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1.Introduction

Levine [10] initiated the study of so-called generalized closed set(briefly g-closed set).The notion has
been studied extensively in recent years by many topologists, because g-closed sets are not only the
generalization of closed sets. More importantly, they also suggested several new properties of topological
spaces. Later on N.Palaniappan[11,12] studied the concept of regular generalized closed set in topological
space. Zaitsev [16]introduced the concept of Trclosed sets in topological space. Dontchev.J and Noiri. T[4]
introduced the concept of Tg-closed set in topological space.

Hussain(1966) [7] ,M.K.Singal and A.R.Singal(1968)[14] introduced the concept of almost continuity in
topological spaces. K.Balachandran , P.Sundram and Maki [ 2] introduced a class of compactness called GO-
compact spaces and GO-connected spaces using g-open cover.

Recently Jeyanthi.Vand Janaki.C [ 9] introduced and studied the properties of Tgr-closed sets in
topological spaces. The purpose of this paper is to study Tgr-closure, Tgr -interior, almost Tgr-continuous
functions and some of its basic properties . Further , we introduce the concepts of Tgr-compact spaces , Tgr-
connected spaces and study their behaviours under Tgr-continuous functions.

2. Preliminaries

Throughout this paper, X and Y denote the topological spaces (X,T) and (Y,0) respectively, on which
no separation axioms are assumed.

Let us recall the following definitions which are useful in the sequal.

Definition :2.1
A subset A of a topological space X is said to be
(i) a regular open[12] if A = int(cl(A)) and regular closed if A = cl(int(A))
(ii) Tr open [16] if A is the finite union of regular open sets and the complement of TF open is T closed set in X.
The family of all open sets [regular open, Tropen] sets of X will be denoted by O(X)(resp. RO(X),
TO(X)]

Definition :2.2
A subset A of topological space X is said to be
(1) a generalized closed set [10] (g-closed set) if cl (A) = U whenever Ac U and U € O(X).
(2) a regular generalized closed [12] (briefly rg-closed set ) if cl(A)cU whenever Ac U and
Ue RO(X).
(3) a generalized pre regular closed set [5] (briefly gpr -closed set) if pcl (A) cU whenever
Ac Uand U e RO(X).
(4) aTrgeneralized closed [4] (briefly Ti- closed set) if ¢l (A) < U whenever A< U and
U e mO(X).
(5) a Tga - closed set [8]if acl (A) = U whenever AcU and Ue TO(X).
(6)a Tr*g-closed set [6]if cl(int(A)) < U whenever AcU and Ue TO(X).
(7) amgb-closed set[15] if bcl(A) = U whenever AcU and Ue TO(X).
(8) a Tgp-closed set [13]if pcl(A) = U whenever Ac U and Ue TO(X).
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(9) a Tgs-closed set[1] if scl(A) — U whenever AcU and Ue TO(X).
(10) a generalized regular closed set [12] (briefly g-r-closed set) if rcl (A) cU whenever
Ac UandU € Openin X.
(11) A subset A of X is called Tgr- closed set[9] in X if rcl(A) < U whenever Ac U and U is Tropen in X.The
complement of Tgr -closed set is Tgr-open set.
We denote the family of all gr-closed (resp. Tgr-open)sets in X by MGRC(X)(resp. IGRO(X)).

Definition :2.3

A map f: X—Y is said to be
(1) continuous function[10] if (V) is closed in X for every closed set V in Y.
(2) regular continuous [12] if f*(V) is regular closed in X for every closed set Vin Y.
(3) Tor- continuous[9] if f*(V) is gr- closed in X for every closed set V of .
(4) almost continuous [14]if f*(V) is closed in X for every regular closed set V of Y
(5) almost Trcontinuous[4]if f*(V) is Trclosed in X for every regular closed set VV in Y.
(6) almost Tgb-continuous[15]if f*(V) is Tgb-closed in X for every regular closed set V in Y.
(7) almost Tga-continuous[8]if £*(V) is Tga-closed in X for every regular closed set Vin Y.
(8) almost Tg-continuous[4]if f*(V) is -closed in X for every regular closed set V in Y.
(9) almost T*g-continuous[6]if f*(V) is T*g-closed in X for every regular closed set VV in Y.
(10)almost gpr-continuous[5]if £*(V) is gpr-closed in X for every regular closed set VV in Y.
(11) pre-regular closed[12]if f(F) is regular closed in Y for every regular closed set F in X.

Definition: 2.4 .

Regular closure (briefly r-closure) [12]of a set A is defined as the intersection of all regular closed sets
containing the set and regular interior(briefly r-interior)[12 ] of a set A is the union of regular open set
contained in the set.

The above are denoted by rcl(A) and r int(A)

Definition:2.5
A map f: X—Y is said to be
(1) a irresolute function[ 1] if (V) is closed in X for every closed set V in Y.
(2) an R-map [3]if £*(V) is regular-closed in X for every regular closed set V in Y.
(3) Tor-irresolute [9] if £1(V) is Tor- closed in X for every Togr -closed set V of Y.

3. mgr —Closure and Interior

Definition: 3.1
For any set AcX, the mgr-closure of A is defined as the intersection of Tgr -closed sets containing A.
The complement of Tgr-closure is Tgr-interior.
We write Tgr-cl(A) = N{ F:AcF is Tgr-closed in X}

Lemma: 3.2

For an xe X, xe tor-cl(A) iff VNA #@ for every mgr-open set V containing Xx.
Proof:

First, let us suppose that there exists a Tgr-open set V containing x such that VNA= ¢.
Since A < X-V, Tor-cl(A) c X-V
= x¢& mmgr-cl(A), which is a contradiction to the fact that x € Tgr-cl(A). Hence VNA #¢ for every Tgr-open set
V containing X.

On the other hand, let x ¢ mgr-cl(A). Then there exists a Tgr-closed subset F containing A such that
X & F. Then x € X—F and X-F is Tgr-open. Also, (X-F) NA #g, a contradiction. Hence the lemma.

Lemma :3.3
Let A and B be subsets of (X, T) . Then

Q) mor-cl () = @ and Tgr-cl(X) =X.

(i) If A cB, then Tgr-cl(A) < Tgr-cl(B)

(iii) A c gr-cl(A)

(iv) mor-cl(A)= mgr-cl( Tgr-cl(A))

(V) mor-cl(AL B)= mgr-cl(A) U Tgr-cl(B)
Proof:Obvious.
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Remark: 3.4
If A =X is gr-closed, then tTgr-cl(A)=A.But the converse is need not be true as seen
in the following example.

Example: 3.5

Let X={ab,c,d}, 1= {o X {a}, {b}, {ab}, {ab,c}}.
Let A = {a}, Tor-cl(A) = {a} =A, but A = {a} is not Tgr-closed in X.

Lemma: 3.6
Let A and B be subsets of X. Then tgr-cl(ANB) cmgr-cl(A) N mgr-cl(B)
Proof:
Since ANB c A, B.
= mr-cl(ANB) c Tgr-cl(A), Tor-cl(ANB) c Tgr-cl(B)
= mr-cl(ANB) < Tgr-cl(A)N mgr-cl(B)

Remark:3.7
The converse of the above need not be true as seen in the following example.

Example:3.8
Let X={ab,cde}, 1= {0 X {a}, {e}, {ae}, {c,d}{ac,d}{ac,de} {cde}}
Let A = {a,c,e}=X,B={d}=X. Then tor-cl(A) = {a,b,c,e}, myr-cl(B) = {b,d}
But mgr-cl(A)N tgr-cl(B)= {b} & tgr-cl(ANB).

Remark: 3.9
We denote tgr-closure of A by IGRCL(X) ,mgr-closed sets in a topological space by grC(X) , Tgr-
open sets by Tgro(X).

Definition:3.10
Vir {V X/ myr-cl(X-V) = X-V}
Theorem:3.11

If TgrO(X) is a topology, then T;g is a topology.

r
Proof:
Clearly, @, X € T;gr. Let{Ai:i€A} € T;gr.
Tgr-cl(X— (W A) ) = or-cl(N(X-Ay) )
cNmgr-cl (X-A))
=N (X-A)
=X-UA;
Hence UA; €1

-

LetA B €T,

Now, tTgr-cl(X— (ANB)= mgr-cl((X-A) U (X-B))
= Tgr-cl(X-A) U tmgr-cl((X-B)
= (X-A) U (X-B)

Thus ANB e T r and hence T or is a topology.

Definition: 3.12
Let X be a topological space and let x € X. A subset N of X is said to be Tgr-nbhd of x if there exists a
Tgr-open set G such that x€ G — N.

Definition :3.13
Let A be asubset of X. A point x€ A is said to be Tgr-interior point of A if A is a Tgr-nbhd of x. The
set of all Tgr-interior of A and is denoted by Tgr-int(A)
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Theorem: 3.14
If A be a subset of X. Then Tgr-int(A)=U {G: G is Tgr-open, GCA}
Proof: Straight forward.

Theorem:3.15
Let A and B be subsets of X. Then
() mor-int(X) =X, mor-int(¢) = ¢
(i) Tor-int(A) cA
(iii) If B is any Tgr-open set contained in A, then B — mgr-int(A)
(iv) If A B, then tgr-int(A) c Tor-int(B)
(V) Tor-int(mgr-int(A))= mgr-int(A)
Proof:
Straight Forward.

Theorem:3.16
If asubset A of a space X is Tgr-open, then Tgr-int(A) =A.
Proof: Obvious.

Remark:3.17

The converse of the above need not be true as seen in the following example.
Example:3.18

Let X={ab,cd}, 1= {o X {a}, {b}, {ab}, {ab,c}}.
Let A = {c,d} . Then Tgr-int(A) = {c,d} =A . But A={c,d} is not Tgr-open.

Theorem:3.19
If Aand B are subsets of X, then Tgr-int (A) U tor-int(B) < mgr-int (AL B)
Proof:
We knowthat AcAUBandBc AUB
Then Tgr-int(A) < Tor-int (AU B), Tgr-int(B) < mgr-int (AU B)
Hence mgr-int (A) U tgr-int(B) < mgr-int (AU B).

Theorem:3.20

If A and B are subsets of a space X, then mgr-int (ANB)= tgr-int (A)N togr-int (B)
Proof:

We know that ANBcA, ANB<B.Then tgr-int (ANB) < mgr-int(A) and tTgr-int (ANB) < gr-int(B).
= Tgr-int (ANB)= mgr-int (A)N Tgr-int (B)------- D
Again , let x€ tgr-int (A)N Tgr-int (B). Then x&€ Tgr-int (A)and X € Tgr-int (B).Hence x is a Tgr-interior point
of each of sets A and B. It follows that A and B are Tgr-nbhds of X, so that their intersection ANB is also a Tgr-
nbhd of x . Hence x € tgr-int (ANB)

Thus, x€ tgr-int (A)N mTgr-int (B) = X &€ tmmr-int (ANB)
Therefore, Tgr-int (A)N mgr-int (B) < mgr-int (ANB)----------- 2
From (1) and (2) , Tgr-int (ANB)= tgr-int (A)N Tgr-int (B).

Theorem: 3.21
If A isasubset of X, then
(i) r-int(A) ctgr-int(A) and
(ii) (X=Tgr-int(A)) = Tgr-cl(X-A) and (X— mgr-cl(A)) = Tgr-int(X-A).
Proof:
Straight forward.

4. rgr-continuous functions and Almost Trgr-continuous functions.
Theorem:4.1

Let X be a Tgr-Ty,-space and f:X—'Y be a function. Then f is Tgr-continuous iff f is regular
continuous.
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Proof:

Let f be a Tgr-continuous function. Then (V) is Tgr-closed in X for every closed set V in Y. Since X
is a Tgr-Ty,-space, every Tgr-closed set is regular closed. Hence f*(V) is regular closed in X for every closed set
V in Y and hence f is regular continuous.

Let f be a regular continuous function in X.Then (V) is regular closed in X for every closed set V in
Y. Since every regular closed set is Tgr-closed. Then (V) is Tgr-closed in X for every closed set V in Y and
hence f is Tgr-closed.

Theorem:4.2
Let f: (X,T) —(Y, 0) be a function, then the following are equivalent.
a)f is Tgr-continuous
b) The inverse image of every open set in Y is Tgr-open in X.
Proof:
Follows from the definitions.

Theorem:4.3

If f: (X,1) —(Y, 0) is Tgr-continuous, then f(tgr-cl(A)) ccl(f(A)) for every subset A of X.
Proof:

Let AcX. Since f is Tgr-continuous and A cf*(cl(f(A))), we obtain
Tor-cl(A)cf(cl(f(A)) and then f((Tgr-cl(A)) ccl(f(A))

Remark:4.4
The converse of the above need not be true as seen in the following example.

Example:4.5

Let X={ab,c,d}, 1= {o X {a}, {b}, {ab}}. o={0,Y {c,d}}. Letf: (X,T) —(Y, O)
be an identity map.Let A = {a,b} . Then Tor-cl({a,b}) = {a,b}=f*(cl(f{a,b}))) =X.
But f'({a,b}) = {a,b} is not Tgr-closed in X.Hence fis not Tgr-continuous.

Proposition:4.6

Let f: (X,1) —(Y, 0) be a Tgr-continuous function and H be Tropen, Tgr-closed subset of X. Assume
that mgrC (X, 1) closed under finite intersections. Then the restriction be f/H: (H, 1/H) —(Y, 0) is Tgr-continuous.
Proof:

Let F be any regular closed subset in Y. By hypothesis and our assumption
1 (F) NH, it is Tgr-closed in X.Since (f/H)* (F) = Hy,it is sufficient to show that H; is Tgr-closed in H.Let H;
Gy, where Gy isany Tropen set in H.We know that a subset A of X is open , then TO(A, T7A)={VNA: VE
mO(X,1)}------- (1).By (1), G;= GNH for some Tropen set G in X.
Then H; =G;<=G and H; is Tgr-closed in X implies rcly(H;) = rcly(H;) N"H =cGNH= G; and so H; is Tgyr-closed
in H. Therefore, f/H is Tgr-continuous.

Generalization of Pasting Lemma for 1rgr-continuous maps.
Theorem:4.7

Let X =G WU H be a topological space with topology T and Y be a topological space with topology G.
Let f: (G, 1/G) —(Y, 0) and g: (H, /H) —(Y, 6) be Tgr-continuous functions such that f(x)=g(x) for every x €
GNH. Suppose that both G and H are Tropen and Tgr-closed in X. Then their combination (fV g): (X, 1) —(Y,
o) defined by (fV g)(x)=f(x) if x€ G and (fV g)(x) =g(x) if x € H is Tgr-continuous.
Proof:

Let F be any closed set in Y.Clearly (fV g)*(F) = f*(F) U g™*(F). Since f(F) is Tgr-closed in G and G
is TFopen in X and Tgr-closed in X, f*(F) is Tgr-closed in X.Similarly, g™(F) is Tgr-closed in X. Therefore,
(fV g) is Tgr-continuous.

Proposition :4.8
If a function f: (X, 1) —(Y, o) is Tgr-irresolute, then
Q) f(rgr-cl(A)) cmgr-cl (f(A)) for every subset A of X.
(ii) Tor-cl(F(B)) =f*(mgr-cl (B))for every subset B of Y.
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Proof:

(i)For every AcX, Tor-cl(f(A)) is Tgr-closed in Y.By hypothesis, *(tgr-cl(f(A)) is Tgr-closed in X.
Also, Acf(f(A)) <f*(tgr-cl(A)). By the definition of Tgr-closure , we have Tgr-cl(A) <f*(tgr-cl(A)).Hence
we get f(rgr-cl(A)) < mgr-cl(f(A))

(ii)Tgr-cl(B) is Tgr-closed in Y and so by hypothesis , f*(tgr-cl(B)) is Tgr-closed in X. Since
£1(B) f*(tgr-cl(B)),it follows that Tgr-cl(f*(B)) <f'(mgr-cl(B)).

Definition:4.9
A function f: (X,1) —(Y, o) is called almost-tgr- continuous if (V) is Tor- closed in X for every
regular closed set V of Y.

Theorem:4.10
For a function f:X—Y, the following are equivalent to one another.
(i) fisalmost Tgr-continuous.
(i) F1(V) is Tgr-open in X for every regular open set V of Y.
(iii) F(int-cI(V)) is Tgr-open in X for every open set V of Y.
(iv) Fi(cl-int(V)) is Tor-closed in X for every closed set V of Y.
Proof: (i) = (ii)

Let V be a regular open subset of Y. Since Y-V is regular closed and f is almost Tgr-continuous, then
f1(Y-V) = X- f}(V) is Tgr-closed in X. Thus f*(V) is Tgr-open on X.

(i) = (i)

Let V be a regular closed subset of Y . Then Y-V is regular open.By hypothesis,
FLY-V)=X-F(V) is Tgr-open in X. Then (V) is Tgr-closed and hence f is almost Tgr-continuous.
(if) = (iii)

Let V be an open subset of Y. Then int(cl(V)) is regular open . By hypothesis
f1(int(cl(V))) is Tgr-open in X.

(i) = (ii)
Let V be a regular open subset of Y. Since V- int(cl(V))) and every regular open set is open, then f*(V)
is Tgr-open in X.
(i) = (iv)
Let V be a closed subset of Y. Then Y-V is open. By hypothesis,
FL(int(cl(Y-V)))= F1(Y—cl(int(V)))
= X—f(cl(int (V))) is Tgr-open in X.
Hence f*(cl(int(V))) is Tgr-closed in X.
(iv) = (iii)
Let V be a open subset of Y. Then Y-V is closed. By hypothesis,
FL(cl(int(Y=V)))= F(Y=int(cl(V)))
= X-f(int(cl(V))) is Tgr-closed in X. Hence f*(int(cl(V))) is Tgr-open in X.

Remark:4.11
Every Tgr-continuous function is almost Tgr-continuous but not conversely.

Example:4.12

Let X ={ab,c,d}=Y, 1= {0 X {a}, {b}, {a,b}},0={o, Y {a}.{d}.{a,d}.{a,b,d}},
Let f:X—Y be defined by f(a)=c, f(b)=a,f(c)=d and f(d)=b.Here f is almost Tgr-continuous but nor Tgr-
continuous.

Remark:4.13
An R-map is almost Tgr-continuous
Proof: Follows from the definitions.

Remark :4.14
The converse of the above need not be true as seen in the following example.

Example:4.15
Let X ={ab,c,d}=Y, 1= {o X {a}, {b}, {ab}}.o={o, Y {a}.{d}{a,d}.{a,b,d}},
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Let f:X—Y be an identity map .Here f is almost mgr-continuous but not an R-map.

Theorem:4.16

Let X be a Tgr-Ty,- space. Then f:X—Y is almost Tgr-continuous iff f is an R-map.
Proof: Necessity

Let A be a regular closed set of Y and f:X—Y be an almost Tgr-continuous function. Then f*(A) is
mor-closed in X. Since X is a Tgr-Ty,-space ,F*(A) is regular closed in X. Hence f is an R-map.

Sufficiency:

Suppose that f is an R-map and let A be a regular closed subset of Y. Then
f1(A) is regular closed in X. Since every regular closed set is Tgr-closed, then f*(A) is Tgr-closed. Therefore, f
is almost Tgr-continuous.

Result:4.17
Every almost Tgr-continuous function is almost Tgb-continuous, almost Tga-continuous, almost Tg-
continuous, almost Tr*g-continuous,almost gpr-continuous.

Remark:4.18
The converse of the above need not be true as seen in the following examples.

Example: 4.19

X={ab,cd}=Y, 1= {o X {a}, {c,d}, {ac,d}},o={o, Y .{a,b} {c}{ab,c}}
Let f:X—Y be an identity map .Here f is almost mgb-continuous but not almost Tgr-continuous.
Example: 4.20

X={abcd}=Y, 7= {o X {a}, {d}{ad}{ac}{acd}}o={¢ Y {b}{ac,d}},
Let f:X—Y be an identity map .Here f is almost gpr-continuous but not almost Tgr-continuous.
Example: 4.21

X ={abcd}=Y,7={o X {a}, {d}.{a,d}.{a,c}.{ac,d}}..0={¢ Y {abd}{c}},
Let f:X—Y be an identity map .Here f is almost mga-continuous but not almost mgr-continuous.
Example: 4.22

X ={ab,cd}=Y, 1= {o X {a}, {c,d}, {ac,d}},o={o, Y.{a,b,d}{c}}
Let f:X—Y be an identity map .Here f is almost 1r*g-continuous but not almost Tgr-continuous.
Example: 4.23

X ={ab,cd}=Y, 1= {0 X {a}.{b}.{a,b}.{a,d}{ab,d}, {a,c,d}},c={o Y.{ac,d}{b}}
Let f:X—Y be an identity map .Here f is almost Tg-continuous but not almost Tgr-continuous.

Proposition:4.24
If f is Tgr-irresolute, then it is almost- Tgr-continuous.
Proof:Straight forward.

Remark :4.25
The converse of the above need not be true as seen in the following example.

Example:4.26
Let X =Y={ab,c,d}, 1= {o@ X, {a}, {d}, {a,d}, {ac,d},{a,b,d}}
o={ @,Y {a},{c,d}.{ac,d}}.Let f: (X, 1) —(Y, 0) be defined by f(a)=b,f(b)=a,f(c)=c,f(d)=d.
The function f is almost-Tgr-continuous but not Tgr-irresolute.

Definition:4.27
A function f: (X, 1) —(Y, o) is called a Tropen map[ 4 ]if f(U) is Tropen in (Y,0) for every TFopen set
Uin (X, 1)

Proposition:4.28
If f is bijective, Tropen , almost- Tgr-continuous, then f is Tgr-irresolute.
Proof:
Let F be a Tor-closed set of Y. Let f'(F) cU, where U is Tropen in X. Then F <f(U). Since f is Tropen,
f(U) is Tropen in Y, F is Tgr-closed set in Y and Fcf(U) = rcl(F) <f(U)
(i.e) fi(rcl(F)) = U. Since fisalmost- Tgr-continuous, rcl(f*(rcl(F))) cU.
So, rel(f1(F)) crel (F*(rcl(F))) < U.
= f(F) is Tgr-closed in X. Hence f is Tgr-irresolute.
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Corollary:4.29

Let a bijection f:(X, T) —(Y, 0) be TFOpen , almost Tgr-continuous and pre-regular closed.If X is Tgr-
Ty -space, then (Y,0) is Tgr-Ty,-space.
Proof:

Let F be Tgr-closed subset of Y. By proposition 4.28, f*(F) is Tgr-closed in X. Since X is Tgr-T,-
space, f*(F) is regular closed in X. Since f is bijective, pre-regular closed, F=f(f*(F)) is regular closed in Y.
Hence Y is Tgr-Ty,-space.

Proposition:4.30
If f is bijective, Tropen , R-map, then f is Tgr-irresolute.
Proof:
Since f is an R-map ,it is almost Tgr-continuous. By proposition 4.28, f is Tgr-irresolute.

Corollary:4.31

Let a bijection f:(X, 1) —(Y, o) be TrOpen , R-map and pre-regular closed.If X is Tgr-Ty, -space, then
(Y,0) is Tgr-Ty,-space.
Proof:Obvious.

5.1rgr-compactness.

Definition: 5.1
A collection {A;: i € A} of gr-open sets in a topological space X is called a Tgr-open cover of a subset
S if Sc U {Aili € A} holds.

Definition : 5.2
A topological space (X, 1) is called Tgr-compact if every Tgr-open cover of X has a finite subcover.

Definition: 5.3

A subset S of a topological space X is said to be Tgr-compact relative to X, if for every collection {A;:
i € A} of Tgr-open subsets of X such that Sc\U {A/i € A}, there exists a finite subset A , of A such that
ScU{A/i€ A}

Definition:5.4
A subset S of a topological space X is said to be Tgr-compact if S is Tgr -compact as a subspace of X.

Proposition: 5.5

A tor-closed subset of Tgr-compact space is Tgr-compact relative to X.
Proof:

Let A be a Tgr-closed subset of a Tgr-compact space X. Then X-A is Tgr-open.Let 6 be a Tgr-open
cover for A. Then { ©6, X-A} is a Tgr-open cover for X. Since X is mgr-compact, it has a finite subcover,
Sa.y{Pl,Pz,. ey Pn} =0
If X-A ¢ 6, then 6isafinite subcover of A. If X-A € 61, then 6,— (X-A) is a subcover of A. Thus A is
TYr-compact to relative to X.

Proposition: 5.6

Let f: (X, 1) —(Y, 0) be a surjective, Tgr-continuous map. If X is Tgr-compact, then Y is compact.
Proof:

Let {A;: i€ A} be an open cover of Y. Then {f*(A,): i € A} is a Tgr-open cover of X. Since X is Tgr-
compact, it has a finite subcover, say {f*(A;), f}(A,)......, f}(A.)} . Surjectiveness of f implies {A, A,,..., A}
is an open cover of Y and hence Y is compact.

Proposition: 5.7

If amap f: (X, 1) —(Y, 0) is Tgr-irresolute and a subset S of X is Tgr-compact relative to X, then the
image f(S) is Tgr-compact relative to Y.
Proof:

Let {Ai:i € A} be a collection of Tgr-open sets in Y such that f(S) U {Aii € A}. Then Sc\U {f
L(A):i € A}, where (A ) is Tgr-open in X for each i. Since S is Tgr-compact relative to X, there exists a finite
sub collection {A, A,.,..., Ay} such that S < U {f*(A):i=1,2,..., n}

1868 |Page


http://www.ijera.com/

Jeyanthi.V, Janaki.C /International Journal of Engineering Research and Applications
(IJERA) ISSN: 2248-9622 www.ijera.com
Vol. 3, Issue 1, January -February 2013, pp.1861-1870

That is f(S) c\U {(Ai):i= 1,2,....,n}.Hence f(S) is Tgr-compact relative to Y.

Lemma :5.8
Let 8 XxY —X be a projection . If A is Tgr-closed in X, then 8*(A) = AxY is Tgr-closed in XxY.
Proof:
Suppose AXY O, where O is TFopen in XxY. Then O= UxY, where U is Tropen in X .Since U isa Tr
open set in X containing A and A is Tgr-closed in X, we have rcl,(A) cU.The above implies rclyxy(AxXY) c
uxy
(i.€) relyxy (AXY) cUxY.Hence AxY = 8'(A) is Tgr-closed in XxY.

Theorem:5.9

If the product space of two non-empty spaces is Tgr-compact , then each factor space is Tgr-compact.
Proof:

Let XxY be the product space of the non-empty spaces X and Y and suppose XxY is a Tgr-compact.
Then the projection 68:XxY— X is a Tgr-irresolute map.
Hence B(XxY) = X is tmgr-compact.

Similarly , we prove for the space Y.

6.1rgr-connectedness.

Definition:6.1

A topological space (X,7) is said to be Tgr-connected if X cannot be written as the disjoint union of two
non-empty Tgr-open sets.

A subset of X is Tgr-connected if it is Tgr-connected as a subspace.

Proposition:6. 2
For a topological space X, the following are equivalent.
0] X is Tgr- connected.
(i) The only subsets of X which are both Tgr-open and Tgr-closed are the empty set ¢ and X.
(iii) Each tgr -continuous map of X into a discrete space Y with atleast two points is a constant map.
Proof:

(i) = (ii): Suppose ScX is a proper subset which is both Tgr-open and mgr-closed. Then its
complement X-S is also Tgr-open and Tgr-closed. Then X=S (X-S), a disjoint union of two non-empty
Tr-open sets which contradicts the fact that X is Tgr-connected. Hence S=¢ or X.

(i) = (i): Suppose X= AU B, where ANB= ¢, A # ¢,B # @ and A and B are tgr-open. Since A= X—

B, A is Tgr-closed but by assumption A = ¢ or X, which is a contradiction. Hence (i) holds.

(if) = (iii):Let f: X—Y be a Tgr-continuous map, where Y is a discrete space with atleast two points.
Then f*(y) is Tgr-closed and Tgr-open for each y e Y and X=U {f*(y): ye Y} . By assumption , f(y) = ¢ for
all ye 'Y, then f will not be a map.Also, there cannot exist more than one y € Y such that f*(y) = X. Hence ,
there exists only one y € Y such that f*(y) = X and f(y.) = @, where y#y, € Y. This shows that f is a constant
map.

(iii) = (ii) :Let S be both Tgr-open and mgr-closed set in X. Suppose S#@. Let f: X—Y be a Tgr-
continuous map defined by f(S) = {a}, f(X-S) = {b}, where a#b and a,b €Y. By assumption, f is constant.
Therefore, S=X.

Remark:6.3
Every Tgr-connected space is regular connected but the converse is not true as seen in the following
example.

Example:6.4

Let X ={ab,c}, 1= {o X {a,b}, {a}}. Here the space X is regular connected.
The space X is not Tgr-connected, since every subset of X is both Tgr-open and Tgr-closed.
Remark:6.5

mgr-connectedness and connectedness are independent.

Example:6.6
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Let X={a,b,c,d}, 1= {o@ X, {a}.{b}, {a,b},{a,d},{a,b,d},{a,c,d}}. Here the space is not connected,
since {a,c,d} ,{b} are both open and closed. But no subset of X is both Tgr-closed and Tgr-open.Hence the
space X is Tgr-connected.

Example:6.7
Let X={a,b,c}, 1= {o@, X, {a,b}}. Here the space is connected. But every subset of X is both Tgr-
closed and Tgr -open.Hence the space X is not Tgr-connected

Proposition:6.8

If X is topological space with atleast two points and if Tropen (X)= Trclosed (X), then X is not Tgr-
connected.
Proof:

Since Tropen (X) = Trclosed (X), then there exists a proper subset of X, which is both Tgr-open and
mgr-closed. Hence the space X is not Tgr-connected.

Proposition:6.9
Suppose X is a topological space with T;gr =T, then X is regular connected iff X is Tgr-connected .

Proof:
Follows from the definitions.

Proposition: 6.10

() If f:X—Y ismgr-continuous and onto, X is Tgr-connected, then Y is regular connected.

(i) If f: X—>Y ismgr-irresolute and onto , X is Tgr-connected, then Y is Tgr-connected.
Proof:

Assume the contrary. Suppose Y is not regular connected. Then Y=A U B, where ANB =@, AZ @, B# ¢

and A and B are regular open in Y. Since f is Tgr-continuous and onto,
X=f1(A) U f(B) are disjoint non-empty Tgr-open subsets of X. This contradicts the fact that X is Tgr-
connected. Hence the result.

(ii)Obvious
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