehox: a€ A} for x € X.

Definition 2.9[5]

A fuzzy subset A of X is fuzzy €-closed in
(X, 7) if €A is fuzzy open in (X, t). The fuzzy G-
closure of A is defined as the intersction of all fuzzy
E-closed sets B containing A. The fuzzy €-closure of
A is denoted by cl ¢(A) that is equal to A {B:B = A4,
CBE 1}

Lemma 2.10[5]

If the complement function Esatisfies the
monotonic and involutive conditions, then for any
fuzzy subset A of X, €(int A) = clg (EA) and
C(clgd) = int (CA).

Lemma 2.11[5]

Let (X, 7) be a fuzzy topological space. Let € be a
complement function that satisfies that satisfies the
boundary, monotonic and involutive conditions. Then
for any family {A,:a € A} of fuzzy subsets of X.
We have G(V{4,:a € A}) =A{EA,:a € A} and
C(A {4 ,:a € A}) =V{CA,: a € A}.

Definition 2.12[5]

Let (X, 7) be a fuzzy topological space and € be a
complement function. Then for a fuzzy subset A of
X, the fuzzy €-semi interior of A(briefly sintg A), is
the union of all fuzzy €-semi open sets of X
contained in A.

That is sintg A-V{ A: B <A,B is fuzzy €-semi
open}.

Definition 2.13[5]

Let (X, 7) be a fuzzy topological space and € be a
complement function. Then for a fuzzy subset A of
X, the fuzzy €-semi closure of A(briefly (clg A4), is
the union of all fuzzy C€-semi open sets of X
contained in A.

That is «lgA-V{B:B =A ,B is fuzzy €-semi
closed}.

Lemma 2.14[2]

Let (X, 7) and (Y, o) be €-product related
fuzzy topological spaces. Then A is called fuzzy G-
semi open if there exists a €-open set B such that
B <A <clgB.

Lemma 2.15[4]

If A, A,, A3, A, are the fuzzy subsets of X
then (Ay ANADX (A3 A AY)) = (A1 X A A
(A2 X A3).

Lemma 2.16[4]

Suppose f is a function from X to Y. Then
f~Y(€B) = G(f'(B)) for any fuzzy subset B of
.

Definition 2.17[12]

If A'is a fuzzy subset of X and B is a fuzzy
subset of Y, then AxB is a fuzzy subset of XxY
defined by (AxB)(x,y) = min {A(x), B(y)} for each
(x,y) € XxY.

Lemma 2.18[4]
Let f: X — Y be a function. If {4, } a family of
fuzzy subsets of Y, then

(i) fIVA) =V (A)

(i) fHAAD) =AfTH(AL)
Lemma 2.19[4]
If Alisan IFS of X and B is a IFS of Y, then G(A x
B)=CAx1v1xEB.

I11.  Intuitionistic fuzzy €-semi boundary
In this section intuitionistic fuzzy €-semi

closure and interior were introduced. Using these two
concepts we develop the idea of intuitionistic fuzzy
€-semi boundary.
Definition 3.1
Let (X, 7) be a IFTS. Let A be a IFS and let € be the
complement function. Then intuitionistic fuzzy G-
semi boundary is defined as
isBd g(A) =iscl gA A isclg( €A) where semi closure
and semi interior were defined as
isinte A= V{ A: B <A,B is intuitionistic fuzzy
€-semi open}.
isclg A-v{ B:B = A ,Bis intuitionistic fuzzy -
semi closed}.
Proposition 3.2
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Let (X, 7) be a IFTS and € b Bdgs(4) e a
complement function that satisfies the monotonic and
involutive condition. Then for any IFS A of X,
isBd ¢(A)=isBd c(EA).

Proof

By the definition 3.1, Bd ¢(A) =isclgA A
iscl g( €A)_ Since € satisfies the involutive condition
E(€A) = A, that implies Bdg(A) =iscl c(CA) A
isclc€( €A) Thatis isBd ¢(A)=isBd c(€A).

Proposition 3.3

Let (X, ) be a IFTS and € be a complement
function that satisfies the monotonic and involutive
conditions. If A is intuitionistic fuzzy €-semi closed,
then Bd (A) < A.

Proof

Let A be intuitionistic fuzzy €-semi closed,
and € satisfies the involutive and monotonic
conditions we have ;Bd (4) <iclzs A = A.

Proposition 3.4

Let (X, t) be a IFTS and € be a complement
function that satisfies the monotonic and involutive
conditions. If A is intuitionistic fuzzy €-semi open,
then sBd ¢(4) < € A.

Proof

Let A be intuitionistic fuzzy E-semi open.
Since € satisfies the involutive condition, we get,
isBdg(4) < GA.

Proposition 3.5

Let (X, 7) be a IFTS. Let € be a complement
function satisfies the monotonic and involutive
conditions. Then for any IFS A of X, we have €
isBd ¢(A)=isint ¢(4) Visintg( CA) .

Proof

Using Definition 3.1, Bd s(4) = isclgd A
isclg( €A) . Taking complement on both sides, we
get € [;iBd s(A)] = € [iscl A Aiscl g( €A)]. Since €
the monotonic and involutive conditions, € [
isBdg(A)] = €liccleA] V €[isclc( CA)]. Using
proposition 5.6 in [6], € Bdg(4)= intg(4d) V
isint ¢( €A) .

Proposition 3.6

Let (X, ) be a IFTS. Let € be a
complement function that satisfies the monotonic and
involutive conditions. Then for any IFS A of X, we
have isBd @(A) =;scl @A A sint @(A)

Proof
By the Definition 3.1, we have
isBd g(A) =iscl gA Niscl g(€A). Since € satisfies

the monotonic and involutive conditions, we have
isBd ¢(A) =iscl gA Ajsint ¢(A).

Proposition 3.7

Let (X, 7) be a IFTS. Let € be a complement
function that satisfies the monotonic and involutive
conditions. Then for any IFS A of X, Bdg[
pint o(A)] <isBd (A).

Proof

Since € satisfies the monotonic and
involutive conditions, by using proposition 3.6, we
have i Bdg[ wuinte(A)]= icle(A[isintc(4A)] A
isint [ isint ¢(4)]. Since intg(4) is intuitionistic
fuzzy  G-semi- open, Bdg[ intg(4)]=
isclg(@isintc(A]A € [ isinte(A)]. Since
isint g(A) < A, by using proposition 5.6(ii) in [6],
and proposition 5.5 in [6],
isBd g[isint ¢(A)] < iscls(A) A isclg[ €A]. By using
the definition 3.1, we have isBd ¢[
isint ¢(4)] <isBd ¢(4).

Proposition 3.8

Let (X, 7) be a IFTS. Let € be a complement
function that satisfies the monotonic and involutive
conditions. Then for any IFS A of X, Bdg[
isCl(E(A)] <isBdg(4).

Proof

Since € be a complement function that
satisfies the monotonic and involutive conditions, by
using  proposition  3.11, Bdg[ isclg(A)]=
isclg(Aiscl (] A isint e[ isclc(A)]. By using
proposition 5.6(iii) in [6], we have ¢l [ iscl c(4)] =
iscl ¢(4), that implies
isBd gl iscl (A)] = iscl gA Ajsint [ iscl ¢(A)]. Since
A <[iscls(A)] , that implies isintg(4) <
sintg] isclg(A)]. Therefore Bdg[ isclg(4)] <
isclgA Ajsintg(A). By using proposition 5.5(ii) in
[6], and using the definition 3.1, we get iBd [
isclg(A)] <isBdg(A).

Theorem 3.9

Let (X, t) be a IFTS. Let € be a complement
function that satisfies the monotonic and involutive
conditions. Then for any IFS A and B of X,

isBdg[A VB] <isBdg(A) VisBdg(B).
Proof
From the definition 3.1, Bdg[A V B]= isclg[A V
B] Aisclg(CG[A VB]). Since € satisfies the
monotonic and involutive conditions, by the
proposition 5.7(i) in [6], that implies Bd z[A V B]=
{iscle[A] V [ iscleB)IIN  isclg(€[A vV B]). By
using , proposition 5.7 (ii) in [6], Bdg[A V B] <
{isclelA] V. [ wcleBIN  { isclc(€A) A
isclg( €B)}. Thatis Bdg[A VB] < {isclg[A] A [
isCle(CAN}V {iscle(A) N iscle( €B)}. Again by

2605|Page



A. Karthika and I. Arockiarani / International Journal of Engineering Research and

Applications (IJERA)

ISSN: 2248-9622

www.ijera.com

Vol. 3, Issue 4, Jul-Aug 2013, pp.2603-2607

using definition 3.1, Bdg[A VB] < isBdg(4) V
isBd ¢(B).

Theorem 3.10

Let (X, 7) be a IFTS. Let € be a complement
function that satisfies the monotonic and involutive
conditions. Then for any IFS A and B of X,

isBdG[A AB] < {isBd@[A] A [
iscle(B)]}V {isBde(B) A iscle( A}

Proof

By 3.1 Bdg[A AB]= isclg[A AB] A
isclg( €[A A B]). Since € satisfies the monotonic
and involutive conditions, by using propositions
5.7(i), in [6] and by using lemma 2.11, we get
isBdgl[A AB] < {isclg[A] A [ iscle(B)IN {
isclg(€CA) v clg(EB)} is equal to sBdg[A A
Bl < {{iclelA] ALicl(EADIA [scle A1} VAl
iscle(B) A isclg(€B)] A [isclg B]}. Again by
definition 3.1, we get
isBdg[A AB] < {isBde[A] A [ isclec(B)]}V {
isBdg(B) A iclg(A)}.

Proposition 3.11

Let Let (X, ) be a IFTS. Let € be a
complement function that satisfies the monotonic and
involutive conditions. Then for any IFS A of X,we
have
1. Bd¢lisBd¢(A)] <iBdg(4).
2. [isBdg(A){isBdlisBds(A)]} <iBde(A).

Proof

From the definition 3.1, ;Bd A= i;Bd ¢cA A
isBd c€B. We have sBd ¢ isBd A = isclg [
isBdgA] A isclglisBdgA] <  sBdg[A VB]
iscl glisBd gA]. Since € satisfies the monotonic and
involutive conditions, we have [ jcl c(4A)]= A, where
A is A is intuitionistic fuzzy €-semi closed. Hence
the proof.

Proposition 3.12

Let A be a intuitionistic fuzzy €-semi closed
subset of a IFTS X and B be a intuitionistic fuzzy G-
semi closed subset od a IFTS Y, then A x B is a
intuitionistic fuzzy €-seml closed set of the
intuitionistic fuzzy product space X x Y where the
complement function € satisfies the monotonic and
involutive conditions.

Proof

Let A be a intuitionistic fuzzy €-semi closed
subset of a IFTS X. Then € A is intuitionistic fuzzy
semi open in X. Then €A x 1 is intuitionistic fuzzy
semi open in X x Y. Similarly let B be a intuitionistic
fuzzy €-semi closed subset od a IFTS Y, then 1 x €B
is intuitionistic fuzzy semi open in X x Y. Since the
arbitrary union of intuitionistic fuzzy €-semi open
sets is intuitionistic fuzzy €-semi open , CAx1 v

1 x €B is intuitionistic fuzzy G-semi open in X x Y.
Then by lemma2.19 € (AxB)=CAXx1v1xEB,
hence G(A x B) is intuitionistic fuzzy G-semi open.
Therefore A x B is intuitionistic fuzzy ¢-semi closed
of intuitionistic fuzzy product space X X Y.

Theorem 3.13

Let (X, z) be a IFTS. Let & be a
complement function that satisfies the monotonic and
involutive conditions. Then for any IFS A and B of
X

(i)’ il g(A) X iscl ¢(B) = iscl (A X B)
(i) ntg(A) X sint ¢(B) < iint ¢(A x B)

proof
By the definition 2.17,[ clg(A) X
isCl(E(B)] (x' }’): min {isCl @A(X), isCl (EB(y)}Z
min { A(x), B(y)} = (A x B) (x,y). This shows
that iscl ¢(A) X isclg(B) = (A xB).
By using proposition 5.6 in [6], iscl (A X B) <
isCl(E ( isCl(i(A) X isCl(E(B))z isCl(i(A) X
iscl ¢(B). By using definition 2.17 ,[ iint g(A) X
isint g(B)] (x, y)= min { isint gA(X),
sint ¢B(Y)} < min { A(x), B(y)} = (AxB)
(X,y). This shows that
isint G(A) X jint (g(B) < iint @(A X
B).
Theorem 3.14
Let X and Y be €-product related
IFTSs. Then fora IFS A of X and a IFS B of Y,
(l) isCl @(A X B) = iSCl@(A) X isCl(g(B)
(ll) isint @(A X B) = int @(A) X
isint @(B)
Proof
By the theorem 3.13, it is sufficient to
show that iSCl@(A) X iSCl@(B) < iSCl @(A X B)
By using the definition in [6], we have icl (A X
B) =inf { €(A, x Bgp) : E(AxB)=>AXB
where A, and By are intuitionistic fuzzy €-semi
open }. By using lemma 2.17, we have,
isclg(A X B) = inf { €(A4,) x 1V 1x E(Bg):
C(A,)x1Vv1x€E(Bz) =AxB}
=inf { €(4,) x 1V 1 x €(Bg) :
€(A,) = Aor G(Bs) =B}
=min (inf { €(4,) x1Vv 1x
C(Bg) : €(A,) = A} inf { E(A,) x1Vv1x
€(Bg) : €(Bg) =BY).
Now inf{ €(A4,) x 1V 1 X €(Bg) : €(4,) =
A} >inf{C(4,)x1:C(A4,) = A}

=inf{C(4,):C(4,) = A}x1

= [iscl g(A)] X 1.
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Also inf { €(A,) X 1V 1 x (Bg) : €(Bs) =B}
> inf{1x €(By) : €(Bg) =B}

=1xinf{&(Bg) : €(Bs) =B}

=1x[sclg(B)].
Thus we conclude the result as ,
iscl (E(A X B) > min ([isCl @A] x1,1x [iSCl @B]
= [isCl (EA]X [isCl (EB]'

Theorem 3.15

Let X;,i=1, 2, 3, ..... n be a family of
€-product related IFTSs. If 4; is a IFS of X;, and
the complement function € satisfies the
monotonic and involutive conditions, then
isBd gllli=1 Ai]={ sBds(A1) X wcle(dz) X
......... X isCl(E(An)} \% { iSCl(i(Al) X
isBd@(Az) X, .4 ... X isCl(g(An)}V .......... \%
{ wcle(d) x  wcle(dz) x
Bd ¢(4,)}.

Proof
Using lemma 2.14, lemma 2.19, we get
the result.

Theorem 3.16

Let f: X — Y be a intutionistic fuzzy
continuous function. Suppose the complement
function € satisfies the monotonic and
involutive conditions, then
sBd c(f1(B) < f~1(sBd [BI), for any IFS B
inY.

Proof

Let f be a IF continuous function and B
be a IFS in Y. By using definition 3.1, we have
Bde(F'B) = wle(FTIB) AL
isclg(€ (f"1(B))). Then using the lemma’s
2.16, 2.18, finally we get Bdg(f ' (B) <
f~1(sBd g[B]). Hence the result.
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