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ABSTRACT 
Computing the output of fuzzy systems usually 

passes through three stages i.e. fuzzification, 

inference, and defuzzification. The computation 

of the output requires too many operations and 

considerable time. This apparently discourages 

the use of fuzzy systems in time-critical 

applications. In this paper, a new two-stage 

representation of fuzzy systems, which reduces 

the operations needed to compute the output of 

fuzzy systemis proposed. In this representation 

the inference stage is embedded in the 

defuzzification stage. This permits computation 

offline, which in effect reduces the real-time 

computation time and therefore permits the use 

of fuzzy systems in real-time applications. To 

evaluate the performance of the proposed 

representation, it was used to represent the truck 

backer-upper control system and compared with 

conventional representation of fuzzy systems. The 

simulation results support the two-stage 

representation preference. 

 

Keywords–Defuzzification, fuzzification, fuzzy 

systems, inference, real-time systems. 

I. INTRODUCTION 

Fuzzy systems are systems based on fuzzy set theory 

developed by Zadeh [1]. Since the first 

implementation of fuzzy systems by Mamdani [2], 

fuzzy systems have successfully used in many 

applications such as control systems, data mining, 

expert systems and pattern recognition [3,4,5]. 

The relationship between the components of fuzzy 

systems involvesfuzzy logical operations, i.e.union, 

intersection, and complement of fuzzy sets. These 

fuzzy set operations require many multiplication and 

division operations and need huge execution time [6]. 

Many techniques were proposed in the literature to 

reduce the execution time including parallelization 

[7], pipelining [8], using only integer operation [9] 

and using special hardware [10]. 

Most of the proposed technique keep the same 

structure of the fuzzy system and try to increase the 

speed of computation. 

In this paper, we propose a new structure of fuzzy 

systems. We call it “Two-Stage Representation”, 

because we propose to embed the inference stage of 

the conventional fuzzy systems into the 

defuzzification stage. The objective of the proposed 

structure is to enhance the execution time. 

The rest of this paper is organized as follows. In 

Section 2 the units of conventional fuzzy systems are 

presented. The new two-stage representation of fuzzy 

systems is derived in Section 3. The new 

representation is applied to truck backer-upper 

control problem in Section 4 and the results are 

compared with the result obtained using conventional 

fuzzy system. Finally a concluding remarks and 

future works are given in Section 5. 

II. CONVENTIONAL FUZZY SYSTEMS 

Conventional fuzzy systems consist of three units 

[11,12], membership functions of systems’ inputs, 

rules, and membership functions of system’s output. 

Membership functions define the fuzzy sets of inputs 

and outputs, while the rules define the relationships 

between input fuzzy sets and output fuzzy sets. 

The computation of fuzzy system’s output passes 

through three units, fuzzification unit, inference unit, 

and defuzzification unit as shown in Fig.1. 

The process of computing the fuzzy system’s output 

is as follows: 

1. The fuzzification unit finds the value of all input 

membership functions at corresponding given 

crisp inputs. The output of this unit will be a set 

of fuzzy sets. 

2. The inference unit has three tasks: 

a. Uses the antecedent parts of the rules to 

combine input fuzzy sets. 
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b. Uses the consequent parts of the rules with 

the output of previous task to imply the 

fuzzy sets of the output. 

c. Aggregates the output fuzzy sets in one 

output fuzzy set. 

3. The defuzzification unit finds the crisp output 

value at which the output membership function 

has the fuzzy set obtained from previous stage. 

 

Figure 1. The units of conventional fuzzy system. 

In order to illustrate the above procedure, consider 

the following tipping problem [13]:Given two sets of 

numbers between 0 and 10 (where 10 is excellent) 

that respectively represent the quality of the service 

and the quality of the food at a restaurant, what 

should the tip be? Fig. 2 shows a fuzzy solution to 

the tipping problem. 

 

Figure 2. Fuzzy solution of the tipping problem. 

Suppose the service is 3 and the food is 8 then the tip 

can be calculated using the fuzzy system in Fig. 2 and 

the procedure described above as shown in Fig. 3. 

If r is the number of inputs and m is the number of 

rules, then the process of computing the fuzzy 

system’s output needs: (r × m) fuzzification 

operations, m connection operations, m implication 

operations, one aggregation operation, and one 

defuzzification operation. In total the process needs (r 

× m) + 2(m + 1) operations. It should be noted that 

all these operations need to be done online, i.e. 

during the execution of the fuzzy system. 

 

Figure 3. Output of the tipping fuzzy system for 

service = 3 and food = 8. 

In next section, a two-stage representation of fuzzy 

systems is developed which reduces the number of 

operations needed to find the fuzzy system’s output. 

In addition most of the needed operations can be 

done offline which reduces the execution time of the 

fuzzy system. 

III. TWO-STAGE REPRESENTATION 

In this section, each unit in conventional fuzzy 

systems shown in Fig. 1 will be analyzed and new 

units will be proposed in order to simplify the process 

of computing the fuzzy system’s output. 

Consider the following general form of rulej: 

𝐼𝑓𝑐𝑜𝑛 𝑥𝑖𝑖𝑠𝑀𝐹𝑖
𝑗
 𝑇𝑒𝑛𝑦𝑖𝑠𝑀𝐹𝑜

𝑗
(1) 

where 𝑥𝑖 is the system input number 𝑖, 𝑀𝐹𝑖
𝑗
is the 

membership function of input 𝑖 in rule𝑗, 𝑐𝑜𝑛is the 

connection function of antecedent part in rule 𝑗, 𝑦 is 

the system output, and 𝑀𝐹𝑜
𝑗
is the membership 

function of output in rule𝑗. 

3.1 Analyzing fuzzification unit: in conventional 

fuzzy systems the fuzzification unit takes the crisp 

inputs and finds the value of corresponding 

membership function in each rule, i.e. the output of 

fuzzification unit of rule in equation (1) will be: 

𝜇𝑖
𝑗

= 𝑀𝐹𝑖
𝑗  𝑥𝑖 (2) 
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In order to simplify the functionality of fuzzification 

unit, the interval of input 𝑥𝑖
1 ≤ 𝑥𝑖 ≤ 𝑥𝑖

2and it 

corresponding membership functions in all 

rules𝑀𝐹𝑖
𝑗
are sampled and stored in one matrix as 

shown in equation (3). 

∝𝑖=

 
 
 
 
 
𝑀𝐹𝑖

1

𝑀𝐹𝑖
2

⋮
⋮

𝑀𝐹𝑖
𝑚  
 
 
 
 

, 𝑖 = 1, 2,… , 𝑟(3) 

where 𝑚 is the number of rules and 𝑟 is the number 

of system’s inputs. Using equation (3) the 

fuzzification process consists of finding the index 

ofthe input 𝑥𝑖  in the range 𝑥𝑖
𝑚𝑖𝑛 , 𝑥𝑖

𝑚𝑎𝑥  and extract the 

corresponding column from matrix ∝𝑖 . 

3.2 Analyzing inference unit: in conventional fuzzy 

systems, the inference unit has three tasks. 

3.2.1 Task 1. The inference unit combines 𝜇𝑖
𝑗
 for all 

inputs in each rule to get one fuzzy set for each rule 

as shown in equation (4). 

𝜇 𝑗 = 𝑐𝑜𝑛 𝜇𝑖
𝑗
 

𝑖 = 1, 2,… , 𝑟
𝑗 = 1, 2,… ,𝑚

(4) 

3.2.2 Task 2. The inference unit implies the output of 

each rule as shown in equation (5) where imply is an 

implication operator which can be the minimum or 

the product or other operators. 

𝑀𝐹     
𝑜
𝑗

= 𝑖𝑚𝑝𝑙𝑦 𝜇 𝑗 ,𝑀𝐹𝑜
𝑗
 , 𝑗 = 1, 2,… ,𝑚(5) 

where 𝜇 𝑗 is given in equation (4) and 𝑀𝐹𝑜
𝑗
 is defined 

by the rule in equation (1). 

3.2.3 Task 3. The inference unit aggregates 𝑀𝐹     
𝑜
𝑗
in all 

rules in one fuzzy set as shown in equation (6) where 

aggr is an aggregation operator which can be the 

maximum or the sum or the algebraic sum or other 

fuzzy operator. 

𝑀𝐹𝑜 = 𝑎𝑔𝑔𝑟 𝑀𝐹     
𝑜
𝑗
 , 𝑗 = 1, 2,… ,𝑚(6) 

In order the simplify Task 2 and Task 3 of the 

inference unit and without loss of generality we will 

consider the product operator as implication operator 

and the sum operator as aggregation operator. In this 

case the two equations (5) and (6) can be combined 

in one equation as shown in equation (7). 

𝑀𝐹𝑜 = 𝑠𝑢𝑚 𝜇 𝑗 × 𝑀𝐹𝑜
𝑗
 , 𝑗 = 1, 2,… ,𝑚(7) 

where 𝑠𝑢𝑚 is performed element by element. 

3.3 Analyzing defuzzification unit: in conventional 

fuzzy systems, thedefuzzification unit finds the crisp 

𝑦 corresponding to the fuzzy set defined in equation 

(7). One of the most used methods in defuzzification 

unit is the center of gravity (COG) method defined in 

equation (8). 

𝑦 =
𝑠𝑢𝑚  𝑝𝑟𝑜𝑑  𝑀𝐹𝑜 , 𝑦𝑚𝑖𝑛 ,𝑦𝑚𝑎𝑥    

𝑠𝑢𝑚  𝑀𝐹𝑜  
(8) 

where 𝑝𝑟𝑜𝑑in the numerator is matrix multiplication 

performed element by element. 

In order to embed Tasks 2 and Task 3 in the inference 

unit in the defuzzificationunit, define the following 

matrices. 

∝=  𝜇1 𝜇2 ⋯ ⋯ 𝜇𝑚  (9) 

𝑀𝑜 =

 
 
 
 
 
𝑀𝐹𝑜

1

𝑀𝐹𝑜
2

⋮
⋮

𝑀𝐹𝑜
𝑚  
 
 
 
 

                             (10) 

𝑃𝑀𝑜 =

 
 
 
 
 
𝑦𝑚𝑖𝑛 × 𝑀𝐹𝑜

1

𝑦𝑚𝑖𝑛 +1 × 𝑀𝐹𝑜
2

⋮
⋮

𝑦𝑚𝑎𝑥 × 𝑀𝐹𝑜
𝑚  
 
 
 
 

                      (11) 

𝑆𝑀𝑜 = 𝑠𝑢𝑚 𝑀𝑜 = 𝑀𝑜

 
 
 
 
 
1
1
⋮
⋮
1 
 
 
 
 

               (12) 

𝑆𝑃𝑀𝑜 = 𝑠𝑢𝑚 𝑃𝑀𝑜 = 𝑃𝑀𝑜

 
 
 
 
 
1
1
⋮
⋮
1 
 
 
 
 

               (13) 

where 𝜇 𝑗 , 𝑗 = 1, 2,⋯ ,𝑚are given in equation (4) and 

𝑀𝐹𝑜
𝑗
, 𝑗 = 1, 2,⋯ ,𝑚 are given in the rules (1). 

Using equations (7), (9), (10), (11) and (12), the 

numerator of equation (9) can be written as follows. 



 

Anas Fattouh, FadiFouz / International Journal of Engineering Research and Applications 

(IJERA)      ISSN: 2248-9622 www.ijera.com 

Vol. 2, Issue 3, May-Jun 2012, pp.2660-2665 

2663 | P a g e  

 

𝑠𝑢𝑚  𝑝𝑟𝑜𝑑 𝑀𝐹𝑜 ,  𝑦𝑚𝑖𝑛 , 𝑦𝑚𝑎𝑥         =

𝑠𝑢𝑚  𝑝𝑟𝑜𝑑 ∝ 𝑀𝑜 ,  𝑦𝑚𝑖𝑛 , 𝑦𝑚𝑎𝑥       =

                𝑠𝑢𝑚 ∝ 𝑃𝑀𝑜 =∝.× 𝑆𝑃𝑀𝑜 (14) 

In the same way the denominator of equation (8) can 

be written as follows. 

𝑠𝑢𝑚 𝑀𝐹𝑜 = 𝑠𝑢𝑚 ∝ 𝑀𝑜 =∝ .× 𝑆𝑀𝑜(15) 

where .× in equations (14) and (15) means element 

by element matrix multiplication. 

Substitution equations (14) and (15) in equation (8) 

gives equation (16). 

𝑦 =
∝.×𝑆𝑃𝑀𝑜

∝.×𝑆𝑀𝑜
(16) 

Notice that equation (16) embeds Tasks 2 and Task 3 

in the inference unit in the defuzzification unit which 

simplifies the process of computing the fuzzy 

system’s output. Notice also that matrices 𝑆𝑃𝑀𝑜  and 

𝑆𝑀𝑜  can be computed offline while ∝ has to be 

computed online. 

Based on above development, the two-stage 

representation of fuzzy systems can be summarized 

as shown in Fig. 4. 

 

Figure 4. The units of two-stage fuzzy systems. 

The process of computing the fuzzy system’s output 

is as follows: 

1. Construct offline the matrices 𝑆𝑀𝑜  and 

𝑆𝑃𝑀𝑜  using equations (10)-(13). 

2. Find ∝ using equations (4) and (9). 

3. Compute the fuzzy system’s output using 

equation (16). 

If r is the number of inputs and m is the number of 

rules, then the process of computing the output of the 

two-stage fuzzy system needs: r fuzzification 

operations, m connection operations, and one 

defuzzification operation. In total the process needs (r 

+ m + 1) online operations. 

In next section, the above procedure will be applied 

to truck backer-upper control system. 

IV. PERFORMANCE EVALUATION 

In order to evaluate the performance of the proposed 

two-stage representation, it will be used to represent 

the controller of truck backer-upper system. The 

system will be simulated and the result will be 

analyzed and compared with the conventional fuzzy 

controller. 

The goal of the truck backer-upper control problem is 

to back a truck to a loading dock as quickly and 

precisely as possible. This control problem is a 

typical non-linear control problem that cannot be 

solved by the conventional control techniques [14]. 

Fig. 5 shows a model of a truck and a loading dock 

used in the truck backer-uppercontrol problem. The 

position of the truck is precisely determined by (x, y, 

φ)where φ is the angle between the truck's forward 

direction and the x axis. Thetracking control of the 

truck is done by the angleθwhich is the angle 

between the truck'sforward direction and the axis of 

wheel. 

 

Figure 5. Truck backer-upper control system. 

The approximate control dynamics of the truck 

backer-upper control problem is given by [14]: 

𝑥 𝑡 + 1 = 𝑥 𝑡 + 𝑐𝑜𝑠 𝜑 𝑡 + 𝜃 𝑡  +

𝑠𝑖𝑛 𝜑 𝑡  𝑠𝑖𝑛 𝜃 𝑡  (17) 

𝑦 𝑡 + 1 = 𝑦 𝑡 + 𝑠𝑖𝑛 𝜑 𝑡 + 𝜃 𝑡  −

𝑐𝑜𝑠 𝜑 𝑡  𝑠𝑖𝑛 𝜃 𝑡  (18) 
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𝜑 𝑡 + 1 = 𝜑 𝑡 − 𝑠𝑖𝑛−1 2𝑠𝑖𝑛 𝜃 𝑡 𝑏   (19) 

where b is the length of truck and b is set to 4 in this 

work. 

If the distancebetween the truck and the loading dock 

is sufficiently great, it has only to back thetruck 

straightforwardly once the truck comes close to near 

x = 1 and φ = 0°. Thus the variable y can be excluded 

from the fuzzy input variables (x, y, φ) forsimplicity. 

So, the design problem of fuzzy controller for the 

truck backer-uppercontrol problem is reconfigured as 

to back the truck at a certain position (x0, φ0) inthe 

intervals {0 ≤ x ≤ 20, -90° ≤ φ ≤270°} to the loading 

dock at (x = 10, φ = 90°) as fast and precisely as 

possible. 

Fig. 6 shows the membership functions of the input 

variables x, φ and the output variableθ. 

 

Figure 6. Membership functions of the input 

variables x, φ and the output variableθ. 

Table 1 shows the fuzzy rule base for the truck 

backer-upper control problem where VS, SM, MS, 

ME, ML, LA, andVL stand for Very Small, Small, 

Medium Small, Medium, Medium Large, Large, and 

Very Large, respectively. 

The procedure of applying the fuzzy controller (Fig. 

6 and Table 1) on truck backer-up system (equations 

(17)-(19))  is as follows [9]: 

Table 1. Fuzzy rules for the truckbacker-upper 

control problem. 

φ\ x VS SM ME LA VL 

VS SM VS    

SM SM VS VS VS  

MS ML MS SM VS SM 

ME LA LA ME SM SM 

ML LA VL LA ML MS 

LA  VL VL VL LA 

VL    VL LA 

 

1. Using the value of the initial x and φ, find θ 

using the fuzzy system described in Fig. 6 and 

Table 1. 

2. Using the control kinetics in equations (17) and 

(19), find x and φ values for the next stage. 

3. Repeat steps 1 and 2 until the goal is reached. 

The above procedure was applied using conventional 

fuzzy system and then using proposed two-stage 

representation. Table 2 shows the obtained simulation 

results using conventional fuzzy system and the 

proposed two-stage fuzzy representation running on 

the same machine. 

Table 2. The simulation results. 

Iter
a

tio
n

 

Conventional 

Method 

Proposed Two-Stage 

Method 

- x φ -θ x φ -θ 

0 1.00 0.00 20.00 1.00 0.00 20.00 

1 1.94 10.04 20.00 1.94 10.04 20.00 

2 2.86 20.08 16.14 2.86 20.08 16.91 

3 3.77 28.17 10.83 3.76 28.56 10.58 

4 4.63 33.59 12.69 4.63 33.85 9.46 

5 5.45 39.94 9.74 5.45 38.58 8.48 

6 6.20 44.82 4.34 6.22 42.83 7.04 

7 6.91 46.99 7.00 6.95 46.35 7.00 

8 7.59 50.49 7.00 7.63 49.85 7.00 

9 8.22 53.99 7.00 8.27 53.35 7.00 

10 8.80 57.49 7.00 8.86 56.85 7.00 
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11 9.33 60.99 16.98 9.41 60.36 17.24 

12 9.80 69.51 18.95 9.88 69.00 19.44 

13 10.13 79.02 21.72 10.22 78.76 20.81 

14 10.31 89.93 9.81 10.40 89.21 9.05 

T
im

e 

[m
sec

.] 

11.8446 5.8884 

#
 o

f o
n

lin
e 

o
p

era
tio

n
s 

110 30 

 

From Table 2, we can see that using both 

conventional and two-stage fuzzy systems the truck 

reaches approximately the desired final state (x = 10, 

φ = 90°) in 14 iterations. However, the proposed two-

stage representation needs less time and requires less 

number of online operations to make the truck 

reaching the same state. 

V. CONCLUSION 

In this paper, a two-stage representation of fuzzy 

systems is developed. In this representation, the 

inference stage is embedded in the defuzzification 

stage. This reduces the number of operations required 

to find the output of a fuzzy system and therefore 

reduces real-time computation. The proposed 

representation was used to model a fuzzy controller 

of a truck backer-upper system. The comparison 

between the computation time of the proposed 

representation and the conventional one showed that 

the proposed representation has higher performance. 

Future work will investigate digital and parallel 

implementation of the proposed representation of 

fuzzy systems. 
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