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Abstract
The aim of this paper is to evaluate four finite double integrals involving the product of two

hypergeometric functions and H -function. At the end we give an application of our findings by
connecting them with the Riemann-Liouville type of fractional integral operator. The results obtained by
us are basic in nature and are likely to find useful applications in several fields notably electric network,
probability theory and Statistical mechanics.
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l. Introduction

The H -function occurring in the paper will be defined and represented by Buschman and Srivastava
[2] as follows:
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Which contains fractional powers of the gamma functions. Here, and throughout the paper aj(j =1..,p) and
bj(j =1,...,Q) are complex parameters, a; = 0(j=1,..., P),,BJ- >0(j=1..,Q) (not all zero
simultaneously) and exponents A;(j =1,...,N) and B;(j =N +1,...,Q) can take on non integer values.

The following sufficient condition for the absolute convergence of the defining integral for the H -function
given by equation (1.1) have been given by (Buschman and Srivastava[2]).
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and [arg(z)| <%72'Q (1.4)

The behavior of the H -function for small values of |Z| follows easily from a result recently given by (Rathie

[4],p.306,eq.(6.9)).
We have

1oy [z]:O(|z|y),7/:g}isr'l{Re(%jﬂM—>O

(1.5)

If we take A, :l(j =1.., N), B; :](j =M +1,...,Q)in (1.1), the function ﬁg@N reduces to the Fox’s

H-function [3].
We shall use the following notation:

A =(a’-'a‘-;Aj)l,N ’(aj’aj)N+1,Pand B’ =(bi"8])1,|v| ’(bj"BJ';Bj)

M+1,Q
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I1.  Preliminary Results
The following known results [6] will be required in the proof:
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Where Re(p) >0,Re(2p—a— f3) >0,aand b are constants, such that the expression [1+ax +b(1—X)]
is not zeroand 0 < x<1.
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Where Re(p) >0,Re(2p—a— ) >0,aand b are constants, such that the expression [1+ax+b(1—X)]
isnot zeroand 0 < x<1.
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Where Re(w) >0,Re(2w—a'- ") > 0.
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Where Re(w) >0,Re(2w—a'- ") > 0.

(2.4)

I11.  Main Integrals
We shall evaluate the following four finite double integrals involving hypergeometric functions and

H -function.
First Integral

prl(l X)”[L+ax+b(L-x)] 2 F{ pletb+9,  xd+a) }

2 1+ax+b(l-x)

(ax +ﬁ+2)

.e7@" 9 (sin )" (cos 8)" , F {a ik e'’ cos 9}

"Hopg [zx" (1—X)”[L+ ax+ b(L— x)] ?* e (sin 6)" (cos )™ Q:] dOdx
2a+ﬁ2p2r(a+ﬂ+2j B
_ 2 [r(“”jr(é]ﬁl—r(ﬁjr(ﬂ—”Jﬁz
[(a)T(B)(a - B)(1+a)” (1+b)” 2 2 2 2 |
eizr(w+l)/21—~(al+ﬂl+ 2}
el (2 (6 (EHE ]
22 ("= B (@ )T(B) 2 2 2 |

Where Hi1,H 2, Hsand Haare given as follows:
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Second Integral
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Where Hs, Hs, H7and Hsare given as follows:
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The integral (3.6) is valid if the following set of (sufficient) conditions are satisfied:
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Where Hi,H2,H7and H s are mentioned in (3.2), (3.3), (3.9) and (3.10) respectively and set of conditions
are as follows:

(i) Re(p) >0,Re(w) >1,|argz|< 9—;,0 >0,

]
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Fourth Integral
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Where Hs,Hs, Hszand H 4are mentioned in (3.4), (3.5), (3.7) and (3.8) respectively and set of conditions are
as follows:

(i) Re(p) >0,Re(w) >1,|arg z |< 0—;,0 >0,

(i) ReRp—a—p+2pB. ﬂ')>0[ ;’J>O,

i
b b.

(iii) Re[ZW a'= f'+2wB; J>2(B JJ>O.
ﬁ] ﬁ]

Proof: To establish (3.1), express the H -function on the left hand side using (1.1)in single Mellin-Barnes

contour integrals and interchanging the order of integration which is justifiable due to absolute convergence of
the integrals, we have:
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Evaluate the inner integral with the help of (2.1) and (2.3) and then applying (1.1), we get R.H.S of (3.1)in terms

of product of H -function.

The proof of second, third and fourth integrals are similar to the first with the only difference that here we make
use of known integrals, (2.1), (2.4) for second result (2.1) and (2.4) for third result and (2.2) and (2.3) for fourth
result respectively instead of (2.1) and (2.3).

IV.  Special Cases
(i) Putting @ =bin (3.6), we get
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Where ﬁs,ﬁs,Hmnd Hsgare integrals mentioned in the second integral are satisfied and the set of
conditions mentioned with second integrals are also satisfied.

(i) If we put A; = B; =1in (3.1), the result will be changed into the Fox’s H -function instead of the H-
function.

" (sin @) (cos 6)" ", F, {a " B -e' cos 0}

Qi]d@dx

V.  Application
We shall define the Riemann-Liouville fractional derivative of function f(X) of order o (or

alternatively, o™ order fractional integral) ([7], p.181;,[8],p.49) by

1 ¢ _o-1
T(fcr)'!;(Xit) f (t)dt,Re(0)<0

D {F0} =1 4 , (5.1)

Y Dy { f (x)}, q-1<Re(c)<q

Where (is a positive integer and the integral exists. For simplicity the special case of the fractional derivative
operator , Dy , when @ = Owill be written as Dy . Thus we have
DJ =,D¢ (5.2)

The preliminary result (3.1), after interchanging the order of integration which is justified due to absolute
convergence of the integrals can be rewritten as the following fractional integral formula:

% 1 1
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0

1406 |Page



Yashwant Singh and Harmendra Kumar Mandia / International Journal of Engineering

—p-1
.D,

Research and Applications (IJERA) ISSN: 2248-9622 www.ijera.com
Vol. 3, Issue 4, Jul-Aug 2013, pp.1401-1407

oot  Np2et a+p+2. X(1+a)
{x* [+ ax+b(1-x)] }ZF{a,ﬂ, ; '1+ax+b(1—x)} i

A*
B*

Hpa [zx”l (1— )~ [L+ax+b(L— x)] 2* 2" (sin §)" (cos )"

Using (5.1) and evaluating the integral with the help of (2.3), we get
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: (s (5
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Where Re(—p—1) > 0and all the conditions of validity mentioned with (3.1) are satisfied. The fractional
integral formula given by (5.3) is also quite general in nature and can easily yield Riemann-Liouville fractional

integrals of a large number of simpler functions and polynomials merely by specializing the parameters H
occurring in it which may find applications in electromagnetic theory and probability.
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